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A B S T R A C T   

The purpose of this paper is to examine the flow of micropolar fluid containing ternary nano
particles, with multiple slips over a stretching/shrinking sheet. Also, the influences of internal 
radiation and with the first order chemical reaction are examined to study the fluid properties. 
Mathematical modeling for the defined problem is framed and yields coupled nonlinear PDEs 
which are then reduced to nonlinear ODEs by choosing suitable similarity variables. The resulting 
ODEs are solved by analytical technique and solution is represented as an incomplete gamma 
function and a hypergeometric function. The regulating parameters, such as Eringen parameter, 
chemical reaction parameter, inverse Darcy number, Prandtl number and radiation parameter 
impact are examined for the profiles of velocity, microrotation, energy and concentration of the 
fluid through graphs. Furthermore, the skin friction drag of the defined flow is also discussed. 
This investigation reveals the existence of multiple solutions for the case of shrinking and for the 
case of stretching it shows a unique solution. Also, the tri-hybrid nanofluid flow velocity is found 
to increase and decrease for the first and second solutions respectively. The velocity, energy and 
concentration of the flow are found to decrease due to slip conditions.   

1. Introduction 

Due to its growing practical significance and applicability in numerous industrial processes, the analysis of NNFs has garnered 
significant interest from researchers in recent years. Real-world industrial uses for these fluids include food processing, oil extraction 
and polymer engineering. The intricate rheological behavior that industrially important fluids exhibit at the micro and nanoscales has 
been observed to defy description by Navier’s governing equations of traditional hydrodynamics. Because of these, a number of micro- 
continuum theories have been developed, including those based on micro and micropolar fluids, deformable fluids, polar fluids and 
anisotropic fluids, based on various physical properties. On the other hand, the variety of fluid properties found in nature, but not every 
NNF can be described by one constitutive model. As a result, various models of NNFs, including the Maxwell fluid, micropolar fluids, 
Jeffery fluid, Casson fluid and power law fluid, have been developed by Chen et al. [1]. In their investigation, small traces of fluids 
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containing polymeric additives are considered. The investigators [2,3] found that the fluids exhibit a decrease in friction close to the 
rigid body. Eringen [4,5] created the governing model for the theories of thermo-micropolar and micropolar fluids as a result. MPFs, 
which include microstructure and play a significant role in Navier’s model, are an essential component of NNF dynamics. The theory 

Nomenclature 

aAcceleration rate Acceleration rate(1 /s)
c,CConcentration parameters Concentration parameters(mol /m3)

(C)pSpecific heat Specific heat(J / kg K )

DMass diffusion parameter Mass diffusion parameter(m2 /s)
dStretch/shrink parameter Stretch/shrink parameter(-) 
1/(Da)Darcy number inverse Darcy number inverse(-) 
EEringen factor Eringen factor(-) 
FNon-dimensional velocity function Non-dimensional velocity function(-) 
GNon-dimensional microrotation function Non-dimensional microrotation function(-) 
kPermeability parameter Permeability parameter (m2)

K1Dimensionless chemical reaction parameter Dimensionless chemical reaction parameter(-) 
NVelocity parameter due to micro rotation Velocity parameter due to micro rotation(rad / s)
RRadiation number Radiation number(-) 
RexReynolds number Reynolds number(-) 
SCSchmidt number Schmidt number(-) 
u,vDimensional velocity elements Dimensional velocity elements(m / s)
U, VNon-dimensional velocity components Non-dimensional velocity components (-) 
vwVariable mass velocity Variable mass velocity (m /s)

Vc

(
= − vw̅̅ ̅̅

aν
√

)
Suction/injection parameter

(
= − vw̅̅ ̅̅

aν
√

)
Suction/injection parameter(-) 

(x,y)Dimensional coordinates of the plane Dimensional coordinates of the plane(m)

X,YDimensionless coordinates of the plane Dimensionless coordinates of the plane(-) 

Greek Symbols 
β, Γ, ζParameters Parameters(-) 
εPorosity parameter Porosity parameter(-) 
κViscosity coefficient Viscosity coefficient(Pa s )
νViscosity (Kinematic) Viscosity (Kinematic)(m2 /s)
μViscosity (Dynamic) Viscosity (Dynamic)(Pa s )
ρDensity Density(kg /m3)

ϕVolume fraction Volume fraction(-) 
ΦNon-dimensional concentration variable Non-dimensional concentration variable(-) 
ΨStream function Stream function(-) 

Subscripts 
tnfTernary nanofluid Ternary nanofluid(-) 
wWall state Wall state(-) 
∞Infinite boundary state Infinite boundary state(-) 
fPure fluid Pure fluid(-) 

Abbreviation 
BLFBoundary layer flow Boundary layer flow(-) 
FSFirst solution First solution(-) 
MHDMagnetohydrodynamics Magnetohydrodynamics(-) 
MPFMicropolar fluid Micropolar fluid(-) 
NFNewtonian fluid Newtonian fluid(-) 
NNFNon-Newtonian fluid Non-Newtonian fluid(-) 
NSNo-slip No-slip(-) 
ODEsOrdinary differential equations Ordinary differential equations(-) 
PDEsPartial differential equations Partial differential equations(-) 
SSSecond solution Second solution(-) 
2DTwo-dimensional Two-dimensional(-) 
SBStefan-Boltzmann Stefan-Boltzmann(-)  
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states that every fluid component has two kinds of degrees of freedom: one is rotational and translational, which determine velocity, 
and the other is rotation/stretch, which enables the particles to experience separate intrinsic spin and heterogeneous deformation. 
These fluids enable a mathematical framework to analyze a variety of intricate and sophisticated fluid dynamics, including those of 
suspension solutions, blood flow ability, and colloidal fluids. Polymeric liquids, suspensions of liquids, blood (animal’s), liquid 
crystallization, dusty clouds, colloidal fluids, etc. all contain MPFs and are studied by Ahmadi [6] and Hayat et al. [7]. Investigators 
interest in understanding it has also increased because of its use in various industrial processes, including the excrescence of polymers, 
unusual lubricant flow, colloidal mixtures, and also metallic plates cooling in water baths investigated by Rahman [8]. Further, 
Lukaszewicz [9], Maryam et al. [10]., Nadeem et al. [11]., Ishtiaq et al. [12]., Usafzai et al. [13,14]. and Merkin et al. [15]. provided a 
thorough overview of the physics and uses of MPFs. 

The investigation of the flow characteristics caused by stretched surfaces is crucial to industrial processes. It includes the 
manufacturing of plastic sheets through aerodynamic extrusion, wire drawing, paper, glass fibre, and hot rolling. Crane [16] carried 
out the ground-breaking exertion of an incompressible viscous continuous flow on the boundary layer which is caused by a linearly 
extending sheet. Energy and mass transport over stretching sheets with blowing or suction were included in Gupta and Gupta’s [17] 
extension of the study. Haq et al. [18]. conducted a numerical investigation of the flow of the micropolar nanofluid through internal 
buoyancy effects and radiation. In reality, the MPF flow characteristics have been examined by numerous researchers in a variety of 
contexts [19–21]. Mahabaleshwar et al. [22,23]. conducted an analytical investigation of the mixed convection of angled MHD flow 
across a stretched sheet. In three dimensions, Chamkha et al. [24] quantitatively examined the circulation of a MPF caused by a flat 
stretching surface that is not dependent on time. Bhatti et al. [25]. Selimefendigil and Oztop [26,27] investigated the thermal 
properties of the flow due to nanoparticles and listed their applications in cooling systems, packed bed systems and solar collectors. 
Many researchers [28–33] worked on nanofluid flow and reported the importance of the inclusion of nanoparticles. Due to their 
significance in chemical reaction processes and industries of hydrometallurgy, such as food fermentation, the manufacture of polymers 
and ceramics, and the analysis of mass and energy transmission in a BLF while incorporating chemical reaction, is of practical sig
nificance and is examined by Das [34] and Mishra et al. [35]. Bhattacharyya and Layek [36] investigated an MHD flow that involves 
chemical processes and diffusion through a permeable flat plate with blowing/suction. 

The aforementioned studies have focused only on NF and NNF flow and energy transfer issues using the NS condition at the 
boundary (which means fluid sticks to the boundary surface). The slip conditions may need to be used in place of the NS boundary 
condition for various practical flow issues because this assumption does not always hold true in practice. Velocity slip is the non- 
adherence of a fluid to a solid boundary. The non-equilibrium area near the surface is better described by the temperature jump 
and velocity slip conditions, which signifies the interruption in the transmission variable at the surface. Since there are many NF/NNF, 
including particle fluids like emulsions and polymer solutions, where there is a slip between the fluid and the wall, slip condition flow 
problems are particularly important in the cases of static and moving boundaries by Wang [37]. The polishing of prosthetic heart 
valves and interior cavities is one example of how such technological research is put to use by Mukhopadhyay [38]. Anderson [39] 

Fig. 1. Schematic diagram of the problem.  
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investigated the slip condition imposed on a NF flow across a linearly stretched sheet in order to achieve this. The effect of radiation on 
MHD flow via a stretching sheet by considering heat source/sink and varying viscosity with slip conditions was examined by Devi et al. 
[40]. In an MHD flow across a stretched surface with slip conditions, Kemparaju et al. [41] investigation looked at heat transfer. 

In view of the literature survey, the investigation of MPF flow with heat and mass transfer containing ternary nanoparticles has not 
been analyzed. Therefore, the scope of the article is to analyze the impact of multiple slips on flow, energy and concentration of MPF 
containing ternary nanoparticles that flows across a stretching/shrinking sheet with the effect of radiation and chemical reactions of 
first order. Analytical solutions are extracted and expressed as incomplete gamma functions and hypergeometric functions. The present 
analysis is compared with the numerical solution obtained by Fatunmbi and Adeniyan [42]. 

2. Model description and solution technique 

The investigation deals with the steady, 2D MPF flow containing nanoparticles, past the porous stretching/shrinking sheet with 
multiple slips to study the impact of radiation, mass transpiration and chemical reactions. Fig. 1 explains the fluid motion caused by 
shrinking/ stretching sheet. 

The framework of the defined problem is as follows:  

■ Equation of Continuity: 

∇. q→= 0, (1)    

■ Equation of Linear momentum: 

ρtnf [( q→.∇) q→] = − ∇p + ρtnf g→−
μtnf

k a
q→+

(
κ + μtnf

)
∇2 g→+ κ(∇ x ω→), (2)    

■ Equation of Microrotation: 

ρtnf [( q→.∇) σ→] = γtnf ∇
2 σ→ + κ(∇x q→− 2 σ→), (3)    

■ Equation of Energy: 

( q→.∇)T1 = αtnf∇
2T1 −

1
(
ρCp
)

tnf

(∇. qr), (4)    

■ Equation of concentration: 

( q→.∇)c = D ∇2c, (5)  

here, q→ = (u, v, 0)is the velocity vector, σ→= (0, 0, σ) is the microrotation, prepresents pressure, g→stands for gravity and refer 
nomenclature for all other parameters. 

Following are the assumptions made in this problem, which are absolutely arguable:  

• The rheological properties of the fluid are constant.  
• The fluid motion is in a steady state.  
• A porous medium is assumed to have high porosity(ε = 1).  
• No spin boundary condition for microrotation is considered at the isothermal boundary.  
• The fluid remains at rest in the infinity position. Hence, fluid velocity is zero at infinity.  
• Microstructure impacts are negligible. 

The governing Eqs. (1–5) along with the assumptions are reduced to coupled PDEs (Nagaraju et al. [43]. & Aslani et al. [44].): 

∂u
∂x

+
∂ v
∂y

= 0, (6)  
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u
∂u
∂x

+ v
∂u
∂y

= −
1

ρtnf

∂p
∂x

+

(

νtnf +
m

ρtnf

)(
∂2u
∂x2 +

∂2u
∂y2

)

−
μtnf

ρtnf k
u +

m
ρtnf

∂σ
∂y
, (7)  

u
∂v
∂x

+ v
∂v
∂y

= −
1

ρtnf

∂p
∂y

+

(

νtnf +
m

ρtnf

)(
∂2v
∂x2 +

∂2v
∂y2

)

−
μtnf

ρtnf k
v +

m
ρtnf

∂σ
∂x
, (8)  

u
∂σ
∂x

+ v
∂σ
∂y

=
γ

J ρtnf

(
∂2σ
∂x2 +

∂2σ
∂y2

)

−
m

J ρtnf

(

2σ +
∂u
∂y

)

+ m
(

∂ v
∂x

−
∂u
∂y

)

, (9)  

u
∂T1

∂x
+ v

∂T1

∂y
= αtnf

(
∂2T1

∂x2 +
∂2T1

∂y2

)

−
1

(
ρCp
)

tnf

∂qr

∂y
, (10)  

u
∂c
∂x

+ v
∂c
∂y

= D
(

∂2c
∂x2 +

∂2c
∂y2

)

− K(c − c∞). (11) 

Applying the boundary layer flow assumptions on Eqs. (6–11), we get, 

∂u
∂x

+
∂ v
∂y

= 0, (12)  

u
∂u
∂x

+ v
∂u
∂y

=

(

νtnf +
m

ρtnf

)
∂2u
∂y2 −

μtnf

ρtnf k
u +

m
ρtnf

∂σ
∂y
, (13)  

u
∂σ
∂x

+ v
∂σ
∂y

=
γ

J ρtnf

∂2σ
∂y2 −

m
J ρtnf

(

2σ +
∂u
∂y

)

− m
∂u
∂y
, (14)  

u
∂T1

∂x
+ v

∂T1

∂y
= αtnf

∂2T1

∂y2 −
1

(
ρCp
)

tnf

∂qr

∂y
, (15)  

u
∂c
∂x

+ v
∂c
∂y

= D
∂2c
∂y2 − K(c − c∞), (16)  

where Eris called Eringen parameter, Jstands for micro-inertia per unit mass, Kstands chemical reaction parameter and γ is known as 
spin gradient viscosity and refer nomenclature for all other parameters. 

The following imposed boundary conditions are: 

u = d a x + S1
∂u
∂y

+ S2
∂2u
∂y2 , v = vw, σ = − Γ

∂u
∂y
,

T1 = T1w + S3
∂T1

∂y
, c = cw + S4

∂c
∂y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

at y = 0 (17)  

u→0, σ→0, T1→T1∞ , c→c∞ as y→∞. (18)  

3. Physical quantities 

3.1. The thermal properties of the ternary nanoparticles are as follows [45,46]  

■ Dynamic viscosity: μtnf =
ϕ1μnf1+ϕ2μnf2+ϕ3μnf3

ϕ ,

■ Density: ρtnf = (1 − ϕ1 − ϕ2 − ϕ3)ρf + ϕ1ρ1 + ϕ2ρ2 + ϕ3ρ3,

■ Heat capacity: (ρCp)tnf = (1 − ϕ1 − ϕ2 − ϕ3)(ρCp)f + (ρCp)1ϕ1 + (ρCp)2ϕ2 + (ρCp)3ϕ3,

■ Kinematic viscosity:κtnf =
κnf1ϕ1+κnf2ϕ2+κnf3ϕ3

ϕ where, 

ϕ = ϕ1 + ϕ2 + ϕ3.

Density of nanoparticles with spherical shape: 

μnf 1

μf
= 1 + 2.5ϕ + 6.2ϕ2, κnf 1 = κf

[
κ1 + 2κf − 2ϕ

(
κf − κ1

)

κ1 + 2κf + ϕ
(
κf − κ1

)

]

.

Density of nanoparticles with cylindrical shape: 
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μnf 2

μf
= 1 + 13.5ϕ + 904.4ϕ2, κnf 2 = κf

[
κ2 + 3.9κf − 3.9ϕ

(
κf − κ2

)

κ2 + 3.9κf +
(
κf − κ2

)
ϕ

]

.

Density of nanoparticles with platelet shape: 

μnf 3

μf
= 1 + 37.1ϕ + 612.6ϕ2, κnf 3 = κf

[
κ3 + 4.7κf − 4.7ϕ

(
κf − κ3

)

κ3 + 4.7κf + ϕ
(
κf − κ3

)

]

.

3.2. Radiative heat flux ( qr) 

The investigator Rosseland [50] approximated the radiative heat flux as qr = − 4σ∗

3k∗
∂T4

1
∂y , where σ∗is known as SB constant and k∗is 

known as absorption coefficient. In this investigation, it is assumed that T4
1can be expressed in the form of series about the point 

T1 ∞ using Taylor series expansion of second order. This assumption is due to the temperature variation in the flow. Therefore, T4
1 is 

approximated as:T4
1 ≅ 4T3

1∞
T1 − 3T4

1∞
. Using this approximation, we get 

qr = −
16σ∗T3

1∞

3k∗
∂T1

∂y
and

∂qr

∂y
= −

16σ∗T3
1∞

3k∗
∂2T1

∂y2 . (20) 

Now, Eq. (15) is reduced to the following equation. 

u
∂T1

∂x
+ v

∂T1

∂y
= αtnf

∂2T1

∂y2 +
16σ∗T3

1∞

3k∗
(
ρCp
)

tnf

∂2T1

∂y2 . (21)  

3.3. Spin gradient viscosity 

In order to achieve the high performance in the fluid flow, the spin gradient viscosity [51] is modeled as below so that the 
microrotation is turned down to angular velocity and the microstructure effects are neglected. 

γ =
(

μtnf +
m
2

)
J where J =

νtnf

a
. (22)  

4. Solution interpretation 

The governing Eqs. (12–16) are reduced to ODEs and solved analytically using the below listed non-dimensional variables. With 
radiation and chemical reactive fluid along with slip effects, the energy and concentration equations are solved by analytical technique 
and expressed in terms of incomplete gamma functions by introducing new variables. Applying the assumptions made earlier in this 
investigation, the pressure gradient and the external forces are ignored. Also, the distance between the slip and the stretching/ 
shrinking sheet is linear. 

X =
(a

ν

)1/2
x, Y =

(a
ν

)1/2
y,N =

σ
a
, (U,V) =

(u, v)
(aν)1/2, T2 =

T1 − T1∞

T1w − T1∞

and C =
C − C∞

Cw − C∞
. (23) 

Therefore, Eqs. (12–14), (16) & (21) are reduced to non-dimensional equations using Eq. (23). 

∂U
∂X

+
∂U
∂Y

= 0, (24)  

U
∂U
∂X

+ V
∂U
∂Y

=

(

νtnf +
m

ρtnf

)
∂2U
∂Y2 −

μtnf

ρtnf k
U +

m
ρtnf

∂N
∂Y

, (25)  

U
∂N
∂X

+ V
∂N
∂Y

=

(

1+
m

2μtnf

)
∂2N
∂Y2 −

m
μtnf

(

2N +
∂U
∂Y

)

, (26)  

U
∂T2

∂x
+ V

∂T2

∂y
=

αtnf

νbf

∂2T2

∂Y2 +
16σ∗T3

2∞

3k∗
(
ρCp
)

tnf ν
∂2T2

∂Y2 , (27)  

U
∂C
∂X

+ V
∂C
∂Y

=
D
νbf

∂2C
∂Y2 −

K
νbf

C, (28)  

the associated boundary conditions are: 
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U = d X + S1

̅̅̅
a
ν

√
∂U
∂Y

+ S2

̅̅̅
a
ν

√
∂2U
∂Y2 ,V = Vw,N = − Γ

∂U
∂Y

T2 = 1 + S3

̅̅̅
a
ν

√
∂T2

∂Y
and C = 1 + S4

̅̅̅̅
a
ν

√
∂C
∂Y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

at Y = 0 (29)  

U = 0, N = 0, T2→T2∞ and C→C∞ as Y = ∞ (30)  

5. Similarity transformations 

In this study, the governing PDEs are simplified, resulting in an ODEs system via a series of typical similarity transformations. These 
changes are described as: 

The stream function is Ψ(X,Y) = X F(Y)and the similarity variables are given by, 

U =
∂Ψ
∂Y

, V = −
∂Ψ
∂X

, N = X G(Y), T2 = Θ(Y) and C = Φ(Y). (31) 

Using the above transformations, the continuity equation is satisfied, while Eqs.(25)–(28) are reduced to the following ODEs: 
(

1+
Er A3

A1

)
d3F
dY3 + F

d2F
dY2 −

(
A1(Da)− 1

A2

)
dF
dY

−

(
dF
dY

)2

+

(
Er A3

A1

)
dG
dY

= 0, (32)  

(

1+
Er A3

2A1

)
d2G
dY2 + F

dG
dY

−

(
Er A3

A1

)(

2G+
d2F
dY2

)

− G
dF
dY

= 0, (33)  

(A3 +Nr)
d2Θ
dY2 + Pr A4 F

dΘ
dY

= 0, (34)  

d2Φ
dY2 + Sc F

d Φ
dY

− K1Sc Φ = 0. (35) 

The resultant boundary conditions are as follows: 

F(0) = Vc,
dF(0)

dY
= d + λ1

d2F(0)
dY2 + λ2

d3F(0)
dY3 , G(0) = − Γ

d2F(0)
dY2 ,

Θ(0) = 1 + λ3
dΘ(0)

dY
and Φ(0) = 1 + λ4

dΦ(0)
dY

.

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(36)  

dF(∞)

dY
= 0,G(∞) = 0,Θ(∞) = 0 and Φ(∞) = 0. (37)  

Here, 

Er =
κf

μf
, (Da)− 1

=
νf

a κf
,Nr =

16σ∗T3
2∞

3k∗κf
,K1 =

K
νf
,Pr =

νf

αf
, Sc =

νf

D
, (38)  

Vc = −
vw
̅̅̅̅̅̅
a ν

√ , λ1 = S1

̅̅̅
a
ν

√

, λ2 = S2

̅̅̅
a
ν

√

, λ3 = S3

̅̅̅
a
ν

√

and λ4 = S4

̅̅̅
a
ν

√

. (39)  

Further, 

A1 =
ϕ1B1 + ϕ2B2 + ϕ3B3

ϕ
, A2 = 1 − ϕ1 − ϕ2 − ϕ3 + ϕ1

ρsp1

ρf
+ ϕ2

ρsp2

ρf
+ ϕ3

ρsp3

ρf  

A3 =
ϕ1B4 + ϕ2B5 + ϕ3B6

ϕ
, A4 = 1 − ϕ1 − ϕ2 − ϕ3 + ϕ1

(
ρcp
)

sp1(
ρcp
)

f

+ ϕ2

(
ρcp
)

sp2(
ρcp
)

f

+ ϕ3

(
ρcp
)

sp3(
ρcp
)

f  

B1 = 1 + 2.5ϕ + 6.2ϕ2, B2 = 1 + 13.5ϕ + 904.4ϕ2, B3 = 1 + 37.1ϕ + 612.6ϕ2, B4 =

[
κsp1 + 2κf − 2ϕ

(
κf − κsp1

)

κsp1 + 2κf + ϕ
(
κf − κsp1

)

]

, B5

=

[
κsp2 + 3.9κf − 3.9ϕ

(
κf − κsp2

)

κsp2 + 3.9κf + ϕ
(
κf − κsp2

)

]

and 
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B6 =

[
κsp3 + 4.7κf − 4.7ϕ

(
κf − κsp3

)

κsp3 + 4.7κf + ϕ
(
κf − κsp3

)

]

.

6. Analytical solution for velocity and microrotation 

Earlier works by Turkyilmazoglu [52], Crane [53], Aslani et al. [54]. and Nagaraj et al. [55]. explain the solutions of velocity and 
microrotation equations. The analytical solutions to Eqs. (32)and (33) corresponding to the boundary conditions Eqs. (36) and (37) are 
obtained as follows: 

F(Y) = Vc +
d[1 − Exp(− βY)]
β
(
1 + λ1β − λ2β2) and G(Y) = − Γ

d2F
dY2 (40) 

Now, we obtain the algebraic equation as below by substituting Eq. (39) in Eqs. (32) and Eq. (33). 

p1 β4 + q1β3 + r1β2 − s1β − t1 = 0 (41)  

where, 

p1 = −

(

1+
Er A3

A1

)

λ2, q1 =

(

1+
Er A3

A1

)

λ1 + Vcλ2, s1 =

(
A1(Da)− 1λ1

A2
+Vc

)

, r1 =

(

1+
Er A3

A1

)

− Vcλ1 +
A1(Da)− 1λ2

A2
−

ΓEr A3

A1
and t1

=
A1(Da)− 1

A2
+ d.

Also, 

p4
2β − q3

2β − r2
2β + s2β + t2 = 0 (42)  

where, 

p2 =

(

1+
ErA3

2A1

)

Γλ2, q2 =

[(

1+
ErA3

2A1

)

Γλ1 +Γλ2Vc −

(
ErA3

A1

)

λ2

]

,

}

r2 =

[(

1+
ErA3

2A1

)

Γ − ΓVcλ1 +(2Γλ2 + λ1)

(
ErA3

A1

)]

,

s2 =

[

ΓVc +(2Γλ2 + 1)
(

ErA3

A1

)]

, t2 =

[

d + 2
(

ErA3

A1

)]

Γ.

Here Γis the parameter constant which lies between 0 and 1. In this investigation, analytical solution is obtained by considering Γ =
1
2(refers to weak concentration of micro-particles). While, Γ = 0 represents a strong concentration of micro-particles and Γ =
1represents turbulent flow of the fluid. 

Solving the algebraic equation in Eq. (40) we obtain four real roots as below: 

β1,2 = −
q1

4p1
−

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

q2
1

4p2
1
−

2r1

3p1
+

δ1

3p1(δ2)
1/3 +

(δ2)
1/3

3(2)1/3p1

√

∓
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2

1

2p2
1
−

4r1

3p1
+

δ1

3p1(δ2)
1/3 −

δ2

3(2)1/3p1

√

−

8s1

p1
+

4q1r1

p2
1

−
q3

1

p3
1̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

q2
1

4p2
1
−

2r1

3p1
+

δ1

3p1(δ2)
1/3 +

(δ2)
1/3

3(2)1/3p1

√ ,

β3,4 = −
q1

4p1
+

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

q2
1

4p2
1
−

2r1

3p1
+

δ1

3p1(δ2)
1/3 +

(δ2)
1/3

3(2)1/3p1

√

∓
1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
q2

1

2p2
1
−

4r1

3p1
+

δ1

3p1(δ2)
1/3 −

δ2

3(2)1/3p1

√

+

8s1

p1
+

4q1r1

p2
1

−
q3

1

p3
1̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

q2
1

4p2
1
−

2r1

3p1
+

δ1

3p1(δ2)
1/3 +

(δ2)
1/3

3(2)1/3p1

√ ,

with, 
δ1 = (2)1/3

(r2 + 3qs − 12pt) and

δ2 = 2r3 + 9qrs + 27ps2 − 27q2t + 72prt +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 4(r2 + 3qs − 12pt)3
+ (2r3 + 9qrs + 27ps2 − 27q2t + 72prt)2

√

.
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6.1. Temperature analysis 

The temperature equation in Eq. (34) is reduced to find the solution in terms of an incomplete gamma function by setting a new 

variable ζ =
(

dPr
β2

)
e− βYand substituting in Eq. (34), we get the following differential equation: 

ζ Θζζ + (1 − l+mζ)Θζ = 0, (43) 

Along with the corresponding boundary conditions 

Θ
(

ζ=
dPr
β2

)

= 1 + λ3Θζ

(

ζ =
dPr
β2

)

and Θ(ζ= 0) (44)  

by considering, 

l =
VcA4Pr

β(A3 + R)
+

ς A4Pr
β2( 1 + λ1β − λ2β2)(A3 + R)

and m =
A4

(A3 + R)
(
1 + λ1β − λ2β2). (45) 

Upon solving Eq. (42) using the boundary conditions as in Eq. (43), we get an analytical solution for the temperature equation. 

Θ(Y) =
Γ[l, 0] − Γ

[

l, mdPr
β2 e− βY

]

λ3βml

(
dPr
β2

)l

e−
mdPr
β2 + (1 − λ3)Γ[l, 0] − Γ

[

l, mdPr
β2

]. (46)  

7. Concentration analysis 

The solution of the concentration Eq. (35) is explored by the substitutingF(Y)and also by framing a new variable asχ =
(

d Sc
β2

)
e− βY , 

such that Eq. (35) is reduced to the following: 

χ d2Φ
dχ2 + (1 − a+ bχ) dΦ

dχ −
K1Sc
β2χ

Φ = 0, (47)  

which is associated with boundary conditions 

Φ(χ = 0) = 0 and Φ
(

χ = d Sc
β2

)

= 1 + λ4
dΦ
dY

(

χ = d Sc
β2

)

. (48)  

Here, 

a =
Sc Vc

β
+

Sc d
β2( 1 + λ1β − λ2β2) and b =

1
(
1 + λ1β − λ2β2). (49)  

Eq. (46) is solved using Eq. (47) and the solution is represented in terms of Hypergeometric functions: 

Φ(Y) =

[
d Sc e− βY

β2

]w1+w2
2

1F1

[

w1 + w2, w2 + 1,
(

b d Sc e− βY

β2

)]

(
d Sc
β2

)w1+w2
2

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

[

1 − λ4

(w1 + w2

2

)( β2

d Sc

)]

1F1

[

w1 + w2, w2 + 1,
(

b d Sc
β2

)]

+

β b
(

d Sc e− βY

β2

)

1F1

[

w1 + w2 + 1, w2 + 2,
b d Sc

β2

]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (50)  

where, w1 and w2are constants. 
Hence Eq. (49) serves as a solution for the concentration equation. 

8. Parameters of physical interest 

The dimensionless factor of skin friction is defined as follows: 

̅̅̅̅̅̅
Re

√
Cf x =

[
A1 + (1 − Γ)Er A3

A2

](
d2F
dY2

)

Y=0
, (51)  

where, 
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Cf x =

[
(
μtnf + m

)
(

∂u
∂y

)

+
κtnf
a N
]

y=0

ρtnf u2
w

, (52)  

and, 
Rex = a x2

νf 
is known as Reynolds number. 

Nusselt number is defined as, 

NuxRe− 1/2 = − (A3 +Nr)θ′(0) (53)  

Fig. 2. (i)-(iii): Domain demonstrating the solution for the controlling parameters.  

U.S. Mahabaleshwar et al.                                                                                                                                                                                           



Chinese Journal of Physics 87 (2024) 646–664

656

Nux = −

x
(

κtnf +
16σ∗T3

∞
3k∗

)
∂T
∂y

⃒
⃒
⃒
⃒

y=0

κf (Tw − T∞)
. (54)  

9. Outcomes of the investigation 

The current work examines the MPF flow via a shrinking/stretching surface that is sensitive to internal radiation, chemical re
action, and mass transpiration and multiple slip conditions. By resolving the collection of ODEs, analytical solutions are expressed as 
an incomplete gamma function for the energy equation and a confluent hypergeometric function for the mass equation. For different 
dimensionless parameter values of the flow, including the stretching/shrinking parameter d,inverse of Darcy number(Da)− 1, Prandtl 
number Pr, Eringen parameterEr, Schmidt number Sc, slip parametersλ1/λ2/ λ3 /λ4, chemical reaction parameter K1and radiation 

Fig. 3. (i)-(vi): Solution plot of the axial velocity for the various physical parameters.  
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parameter R plots of dF
dη, G(η) ,

dG
dη, Θ(η) and Φ(η)are obtained and discussed below. The numbers βand Γare also two more essential 

parameters in this study. The solution of the governing equations contains both parameters (refer Section 6). Note, the value of Γ = 1
2is 

considered, which causes anti-symmetric portion of the stress tensor to vanish, which results low concentration of micro-components 
[56]. This mandates that only Eq. (40) can be used to calculate (see again Sect. 6). The FS and SS for the value ofβ are determined from 
this equation. There are several studies that examine the physical significance of the multiple solutions within this framework. The 
energy transfer of nanofluid flow over a shrinking/stretching surface was examined by Zaimi et al. [57]. and Merkin [58]. They came 
to the conclusion that the first solution, which was backed by their findings, was the physically feasible solution. Additionally, SS 
resulted in infinite boundary conditions in the case of velocity for a set of parameter values; as a result, this solution may be auto
matically discarded. 

The domain of the solution with respect toVcwhich is a function ofErandd, is represented in Figs. 2(a) and 2(b) respectively. Also, 
the domain of the solution with respect todwhich it is a function of Vc is shown in Fig. 2(c). While decreasing the SS, increasing 

Fig. 4. (a)-(d): Solution plot of the transverse and axial velocities for the various physical parameters.  
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parameter d increases the FS. The SS is increased while the FS is decreased as the parameters Er and Vcare increased. Fig. 2 makes it 
clear that it is highly dependent on the variablesVc, Er, and d. 

Fig. 3(i)–3(iv) show the impacts of the d ≤ − 1, Vc > 0, Er, and (Da)− 1for the shrinking case for constant values of the parameters 
on the velocity of the flow. When the d ≤ − 1, all of the sheet’s pulling force is physically transferred to the fluid, as shown in Fig. 3(i), 
which examines the influence of shrinking parameter on velocity. When comparing the axial velocities of the FS and SS, it is obvious 
that the top branch’s axial velocities exhibit an angled gradient towards the boundary, which indicates a potential cause for more shear 
stress on the boundary. The force acting on the sheet boundary’s decrease could also be understood as increased shear stress. As seen in 
Fig. 3(i), flow velocity increases in the FS and drops in the SS as the shrinking parameter is increased. As shown in Fig. 3(ii) and Fig. 3 
(iv), similar impacts were seen for the Vc > 0 and (Da)− 1.In contrast, flow velocity improved as the Er decreased for the FS and declines 
for the SS in the case of the Er (see Fig. 3(iii)). 

In the case of the stretching sheet, the axial velocity profiles are shown in Fig. 3(v) and 3(vi) for various values of the Er and (Da)− 1. 

Fig. 5. (i)-(ii): Axial velocity plot for the slip parameters.  
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Due to the presence of non-Newtonian fluid, additional force, microrotation is created along with viscous force, an increase in the Er 
value, increases the flow velocity, which means that, the boundary layer is more thickened with the increase in the Er. As can be seen 
from Fig. 3(vi), the inverse behavior appeared in the case of the (Da)− 1. As a result, in every instance, the FS and SS displayed opposing 
characteristics. 

The impacts of Vc > 0and d ≤ − 1on the microrotation profiles for both the FS and SS are depicted in Fig. 4(i) and 4(ii). As 
observed, it is obvious that as the values of Vc and d rise, the velocity due to microrotation in the FS raises while the microrotation in 
the SS drops. Graphs of the gradient of the microrotation against the variableY for different Er and (Da)− 1values for the case of d = 1are 
shown in Figs. 4(iii) and 4(iv). While (Da)− 1 increases, dG

dYdrops, while Er increases and dG
dY follows the same nature. As a result, Er and 

(Da)− 1 behaves in the opposite trend. 
Fig. 5 depicts the effect of slip parameters on the axial velocity of the fluid. It is observed that increased values of Navier’s slip 

Fig. 6. (i)-(iv): Thermal profile plots for various parameters.  
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parameter, decrease the velocity of the fluid, while decreasing values of the second order slip parameter decrease the velocity of the 
fluid. 

The radiation parameter R is one of the most significant dimensionless heat transfer characteristics. Fig. 6(i) illustrates the impact of 
R on the energy profile. It is noted that energy flow is increasing with increasing R value. A similar trend is observed when the 
(Da)− 1and λ3is increased as shown in Fig. 6(c) and Fig. 6(d). Er parameter is affecting the energy of the fluid as shown in Fig. 6(b). As 
observed, the energy is decreased with the increased value of Er. 

Plots in Fig. 7(i)-(iii) depicts the significance of the controlling parameters like Er, Sc and λ4. 
Plots reveal that increasing values of these parameters Er, Sc and λ4is decreasing the concentration of the flow. 
It is well known that skin friction is influenced by the hydrodynamic boundary layer’s thickness. In Fig. 8, the skin friction results 

Fig. 7. (i)-(iii): Concentration plot for various parameters.  
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for the shrinking sheet scenario are plotted against Er, (Da)− 1 and Vc. Skin friction is a complex phenomenon that depends on a number 
of governing factors, like micropolar fluid flow in porous media, in which the boundary will act as the cause of motion. Fig. 8(i) 
demonstrates how skin friction rises in proportion to the intensity of boundary motion. However, the valid Er region shrinks due to the 
stronger shrinkage of the decreasing sheet. It’s also crucial to remember that, despite the fact that the FS and SS always exhibit 
contradictory cases, the associated graphs are identified as non-symmetric on the plane transient from the highest value. Furthermore, 
the impact of the porous media in the fluid flow direction is represented by the (Da)− 1. Skin friction is therefore expected to increase 
when it increases, as seen in Fig. 8(ii). 

In addition, as observed in Fig. 8(iii), the smaller Er values will result in slower perspiration on the wall and higher Er values yield 
greater skin friction between the wall and fluid. When the velocity continuously increasing, the difference between Er = 0.1 and Er =
0.2 progressively disappears. This is because the fluid micropolarity’s effect will be overpowered by the effect of hydrodynamic of the 
wall infusing (Table 1). 

10. Concluding remarks 

The flow of the micropolar fluid suspended with ternary nanoparticles over a permeable stretching/shrinking surface that is 
sensitive to internal radiation, chemical reaction, and mass transpiration and multiple slip conditions is investigated. Analytical so
lutions are obtained in terms of incomplete gamma functions and confluent hypergeometric functions for the governing differential 
equations. The following conclusions are listed below based on the results obtained in the investigation.  

• Solution domains help in identifying the possible parametric values.  
• The existence of multiple solutions for the shrinking case is observed while a unique solution is observed for stretching case.  
• The velocity of the tri-hybrid nanofluid is found to increase for the FS and decrease for the SS with increased values of (Da)− 1, d, and 

Vc but reverse trend is observed with an increased value of Er.  
• Increased values of Navier’s and second order slip parameters, decrease the velocity of the flow.  
• The impact of R shows greater significance on the temperature profile by increasing the thermal boundary.  
• Concentration decreases with increasing value of Er, Sc and λ4 
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[27] F. Selimefendigil, F. ÖztopH, Impacts of using an elastic fin on the phase change process under magnetic field during hybrid nanoliquid convection through a 
PCM-packed bed system, Inte. J. Mech. Sci. 216 (2022) 106958, https://doi.org/10.1016/j.ijmecsci.2021.106958. 

[28] M.M Bhatti, S.M. Sait, R. Ellahi, M.A. Sheremet, H.F. Oztop, Thermal analysis and entropy generation of magnetic Eyring-Powell nanofluid with viscous 
dissipation in a wavy asymmetric channel, Int. J. Numer. Methods Heat Fluid Flow 33 (2023) 1609–1636, https://doi.org/10.1108/HFF-07-2022-0420. 
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