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Abstract
Dilutedmagnetic semiconductors (DMS) continue to attract attention due to the central role of spin
in their physical behavior. Among spin-related effects, Rashba spin-orbit interaction (RSO), which
arises from structural inversion asymmetry and couples an electron’s spinwith its orbitalmomentum,
can significantly affect thermo-magnetic properties and quantum transport. In this work, we
investigate the impact of RSOon the thermodynamic andmagnetic properties of GaMnAs cylindrical
nanoshells by numerically solving the Schrödinger equation and deriving relevant quantities using the
Boltzmann-Gibbs statistical framework. Our results reveal that RSO and externalmagnetic fields have
antagonist effects on spin-split energy levels: themagnetic field enhances confinement by shrinking
electronic orbitals, whereas RSO tends to delocalize thewavefunction, reducing confinement energy.
This competitionmodulates the system’s thermodynamic andmagnetic responses. Specifically, the
heat capacity shows a pronounced peak at very low temperatures, consistent with the Schottky
anomaly in low-dimensional systems. Furthermore,magnetic susceptibility exhibits strong depend-
ence on both temperature andmagneticfield, and afield- and temperature-induced phase transition
from ferromagnetic to paramagnetic behavior is observed.

1. Introduction

The discovery ofmagnetoresistance in the late 1980smarks the birth of spintronics, afield that exploits the
quantumnature of electron spin alongside its charge to develop advanced electronic technologies. Since then,
spintronics has enabled breakthroughs inmagnetic sensing, data storage, and logic devices, leveraging spin-
dependent transport phenomena formultifunctional device integration [1]. Central to spintronics is the control
of spin polarization via externalfields, heterostructure engineering, and spin–orbit coupling (SOC), which
together provide powerful levers formodulating electronic behavior in low-dimensional systems [2–4].

Two spin-related effects should not be overlooked: Dresselhaus andRashba effects. The Rashba and
Dresselhaus effects both contribute to spin splitting in the electronic band structure, thereby influencing spin
transport and quantum coherence. They describe spin-orbit interactions in low-dimensional systems lacking
inversion symmetry. The Rashba andDresselhaus spin-orbit interactions both induce spin splitting, but Rashba
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arises from structural inversion asymmetry, whileDresselhaus originates frombulk inversion asymmetry. Their
competition leads to anisotropic spin textures, which can be tuned to achieve spin control in
nanostructures [5, 6].

In parallel, thermodynamic studies in semiconductor nanostructures have gained increasing attention,
particularly for understanding electron behavior at low temperatures undermagnetic fields. Quantities such as
entropy, heat capacity, andmagnetic susceptibility reveal subtlemany-body effects and phase transitions,
especially in systemswith spin-polarized states. For example, DeGroote et al [7] analyzed the heat capacity and
magnetization of two electrons in a quantumdot, showing Schottky-like anomalies at low temperatures. This
thermodynamic fingerprint has since been confirmed in other studies involving spin–orbit coupling [8–12].
Similarly, Gumber et al [13] andBoyacioglu et al [14] demonstrated that quantum confinement andmagnetic
field effects in quantumdots induce pronounced peaks in heat capacity and entropy.Nguyen and Peeters [15]
further revealed field-tunable thermodynamic transitions linked tomagnetic impurities and spin interactions in
nanodots. In addition to earlier foundational studies, several recent works have further emphasized the role of
spin-orbit interaction andmagnetic field coupling in low-dimensionalmagnetic systems. For instance, Shi et al
[16] examinedmagnetocaloric effects and spin transitions in curvedCrI3-like bilayers, revealing temperature-
andfield-drivenmagnetic switching. Similar Schottky-like anomalies in heat capacity and entropywere
observed inKagome and decorated square nanostructures, where spin configuration and lattice geometry
interplay to determine thermal responses [17, 18].

Recent literature also emphasizes the importance of geometry in shaping quantum and thermodynamic
behavior. Cylindrical nanoshells, in particular, offer a compellingmodel systemdue to their quasi-one-
dimensional confinement, radial symmetry, and compatibility with experimental fabricationmethods. The
Rashba effect in such curved geometries induces nontrivial spin splitting andmodifies the spatial distribution of
electronic states. El-Yadri et al [19] showed thatmagnetic field confinement in core–shell GaAs nanowires
strongly affects electron localization and threshold core radii. In our previous work [20], we found that
temperature, shell thickness, and quantum size dictate the behavior of the heat capacity in cylindrical quantum
dots, including Schottky anomalies and thermodynamic instability. Thesefindingsmotivate our focus on
cylindrical GaMnAs nanoshells, where spin–orbit coupling,magnetic field, and geometry act in concert to shape
physical properties.

In this paper, we investigate the thermodynamic andmagnetic properties ofGaAsMn nanoshell considering
RSO coupling. The study is organized as follows: section 2 presents the background theory and its development.
In section 3, we present the details of the numerical results and discussions. Finally, the conclusion is outlined in
the section 4.

2. Background theory

The progress achieved in nano technology allows one to fabricate a highly ordered array of long nanoshell, such
that each nanoshell is characterized by an inside and outside diameters with fewmonolayers for the thick. Under
this assumption, let us consider an electron confined in aGa1−xMnxAs cylindrical nanoshell defined by an outer
(Rs) and an inner (Rc) radii as shown infigure 1. These cylindrical nanoshells are typically enclosed by a dielectric
material with awide band gap. This dielectric environment confines charge carriers inside the shell, which
behaves as a potential well defined by its thickness (Lw=Rs−Rc).

Let us determine the energy of an electron confined in cylindrical nanowirewhen a uniformmagnetic field is
applied, ( ˆ)= BB k described by a vector potential in the Lorentz gauge’s,A= (B× r)/2. Taking into account the
Rashba spin-orbit and the Zeeman interaction, theHamiltonian of the system can bewritten as:

( )   = + + , 1R
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where0 being theHamiltonianwithout considering the Rashba spin orbit effect, which can be cast in form
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where e stands for the electron charge, *me is the effectivemass of the electron, and p is themomentumof the
electron. As per our supposition, the confining potential energy, ( )rVw , is provided by:
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TheRashba spin-orbitHamiltonian is denoted by the second termR
SO, which is written as follows [21]:
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whereαR represents the Rashba coupling parameter, c stands for the velocity of electromagnetic waves in

vacuumand ŝ thewell-known Pauli spinmatrices with ( )s = 0 1
1 0x , ( )s = -i
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term in equation (1) represents the Zeeman interaction:
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such that g* is the Lande’s factor of the electron and m =B
e

m c2 0
is the Bohrmagneton.

By solving the Schrödinger equation, ( ) ( ) r j r jY = YE, , , one can determine the system’s fundamental
and excited energies as well as its wave functions. Taking into account the spin states, theHamiltonian of the
system given in equation (1) can bewriten as a 2× 2matrix. Therefore, the Schrödinger equation can be
expressed as:
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where ( )Y = Y+ 
1

0
and ( )Y = Y- 

0

1
are the spinor wave functionswith spin up and down eigenfuctions ofσz.

The different expressions of the operatorsij can bewritten as:
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Figure 1. (a) 3D viewof a cylindrical nano-shell representedwith amesh visualization, showing the structural geometry under a
uniformmagnetic field applied along the cylinder axis. (b)Top view of the cylindrical nano-shell with the inner radiusRc and outer
radiusRs illustrating the radial confinement potential.
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If we take into account the relationship r j=x cos , r j=y sin and r = +x y2 2 between theCartesian
and cylindrical coordinate systems, theij Hamiltonian operators take the following form:
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The eigenfunctions ofH can be split as the sumof two spin-polarized spatial wave functions,
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are the totally polarized spatial wave functionswith spin-up and spin-down, respectively.
Equation (6)was implemented and solved using the Finite ElementMethod (FEM) through the Partial

Differential equation (PDE)module inCOMSOLMultiphysics [22]. To ensure accuratemodeling of the
confinement, Neumann ( · ▿y =n 0) andDirichlet (ψ= 0) boundary conditionswere applied at the inner and
outer surfaces of the shell. These boundary conditions effectively encapsulated the quantum system, allowing for
precise simulation of the electron’s behavior and its interactionswithin the nanoscale structure. An extra-fine
computationalmesh and appropriate normalization constraints were employed to ensure numerical stability
and physical relevance of the solutions.

Once obtained, the eigenenergies can then be used to investigate the thermodynamic properties. According
to the Boltzmann-Gibbs statistics, the total number ofmicrostates in confined system is defined by the
distribution of particles over energy levels. The number of quantum energy states labeled by the index i isfinite,
and can be used to determine the canonical partition functionZcwhichwill be used to calculate fundamental
thermodynamic andmagnetic properties within the context of the Boltzmann-Gibbs statistics. It is given from
the sumover all energy levelsEi as follows [23]:

( ( )) ( )å b= - ++ -Z E Eexp , 18c
i

i i

whereβ= 1/(kBT) is the inverse product of the temperature and the Boltzmann constant, kB. The partition
functionZc allows the deduction of the system’s primary thermodynamic characteristics. It is related to themean
energy of the systemby the relation:
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b

á ñ = -
¶
¶

E
Zln

. 19c

The thermodynamic potential:Ω can be deduced from the partition coefficient via the relation:

( )W = k Zln 20B c

We recall that for an ideal electron gas in semiconductor nanowires it has the following form [24]
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Moreover, entropy is one of themost significant thermodynamic characteristics that controls randomness in the
system. Themost popular entropy is the Shannon entropy [25]. By using Tsallis approach given in the frame
work of Boltzmann-Gibbs statisticalmechanics [26], the entropy of an electron gas in semiconductor nanowires
is given by:
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which leads to the analytical expression:
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Consequently, one can compute the heat capacity, which defines the quality of the stored energy [24] as
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TheHelmholtz free energy, given by the relation = -
b
WF ,H

ln where (β= 1/(kBT)), provides the stability

requirement. It is also related to the the entropy by the relation: ( )= - ¶
¶
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T V
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Themagnetic behavior of the system can be investigated through itsmagnetizationwhen exposed to a
magnetic source. This property is identified by themagnetic susceptibilityχ=∂M/∂B.MagnetizationM
(magneticmoment per unit volume) can be obtained by the relation:

( )= -
¶W
¶

M
B

. 26L

It is important to note that the sign of the susceptibilityχ indicates themagnetic behaviors. In particular,
χ< 0 denotes paramagnetism, while diamagnetism appears whenχ> 0.

3.Numerical results and discussion

Ourmodel is applied toGa1−xMnxAsnanoshell. The physical parameters used in this study are as follows.We
apply ourmodel toGa1−xMnxAsnanotubes corresponding to a hollow cylinders [27]. The physical parameters
used here are as follows: * =m m0.067e 0, g

*= 2, ε(x= 0.03)= 11.8 andEg(x= 0.03)= 1.5 eV [28].
In our previous work [29], we have demonstrated and discussed in detail the fact that optoelectronic

properties depend strongly on thickness of the shell Lw=Rs−Rc. Therefore, in this study, we restrict ourselves
to the limit of strong confinement regime corresponding Lw= 10 nmwith an outer radiusRs= 40 nm, an inner
radiusRc= 30 nm, and a heightH= 100 nm.

To understand the causality betweenRSO andmagnetic field effects, we begin by emphasizing the fact that
the existence ofMn ions induces an internal electric local polarization inside elementary structures due to high
polarizability inside the elementary cell. This spontaneous polarization breaks the system’s symmetry, leading to
an enhancement of spin–orbit coupling, specifically the Rashba effect, where an electron’s spin becomes strongly
coupled to itsmomentum.However, amagnetic field is not fundamentally necessary to trigger the Rashba effect,
but rather it intervenes to orient the spins and split the electronic states. To better understand this relation, we
examine how charge distribution evolves under the combined influence of intrinsic polarization and an external
magnetic field. Indeed, the behavior of charge densities under the influence of amagnetic field and theRashba
effect can be analyzed separately and jointly since the both interactions influence electrons in opposite ways. To
illustrate these antagonistic effects, we plot infigures 2(a), (b) the xy-plane projection of the spatial distribution
of spin up (spin down) by combiningmagnetic field (B) andRSO effects described by the parameter (αR).We
choose (B= 0, 1 and 2T) formagnetic field and (αR= 0, 2 and 4× 10−11eV.m) for RSO coupling coefficient. As
we can remark, the spin-down electron probability density dominates whenαR= 0 andB= 0. This can be
attributed to the intrinsic exchange interaction inGa1−xMnxAs. This dilutemagnetic semiconductor contains
localizedmagneticmoments associatedwith theMn atoms, which interact with the spins of conduction
electrons. The exchange coupling between these localizedmoments and the electron spins breaks the spin
degeneracy, effectively lowering the energy of the spin-down states relative to the spin-up states. As a result,
electrons preferentially occupy randomly the spin-down states, leading to a higher probability density for this
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spin orientation. Thefirst line infigure 2, clearly shows that the RSO can exist even at a zeromagnetic field
(B= 0) asmentioned above.We note that by increasing the RSO coefficient, the Rashba coupling causes an
energy splitting of electronic states based on their spin, leading to changes in charge densities. Indeed, due to
intrinsic electric field, the charge densities can be distributed asymmetrically in real space resulting in spatial
charge polarization. The observed asymmetry in the electron probability density suggests that the Rashba effect
alters the spin orientation across the nanoshell.

Let us analyse themagnetic field effect: As shown in 2nd and third line infigures 2(a) and (b), the spin-up
electron probability density becomes increasingly pronouncedwith an increase in themagnetic field strength.
This quantization leads to concentric rings of charge density in real space. Themagnetic field further influences
spin populations, leading to the opposite spin polarization compared to the direction of the appliedmagnetic
field. The simultaneous effects of the RSO andmagnetic field can lead to intricate phenomena, such as the
formation of helical surface states. In these states, charge densities aremodulated by both spin and Landau levels.
The combination between these effects introduces spin dependence into the band structure’s anisotropy,
resulting in new configurations of charge densities that reflect both spin andmomentumdynamics.

Given that all thermodynamic functions depend on average energy, it seems necessary to analyze the
behavior of this important parameter with respect to themagnetic andRSO effects. Thus, after computing the
partition functionZc by summing over all possible states, we proceed to the determination of themean energy
given by the relation equation (19).

Our results are summarized in figures 3 and 4.We plot the the ten lowest energy levels for both spin up (solid
line) and spin down (dashed line) states, considering variations inmagnetic field andRashba spin–orbit
coupling. Figure 3 shows how the energy levels respond to increasing Rashba couplingαR= 4, 5, and
6× 10−11eV.m, with themagnetic field held constant. AsαR increases, both spin-up and spin-down energy
levels decrease, and the splitting between thembecomesmore pronounced. This indicates that strong Rashba
interaction reduces the overall confinement andmagnetic energy by delocalizing the electronicwavefunctions.

To further quantify the interplay betweenRashba andmagnetic effects, figure 4 presents the energy levels at
three values ofmagnetic fieldB= 1, 1.5 and 2T, for afixedRashba parameterαR= 6× 10−11eV.m. These plots
demonstrate how increasing themagnetic field enhances spin splitting and energy level shifting due tomagnetic
confinement, counteracting the delocalizing influence of the Rashba interaction.

Figure 5(a) illustrates the variation of heat capacity with temperature for three values of the Rashba
parameter (αR= 4, 5, and 6× 10−11 eV ·m) atfixedmagnetic fieldB= 0.5T. Figure 5(b) presents the
corresponding variation formagnetic fieldsB= 1, 1.5, and 2T atfixedαR= 5× 10−11 eV ·m. In both cases, the
heat capacity displays a two-peak structure. Thefirst sharp peak at low temperatures corresponds to a Schottky
anomaly, typically arising from thermal activation between two spin-split energy levels. As temperature
increases, this peak broadens and shifts due to increased Rashba coupling or strongermagnetic fields, both of
which reshape the energy spectrum. The second, broader peak at higher temperatures stems from the
progressive population of higher-lying excited states, where the interplay betweenRashba delocalization and
magnetic confinement governs level density and energy spacing. The Rashba effect tends to reduce confinement
and increase levelmixing, while themagnetic field compresses the electronic states. This competition creates a
non-monotonic density of states, which results in enhanced specific heat absorption at intermediate
temperatures. As temperature further increases, level populations become saturated, leading to a decline in heat
capacity.

Figure 2.Cross-sectional view (xy-plane) of the spatial electron densities with spin up (a) and spin down (b). In eachmatrix, we cross 3
values ofmagnetic field B= (0, 1, and 2T) and 3 values of RSO couplingαR= 0, 2, and 4× 10−11eV.m.
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Tomake clear the dependence of the heat capacity on both external parametersB andT, we present in
figure 6 the contour plot of this thermodynamic parameter.We can clearly see that, in the region 1.3 to 2 T for
magnetic field and 75 to 200 K for temperature, theNQDS system stores considerably the energy. The contour
plot infigure 6 illustrates the dependence of the heat capacity on both themagnetic field (B) and the temperature
(T) in the cylindricalGaMnAs nanoshell system. A significant increase in heat capacity is observedwithin the
range ofB≈ 1.3− 2T andT≈ 75− 200K, indicating that the system efficiently stores energy in this region. This
behavior can be attributed to the interplay between thermal excitations, spin–orbit coupling, and the applied
magnetic field. At these temperatures, a higher population of excited states contributes to an increase in heat
capacity, while themagnetic field influences the electronic structure,modifying the density of accessible energy
states. The Rashba spin-orbit interaction, combinedwith themagnetic field effect, likely plays a key role in
enhancing spin-dependent energy levels, thereby affecting the thermodynamic response. Additionally, quantum
confinement effects due to the cylindrical geometrymay further alter the energy spectrum, leading to the
observed variations. This result suggests that the system’s ability to store thermal energy ismaximized in this
specific range of B andT,making it a critical region for understanding the thermodynamic properties of the
GaMnAs nanoshell.

Figures 7(a) and (b)display, respectively, the variation of entropywith temperature for the same sets of
previous values of the spin–orbit coupling constantαR and themagnetic fieldB.We can see that the entropy
increases with temperature while it decreases withmagnetic field. The other observation here is that the entropy
is not sensitive to the RSO interaction. In the presence of the spin-orbit interaction, an ordered state or region
exists for any given temperature. Themost stable states of this system correlate with low values of entropy, which
are produced by highmagnetic field values. At low temperatures, the system is highly sensitive to themagnetic
field due to Zeeman splitting, which leads to a significant separation between spin sublevels. This results in a
reduced number of accessiblemicrostates, thereby lowering the entropy as themagnetic field increases. In this
regime, themagnetic field strongly polarizes the spin states, aligning thempreferentially and thus decreasing the
degree of disorder in the system. In contrast, at high temperatures, thermal agitation dominates and overcomes
themagnetic ordering effect induced by the externalfield. The thermal energy kBT becomesmuch larger than
the Zeeman energy, allowing a larger number ofmicrostates to be thermally accessible regardless of themagnetic

Figure 3.The ten lowest energy levels for spin-up (solid lines) and spin-down (dashed lines) states in aGa1−xMnxAs cylindrical
nanoshell are shown for Rashba parametersαR= 4, 5 and 6× 10−11eV.m at amagnetic field ofB= 1T.
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Figure 4.The ten lowest energy states for spin-up (solid arrow) and spin-down (dashed arrow) in aGa1−xMnxAs cylindrical nanoshell
are presented for threemagneticfield valuesB= 1, 1.5 and 2Twith afixedRashba parameter ofαR= 5× 10−11eV.m.

Figure 5.Heat capacity versus temperature. (a) For three values Rashba parametersαR= 4, 5 and 6× 10−11eV.m atfixedmagnetic
fieldB= 0.5 T. (b) For three values of themagneticfieldB= 1, 1.5 and 2 T atfixedRashba parameterαR= 5× 10−11eV.m.
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field strength. Consequently, the entropy increases with temperature in all cases, and the differences between the
curves corresponding to differentmagnetic fields diminish. In this regime, the entropy ismainly governed by
thermal excitations, and the influence of themagnetic field becomes less significant. Themost reachable ordered
states are understood to lie between these potential states and are located by the presence of theseminimal
entropy values, alongwith theαR function under temperature and an externalmagnetic field. Thus, one can
modify theαR value and the externalmagnetic field in order to control the entropy in a quantum system.

To study the thermodynamic stability of our structure, we display infigure 8 theHelmholtz free energy FH
versus temperature for three different values of the Rashba parameters (a) and themagnetic field (b). The
stability criterion indicates that a system is stable if it has a lowHelmholtz energy (F). The results indicate that FH
decreases as temperature and the Rashba spin–orbit coupling of the system increase (figure 8(a)), while it

Figure 6.Heat capacity contour diagramof the temperature andmagneticfield.

Figure 7.Entropy versus temperature. (a) For three values Rashba parametersαR= 4, 5 and 6× 10−11eV.m atfixedmagneticfield
B= 0.5 T. (b) For three values of themagnetic fieldB= 1, 1.5 and 2 T atfixedRashba parameterαR= 5× 10−11eV.m.
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increases with increasingmagnetic field (figure 8(b)), since themagnetic field acts as an additive confinement
that shrinks electronic orbitals.

Figure 9 depicts the variation ofmagnetic susceptibility of the nanoshell with themagnetic field strength for
three low values of temperatureT= 5, 10 and 20 Kwith afixedRashba couplingαR= 5× 10−11eV.m. The
magnetic susceptibility increases with increasingmagnetic field strength andmaxima at amagnetic field that
ranges between 0.5 and 0.6 T regardless of the value of temperature. As can be seen from the graph, at these low
temperatures, an increase in the temperature decreases themagnetic susceptibility.

The dependence ofmagnetization on themagnetic field is shown infigure 10 for three low values of
temperatureT= 5, 10 and 20 K and for a givenαR= 5× 10−11eV.m. Themagnetization curves reach their

Figure 8.Helmholtz free energy versus temperature. (a) For three values of the Rashba parameterαR= 4, 5 and 6× 10−11eV.m at
fixedmagneticfieldB= 0.5 T. (b) For three values of themagneticfieldB= 1, 1.5 and 2 T atfixedRashba parameter
αR= 5× 10−11eV.m.

Figure 9.Magnetic susceptibility versusmagneticfiled for three values of temperatureT= 5, 10 and 20 K andαR= 5× 10−11eV.m.
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maxima atmagnetic field ranging between 0.5 and 0.6 T regardless of the value of temperature. The curves of the
magnetization show that a slight increase in temperature leads to a decrease inmagnetization and also to a small
shift of themaximum towards higher values of themagnetic field. This is caused by themagneticmoment of the
particle whose origin leading to themagnetization can be both electricmicroscopic currents, which result from
themovement of the electron spin. In fact, netmagnetization is generated by the reaction of amaterial to an
externalmagnetic field. Increasing temperature distinguishes. Paramagneticmaterials exhibit a weak, field-
inducedmagnetization that disappears once the externalmagnetic field is removed. In amagnetic field,
ferrimagnetic and ferromagneticmedia aremore stronglymagnetized, and can even bemagnetizedwithout an
externalfield, thus forming a stablemagnetic. The types of thematerials are highlightedwhenwe consider this
system.

Figure 9 shows a graph ofmagnetic susceptibility of the cylindrical nanoshell as a function of the applied
magnetic field at threefixed temperature values:T= 5, 10 and 20 K. Figure 10 illustrates howmagnetic
susceptibility reflects the behavior ofmagnetization under varyingfield strengths.Magnetic susceptibility is a
simpleway tomeasuremagnetization of amaterial in an appliedmagnetic field.We can conclude that our
approach provides a straightforward classification of themajority ofmaterial reactions to an appliedmagnetic
field: an orientation to themagnetic field,χ> 0, known as paramagnetism. The paramagneticmaterials align
with the appliedmagnetic field and are drawn to regions of higher intensity. Due to the same considerations as
outlined above, at theminimum temperature and the lowestmagnetic field, the system is found to be in the
paramagnetic domain. The susceptibility and the rate of change ofmagnetization are well known,figure 9
confirms the results offigure 10which shows a paramagneticmagnetic phase. Thismagnetic property is
therefore extremely dependent on temperature andmagnetic field. The present work allows the classification of
the phase transition that can be obtained by treating the spin–orbit coupling. The latter can be used to build
quantummemories and computers, which considerably increases the efficiency of electronic devices. Our
predictions agree withmany existing theoretical and experimental works [13, 30, 31].

Finally, we discuss the behavior ofmagnetization, which, in general, refers to how amaterial reacts to an
appliedmagnetic field and how thematerial changes under the influence of amagnetic field. The paramagnetic
materials exist when themagnetization is negative, and ferrimagnetic character exist for high values of
magnetization. Aswe can see in figure 10, the influence ofmagnetic field and temperature onmagnetization has
been analyzed. In particular, it can be seen that at low temperatures, themagnetic field lowers themagnetization,
while for high temperatures, the opposite situation occurs and themagnetic field reinforces themagnetization.
This situation occurs after the critical temperatureT= 150 K for which themagnetization is independent on the
magnetic field and is approximately zero. This result also shows that bymodifying themagnetic characteristics
of aGa1−xMnxAsnanoshell, the system can be changed from the ferromagnetic to the paramagnetic phase.

Figure 10.Magnetization versus temperature for three values ofmagnetic filedB= 1, 1.5 and 2 T andαR= 5× 10−11eV.m.
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4. Conclusion

In this study, we have investigated the thermodynamic andmagnetic properties of GaMnAs cylindrical
nanoshells under Rashba spin-orbit interaction. Our results reveal that RSO coupling significantlymodifies
energy levels, heat capacity, entropy, andmagnetic susceptibility. Notably, the system exhibits a low-
temperature Schottky anomaly in heat capacity and a field- and temperature-driven transition from
ferromagnetic to paramagnetic behavior. These results not only deepen our understanding of spin-orbit-
coupled nanostructures but also have important application implications. The tunability ofmagnetic phase and
entropy via externalfields suggests potential use in spintronicmemory and switching devices, quantumphase-
change components, and nanoscale thermal sensors. Additionally, the interplay of geometry and spin
interaction in such curved systems could be harnessed in curvature-sensitive spin filters or thermoelectric
nanodevices.We anticipate that ourfindings will inspire future experimental and theoretical efforts aimed at
developing functionalmaterials based on spin-orbit-modulated thermodynamic properties.
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