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Abstract—This article studies the flow of Ostwald—de Waele ternary nanofluid over a permeable
shrinking sheet. The governing partial differential equations are converted into ordinary
differential equations using similarity variables and solved analytically. The article includes
closed-form algebraic solutions and graphical flow dynamics analysis, dependent on Darcy
number, volume fraction, and mass transpiration. The study shows that the presence of
porous media significantly upsurges the mass transpiration and magnitude of skin friction.
The calculation uses a combination of Titanium dioxide (TiO2), Cobalt ferrite (CoFe2Oy), and
Magnesium oxide (MgO) nanoparticles in pure water, and the ternary nanofluid performs better
than the conventional fluid in terms of thermal conductivity. This is important in the fields of
manufacturing, machine operations, and engineering, where improving heat transfer is crucial.
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HIGHLIGHTS

Study of Ostwald-de Waele ternary nanofluid over a permeable shrinking surface.
Momentum equation includes Darcy-Brinkman model.

Porous media significantly increases the magnitude of skin friction.

Increasing the volume fraction decreases the velocity profile.

Governing PDEs are transformed into ODEs via similarity variables.

1. INTRODUCTION

A wide range of areas have paid significant attention to power-law fluids moving in heterogeneous
porous surfaces, a natural nonlinear seepage flow phenomenon. The power-law liquids have been the
focus of numerous investigations and significant advancements by scientists nowadays. The impact
of rheological parameters on a modified drag model for the power-law fluid—particle movement was
investigated by Pang et al. [1]. Mahabaleshwar et al. [2] studied the slanting magnetohydrodynamic
power-law nanofluid movements caused by a decreasing sheet with mass dissipation. The effects
of viscous dissipation, heat radiation, an irregular transverse magnetic field, and non-uniform
heat production on the magnetohydrodynamic motion of a power-law fluid with changing fluid
characteristics through a nonlinear stretching sheet were examined by Elfeshawey and Waheed |[3].
The effect of both a power law liquid and an angled magnetic field on diffusive convection in a lid-
driven linear cavity was explored by Hussain and Oztop [4]. With the use of the lattice Boltzmann
technique, the inertial migration of elliptical and rectangular particles in a channel movement of a
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power-law fluid is investigated by Hu et al. [5]. Usman et al. [6] studied the Ostwald-de Waele
fluid’s heat transfer phenomena in the presence of a heat source/sink within two extensible disks
that are coaxially spinning and separated by a uniform distance.

The term porous medium refers to any substance that consists of a solid structure and an
interconnected space. Numerous applied science as well as engineering fields make use of the idea
of porous media, including purification, mechanics, acoustics, geomechanics, soil mechanics, rock
mechanics, physics, biological science, and material science. The effect of changing the field of
gravity and movement of tiny fluids’ convective instability in a porous medium is investigated
numerically using the Galerkin approach by Yadav et al. [7]. Wahid et al. [8] studied the
Marangoni hybrid nanofluid movement across an infinite disk that is permeable and embedded
in a porous media. Carreau-Yasuda nano liquid including gyrotactic motile microorganisms for its
dual conductivity variable over a porous media was numerically studied by Waqas et al. [9]. A
porous medium and an inclined nanofluid symmetric channel in the presence of MHD peristaltic
transport were examined numerically by Abd-Alla et al. [10]. Eid and Nafe et al. [11] studied
the impacts of modifying thermal conductivity and heat production on the movement of magneto-
hybrid tiny fluids in porous material under a slip condition. By using a porous media and taking
into consideration velocity and thermal slippage, Williamson nanofluid MHD boundary layer motion
along a stretched surface influences thermal radiation was studied by Reddy et al. [12].

A fluid called a “nanofluid” is made up of tiny particles dispersed through a base fluid. Less than
100 nm is the usual size of nanoscale particles. The nanofluids were initially put out by Choi and
Eastman in 1995. When nanoparticles are added, the base fluid becomes more thermally efficient.
A hybrid nanofluid is a base fluid that contains two different nanoparticles. A ternary nanofluid
is created by combining three different nanoparticles with a base fluid. When compared to simple
and hybrid nanofluid, ternary hybrid nanofluid performs better in terms of thermal efficiency and
fluid movement. Ternary nanofluids are employed in a variety of industries, including the medical
sector, engineering detergent manufacture, automobile cooling, nuclear reactor cooling brake fluid,
and military uses. Ramzan et al. [13] studied how a magnetic field over the stretched surface
affected the two-dimensional movement of the Carreau-tri-hybrid nano-liquid about heat radiation
and heat source/sink. The movement of an electroconductive incompressible tri-hybrid nano-liquid
with heat transfer in incorporating metal tiny particles along a stretching cylinder with magnetic
induction effects is investigated by Alharbi et al. [14]. With a new non-Fourier heat flux model, the
influence of internal heat generation in the exponential form on tri-hybrid nanofluid movement was
studied by Sarada et al. [15]. Sahoo and Kumar [16] studied how temperature and nanoparticle
concentrations affected the dynamic viscosity of a water-based tri-hybrid nano-liquid. Maranna
et al. [17]| studied how heat radiation and the Navier-Stokes equation affected the circulation of
Walter’s B tri-hybrid nano liquids and second-grade nano liquids via a permeable shrinking plane
surface.

Being a fundamental feature of matter dependent on its temperature, thermal radiation is one
of the three fundamental types of heat transport (conduction, convection, and radiation). Thermal
radiation, whose properties depend on the temperature of the source material. Mahesh et al.
[18] studied the influence of absorption/injection motion of Casson liquid and heat radiation
on a permeable surface in the existence of a magnetic field. Mukhtar et al. [19] studied
numerically the outcomes of a mathematical model for boundary layer motion caused by unsteady
magnetohydrodynamics on a porous stretched surface Sreedevi and Sudarsana [20] studied the effect
of thermal radiation on Williamson nanofluid motion over a wedge used by multi-walled carbon
nanotube nanomaterials with kerosene as the base fluid. Zahid et al. [21] studied mass transfer
and bioconvection, the nonlinear magnetohydrodynamic motion of nanofluids through an expanding
sheet in the presence of a porous medium. Habib et al. [22]| studied the importance of bioconvection
and mass dissipation for magnetohydrodynamic micropolar Maxwell nano-liquid circulation across
an extended sheet. Habib et al. [23| explored the influence of the magnetic transfer of heat and
mass on the movement of micropolar liquid across a permeable stretching geometry with diluted
homogenous dispersion of nanoparticles and gyrotactic microorganisms.

Mahabaleshwar et al. [24] studied the movement of a porous stretching/shrinking sheet over
a three-dimensional incompressible viscoelastic fluid containing hybrid nano-liquids and chemical
reaction rate. Khan et al. [25] examined a two-dimensional Casson fluid circulation through a
contracting and stretching sheet that is dependent on mixed convection, convective state, and slip
condition. Heat and mass transfer in nanofluid circulation across an extended sheet affected by
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viscous dissipation, hydromagnetic, and chemical reactions were examined by Kameswaran et al.
[26]. Bhattacharyya et al. [27] discovered the impact of partial slip on steady boundary layer
stagnation-point movement of an incompressible liquid and the transmission of heat to a shrinking
sheet. Fang et al. [28] examined the viscous motion across a shrinking surface using a 2nd-order
slip movement model.

Aslani et al. [29] studied mass transpiration and slanting magnetohydrodynamic movement of
a micropolar liquid through a porous Stretching/Shrinking sheet in combination with radiation.
Yasir et al. [30] explored the impact of mass transpiration on the rotational motion of a radiative
hybrid nanofluid caused by a shrinking surface with a non-uniform heat source/sink. Zahid et al.
[31] studied nanofluid flow in a porous medium with mass transpiration and bioconvection during
nonlinear magnetohydrodynamic movement across an extended sheet. Habib et al. [32]| studied how
the flow of micropolar liquid through a porous media stretching geometry with diluted consistent
dispersion of nanoparticles and gyrotactic microorganisms would be affected by the magnetic impact
of mass as well as heat transfer. Maranna et al. [33] examined how radiation and Marangoni
convective boundary conditions affected the movement of nanofluids in a permeable media with a
mass transpiration effect.

2. MATHEMATICAL FORMULATION AND SOLUTIONS

A non-Newtonian steady laminar flow of Ostwald—de Waele fluid across a surface with mass
transpiration is evaluated and shown in Fig. 1 momentum elements are denoted by u along x axis
and v along y axis. The boundary shrinks at the momentum Uw (z) = — Bz, where B is positive
constant, and momentum of the mass transpiration denotes as V,, (z). Ternary nanoparticles
combined in pure water to obtain the thermal efficiency of the liquid.

The stress tensor of power-law fluid is stated as [2, 33]:

Eoy = 1 (V). (1)

Strain-rate’s second invariant tensor denotes as 4 and p is constitutive viscosity and determined by
power-law as [2]

p() = KR (2)

where n is denoted as non-Newtonian fluids degree, and if n = 1 called Newtonian rheology, n < 1
denotes shear-thinning pseudoplastic range, n > 1 is dilatants class, and K is denoted as consistency
factor.

With the assumptions of boundary layer the shear tensor converted as [2, 33]:

Ternary Nano fluid

¥

Porous medium

Fig. 1. Schematic representation of the fluid flow.
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Here u and v are velocity components along x and y axes respectively, denoting the Brinkman ratio,
denote the density, the dynamic viscosity, K* denotes the permeability coefficient.

The suitable similarity variables and stream function as follows

K nJlrl om B2—” nil 1-n
san=(§) " e, m=a(F)"
0
U= 815 = Bz f, (1), ) (7)
o 1 K nil n—1
“:‘ai} Tl <Bl/—yzj;> znt (2nf + (1= n)nfy ()

using the above similarity variables the governing equations are calculated as follows

e 2n _

N OO By () = A |5y 0 = ) )] = aDa =0 (9
where A is Brinkman parameter, 4; = " ;’;f and Ay =" ;’;f are constants, Da~! = pfl;{f* p 1s inverse
Darcy parameter.

The modified B.Cs are given as follows [2, 33|
fr0)=~1, f(0)=0, f(0)=S5, (9)

where S denotes the mass transpiration at the wall, S > 0 denotes the mass suction, and S < 0
denotes mass injection.

Mass transfer V,, (z) calculated as [2]

1
2n [ K/vg \ ntt a1
Vole) == "7 <Bl_;;> a1 S, (10)

In the current analysis, obtaining a closed-form solution for some special cases, corresponds to linear
rheology n = 1, assuming the exact solution for Newtonian flow as follows |2, 33|
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fn) =B+ ; exp (—Bn). (11)

Here 8 = f(c0) = f”(0), the BCs have dual solutions for § when S > 2. 3 has a unique solution
for S = 2, and has no solution for 0 < S < 2, adding n = 1 into Eq. (8) which gives

Ao (0) = Az [(f (1) = £ (1) fan ()] = A1Da™" =0, (12)

Suppose flow past a non-permeable surface Eq. (12) becomes

Afn (0) = Az [(fy (1) = J (1) fum ()] = 0. (13)

The solution for Eq. (11) calculated as

6
fn)= : (14)
1?\277_‘_ \/61‘/1\2

which reduces mass transpiration S = \/ g/;. The inclusion of the power function makes it difficult

to reduce mass transpiration in Eq. (16). Referring to Fang [28|, the solution for Eq. (8) is given as

n=, fm)ﬁ. (15)

To satisfy the B.Cs f (00) = 0, the choice 8 must be non-negative. By using Eqs. (15) and (8),
the resulting equations become

A 98
— 2kB (n+m) 2

n[kB(B+ 1) [— B+1)(B+2)(n+ m)—(5—2)(n—1)—5—3] N

(16)
A2 2n —28-2 AlDa_l —B-1 _
An+1k(ﬁ+1)(n+m) + (n+m) = 0.
To solve this problem, Eq. (16) calculated as
A Ay 2n ADa !
B n—1 _ Az o A2 _Ar B+1
nEBE+ BB+ ="Fre -2 O kEe ) =T mem®an)
By solving both equations (16) via (17) we get
B+2)(n=1)+(B+3)=2(8+1). (18)

Simplify the above equation and give 8 value as

_2n—1

B = (19)

2—n’

Positivity parameter n induces range lies between % <n < 2. Taking n =0 in Eq. (17), the
solution of k is gained as
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B <(2n —1)(n+ 1)> w5 [ (2—n) (“/‘\2 + (=1+2n) Alaa—1> ne2 "

N (2 —n)? 3n(n+1)
for n # 0 still we can calculate k using Eq. (17) but there is no analytical procedure for calculating

¥ (z,y), by using B.Cs and assuming the solution of the velocity equation obtain the following
results

FO)=km™P =S, f,(n)=—kpm " =-1, f,(0)=kBB+1)m P 2=(B+1)m ", (21)

by using the above equation we derive the following result

§ = /AT g=B/B+1 _ o — 1\ YD on — 1) (n 4 1)\
2—n (2 o Tl)2

_ —1(1/n+1

(2—n) (AA2 + (=1 +2n) Mo ) e
x , (22)

3n(n+1)
we can calculate m as follows
- Sﬁ B <27'L N 1>(2—1’L/1’L+1) <(2TL o 1) (TL + 1)>1’L—1/1’L+1
N S\ 2-n (2 - n)2

_ —(1/n+1)
@=n) (4 +(12m) 25 23
8 3n(n+1) (23)

Similarly, f,, (0) can be derived as
o) = BH1_n+1((@2n—1)(n+1)\ "/
m m 2_n (2 o Tl)2
_ (1/n+1)
) (2 - n) (% +(=1+ 2n) 4100 1) oy — 1\ 12/ -
3n(n+1) 2—n ’

where fy,; (0) > 0 denotes the upper branch and f,, (0) < 0 denotes the lower branch.
Via Eq. (15) f(n) and f, (1) can be calculated as follows

_ (271 - 1)(’0 + 1) 1-n/n—=2 (2 — n) <‘//1\2 + (_1 + 271) A1l/7\a_1) 1/n—2
fn) = ( (2 — n)2 > 3n (a1 1)
X+ (2n = 1) (i‘\2 +(=1+2n) Al[f)\ail) o <(2n —1(n+ 1)>n_1/n+1
n 3n(n+1) (2—n)?
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Select K = vy = B = 1, and streamline flow patterns described by the stream function given as,
(A Arpa-1\\ /2 e
oy = goniren [ @7 (5 CLom AR G
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When n = 1, the algebraic form of Eq. (27) calculated as
6

(Ag—i—A[iDa—l) n+ \/6 (A2+A[§Da—1>

For S tends to infinity, from Eq. (11) assumed, f(n) = S+ d§(N)/S, where A = nS. Then the velocity
equation becomes

P(z,y) = (28)

- A 2n ) Ay
n (Sdx) 1525)\)\)\ — A2 <5§ — nt1 <S—|— S> 55)\)\> — AlDa 15)\ =0. (29)

Here, the variable A denotes the total differentiation concerning A\. Put n =1 and let S — oo in
Eq. (29) becomes

A
%5y = 0. (30)

O + A

Associated B.Cs reduce to

5(0) =0, 8,(0)=—1, 8y(c0)=0. (31)
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The asymptotic values of the momentum equation are calculated as

d(A) =exp(=N) —1, (A = —exp(=N). (32)

Also letting S — oo for n < 1, n > 1 in Eq. (29) as follows

Sy =0, (33)

(63)" oaan = 0. (34)

Asymptotic suction momentum profiles of the two cases are the same and given as
0(A) ==X, 6\(A) =—1. (35)

3. RESULTS AND DISCUSSION

The study focuses on a consistent, smooth flow of non-Newtonian Ostwald-de Waele fluid on a
contracting surface with mass transpiration, to improve the thermal efficiency of the fluid, ternary
nanoparticles are combined with pure water, and the governing PDEs are converted to nonlinear
ODEs via similarity variables and solved analytically. The article includes closed-form algebraic
solutions and graphical flow dynamics analysis, dependent on Darcy number, volume fraction, and
mass transpiration. Table 1 represents the thermo-physical properties of ternary nano particles and
base fluid.

According to past studies, the ternary nanofluid quantity viscosity is defined as

1

Hthnf =
" 1- SOCOF6204)

2.5 ( 2.5 (

(1 - 7i0,) 1— org0)*°

Considering the structure of nanoparticle effects the density in ternary nanofluid is subsequently
defined as

Pthnf

PMgO
oy (1- SDTiO2){(1 — QCoFes04) [(1 — oMg0) + PMg0 ©

PCoFes04 } PTiOs

T PCoFes04 + ©TiOy

Figures 2-5 portray the graphs of k, m, S, and f,, (0) over n where solid lines show the result
of Fang’s analysis and dotted lines shows the current analysis. We obtain Fang’s result by setting
Da=' =0, ¢ = 0 to our result, since no permeable media and no nanoparticles are added in Fong’s
work. Saw that the values of S and f,, (0) decay monotonically with the upsurge of n as portrayed
Figs. 4 and 5; but this influence is shows different phinamena, both are upsurging with the rise of
n as shown in Figs. 2 and 3. And n upsurges beyond certain range, the choices rise continously is
depicted in Fig. 2. saw that the more choices of decay for values of k, m, and S; and only values
Jom(0) is higher.

Figure 6 portrays the effect of various choices, solid lines show the analysis of Fang and the
dotted plots show the current analysis. saw that f(n) decreases for higher choices of n. Figures 7-9

Table 1. Thermo-physical properties of ternary nanoparticles and base fluid

Properties HyO  Titanium dioxide (TiO2) Cobalt ferrite (CoFeoO4) Magnesium oxide (MgO)
p (kgm=3) 997.1 4250 4907 3560
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Fig. 2. Influence of n on consistency parameter.

6
5 _ _Dal=0,4=0,4=0.1

...... Dal=1,4=01,4A=1.1

Fig. 3. Influence of n on m.
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Fig. 4. Influence on Mass transpiration.
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Fig. 5. Influence n on f,,(0).
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0.8 _ _Dal=0, #=0, A =0.1

0.6

R n = 0.8 to 1.2 (with the interval 0.02)
<
0.4-
0.2+
«l 0 10 20 30 40
7
Fig. 6. f(n) versus n for different values of n.
1.2+
n=1,¢=0.1,A=1
1.0+
0.8~
S
4~ 0.6
Da?'=1,15,2,25,3
0.4-
0.2+
0.0, 2 4 6 8 10 12 14
n

Fig. 7. f(n) versus n for various choices with fixed values of n =1, A =1, and ¢ = 0.1.

portrays the impact of 7 by changing the values the Da~!, A, and ¢. It is shown that f(n) is
a monotonically decays by upsurging of Da~! and ¢, but the decaying of A upsurges f(7), and
upsurging function of f(n) for different choices of n as saw in Fig. 10 and greater values of n, Da~*
and provides higher f(n).

Figure 11 indicates the influence of the 1 on the non-dimensional velocity. The momentum decays
with the choices of n upsurge, volume fraction rising decays the vertical velocity.
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1.5 n=1,¢=0.1,Da"' =1
1.0¢
S
S
A =05,07,09,1.1,1.3, 1.5
0.5
_
= —————
595 2 4 6 8 10 12 1a
7
Fig. 8. f(n) versus 7 for various choices with fixed terms n = 1, Da™! =1, and ¢ = 0.1.
1.2
1.0- n=1,4=01,Da?’=1
0.8
Sos
<
#=0.1,0.15, 0.2, 0.25
0.4-
0.2/
——
50" 5 10 15 20
n

Fig. 9. f(n) versus n for various choices with fixed terms n = 1, Da™* =1, and A = 1.

Figures 12-14 portrays influence of f,(n) on 7 for different choice of Da™1, ¢, and A where solid
lines are analysis of Fang and dashed lines shows the current analysis. Tangential velocity f,(n)
decreases with increases and the f,(n) is always in the non-positive direction, increasing the volume
fraction decreases the tangential velocity profile, and increasing the Brinkman parameter increases
the tangential velocity f,(n). Figure 15 portrays the impact of Da~! on [f,,(0)]". These plots
shows dual nature which are gained by Eq. (10). For an higher branch of the solution [f,,(0)]" rises
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Fig. 10. Influence of f,(n) for various values of n.
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Fig. 11. Vertical velocity profile versus n for value of n.
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Da'=1,15,2,2.5,3

-0.4
C
=

-0.6

-0.8 n=1,¢=01,A=1

=190 1 2 3 4 5

7
Fig. 12. Influence on various values of Da~' with fixed parameter A =1, ¢ = 0.1, and n = 1.
0.0/
-0.2
A =0.5,0.7,09,1.1,1.3,1.5

-0.4
>
<

n=1,¢=0.1,Da’ =1

-1.0"
7

Fig. 13. Impact of f, (1) on 7 for various choices of Awith fixed parameter Da™* =1, ¢ = 0.1, and n = 1.

for upsurging choices of Da~! but it decreases for upsurging of n, but shows reverse phenomena for
lower solutions.

To study the flow field shown by the algebraic solution and the stream line graphs are depicted
in Fig. 16. for different values of n. Here solid lines show the analysis of Fang and the dashed lines
shows current analysis. here upsurges from 0.6, to 1.4, the streamlines’ plots moves upward and
become straight line at some point and moves downward.
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Fig. 14. Influence of f,(n) on n for various values of .
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Fig. 15. [f,,(0)]" versus the various values of n.

4. CONCLUSIONS

The present analysis investigates the Ostwald—de Waele fluid flow over a permeable shrinking
surface with S, ternary nanoparticles dispersed in pure water. The solutions are exactly solved
with several parameters and the influence of Ostwald—-de Waele fluid on profiles of momentum and
[fny(0)]™ is shown by graphical analysis. Current analysis obtains closed-form analytic solutions that
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are evaluated for algebraic solutions. Quantitative exact solutions give an necessary understanding
of the fluid flow for Ostwald—de Waele nanofluids. By current analysis concludes as follows:

e f(n) and decays with increases in the presence of Da~!.

fn(n) always occurred in a negative direction.

S decays by upsurging the values of n.
Momentum profile upsurges by raising the values of n.
Dual solutions obtain for the shrinking surface.
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e Skin friction upsurges with rising the choices of inverse Darcy number.

e Current analysis encourages the researchers to study boundary layer problems with Ostwald—
de Waele fluid under different boundary conditions.

NOTATIONS

Ay and Ay—constants ||

B and C—constants ||

K —consistency coefficient ||
f—transverse velocity [m? /s

k and m—constants [-]
fy—tangential velocity [m?/s]
HyO—water [-]

n—power-law index [-|

S—mass transfer parameter |m]|

U, —shrinking velocity [m? /s

Vi (z)—mass transfer velocity (ms™1)
u and v—velocity components (ms~!)

(x,y)—Cartesian coordinates [m]

Greek Symbols

f—solution domain [-|
n—similarity variable [~ |
p—density (Kgm™3)
¢—volume fraction [-]
th—stream function ||

&2y —shear stress tensor ||

Abbreviations
MHD—magnetohydrodynamics [-]
ODE—ordinary differential equations |- |
PDE—partial differential equations [-|
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