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ARTICLE INFO ABSTRACT

Keywords: During Stransky Kratsanov growth process, quantum dots with non-uniform shapes appear in a random way.

SiGe/Si Semi-prolate and oblate shapes are among the most likely nanostructures to be self-organized due to their

Prolate dynamic stability on a substrate. It has been demonstrated that temperature and wetting layer play a very

‘?vbl;Fe ) important role in this distribution. In these conditions, physical properties of the deposed semiconductor
etting layer

materials depend on the final structure obtained during the growth process. Si,,Ge;/Si is a semiconductor
mainly intended for the manufacture of optoelectronic detectors or in quantum transport. Thus it is important
to understand their thermal properties such as heat capacity, entropy and Helmholtz energy. Finite Element
Method is used in our calculation to solve numerically the Schrodinger equation for a confined electron in semi-
prolate and semi-oblate Sij,Ge,5/.Si quantum dots. We have taken into account the size of the wetting layer
thickness, the strain potential induced by lattice mismatch as well as the temperature. The energy spectrum
is then used to determine the thermal characteristics using the statistical Boltzmann-Gibbs distribution. The
internal energy of system, entropy, heat capacity, and Helmholtz free energy are determined as a function of
the sizes of the quantum dots and wetting layer. The analysis of the behavior of thermodynamic properties
presented in this study is considered as complementary and even necessary information to master for a good
performance of optoelectronic devices.

Quantum dot
Thermodynamic properties

1. Introduction 23]. Additionally, such structures have been applied to a wide range of
theoretical investigations, including the prediction of band structure,

Remarkable advances have been witnessed in the past three polaron effects, and transport properties [24-28].
decades, as investigations focusing on the physics of semiconductor One electrical property of quantum dots (QDs), called energy levels,
nanostructures in low dimensions has increased greatly [1-5]. These can be used to hypothetically determine the thermodynamic character-
investigations were motivated by the pressing demand for cutting- istics of quantum dots [29-31]. Several investigations on the electrical,

edge nanofabrication technology. Advanced growth methods including
“Chemical Lithography” and “Molecular-Beam Epitaxy” are used to
create semiconductor nanostructures [6-8]. Quantum wires, quantum
dots, superlattices, single and multi-quantum wells, antidots, pseu-
dodots and other nanostructures are examples of these types of struc-
tures [9-15]. Both theoretical and experimental research have paid the
aforementioned structures a considerable amount of attention [16-19].
These types of structures present a lot of potential for use in small
device applications including lasers and optical modulation technolo-
gies, among others [20,21]. Several researchers have looked into the
characteristics of these structures using experimental techniques. [22,

optical and thermodynamic coefficients of quantum wires with varying
cross sections have been conducted over the last ten years [32-40].
The study of thermal properties of semiconductor nanomaterials has
attracted the attention of researchers, because these properties can
give away like the specific heat capacity, entropy, internal energy,
free energy, magnetization, magnetic susceptibility, etc. of the nano-
material or system [41-44]. Researchers have conducted numerous
investigations utilizing both theoretical and experimental methods in
this direction [45-48]. A recent development analyzed the effects of the
confinement geometry and growth approach on the thermal properties
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of these nano-structures [45,49-51]. The effects of the temperature and
confinement on the thermodynamic characteristics of the cylindrical
core-shell QDs were studied by Kria et al. [52]. The internal energy,
entropy, heat capacity, and free Helmholtz energy were evaluated by
the authors using the canonical partition function and energy levels. It
was discovered that the temperature, dot size, and shell thickness all
affect the thermal parameters. Additionally, it was found that the heat
capacity behaves abnormally in the thin shell case at low temperatures,
but that this impact vanishes for extremely small core radius values.
Recently Lakaal et al. [53] used harmonic oscillator as a confinement
and electron—electron interaction modeled by Coulomb potential. Fol-
lowing that, under the combined impact of the spin—orbit coupling
and electron—-phonon interaction, the magnetic and thermodynamic
properties of InAs and GaN, which are III-V compounds susceptible
to applied a magnetic field, are examined. They showed that the spin
interactions lead to a shift of the value for which the magnetic state of
the dot changes from paramagnetic to diamagnetic behavior. Besides
that, they have shown that the heat capacity exhibits an intriguing
anomaly known as the Schottky anomaly, which admits a significant
peak at a low temperature.

Khordad et al. [43] investigated the internal energy and entropy of
a GaAs cylindrical QDs under the impact of an applied magnetic field.
The formalism was useful to obtaining the internal energy and entropy.
They are established that the dot radius influences the thermal proper-
ties studied. The same authors applied the same approach formalism to
investigate thermodynamic properties of quantum wires. It was shown
that the thermal properties depend on the temperature and quantum
wires size. The authors show that the strong confinement regime leads
to discrete nature of thermal prop which turn out to be obvious in
nanoscale. It was demonstrated that the entropy and specific heat
greatly depend on the Rashba parameter. The effect of temperature,
strain and magnetic field on nonextensive entropy of a two-dimensional
(2D) quantum dot considering spin—-orbit interaction. It was shown
that the entropy is raised when the temperature is enhanced with and
without strain [54]. It was discovered that the strain does not have
strong effect on the entropy at low temperatures. Kuntal et al. [55]
investigated the impacts of the magnetic field and finite temperature
on non-equilibrium transport in a single molecular transistor using the
Anderson-Holstein—Caldeira-Leggett model.

In the aforementioned studies, it has been established that the
thermal properties experience noteworthy modifications with confine-
ment. Different physical properties of these nanostructures have been
explored widely but there is no study that has focused on the thermo-
dynamic properties of Sij,Ge;/Si quantum dots. To this end, we are
particularly interested in closely examining the impacts of wetting layer
and dimensions QDs effects on the thermal properties of Semi-prolate
and oblate Sij;Ge,3/Si quantum dots growth by Stranski-Krastanov
process.

This study examines the quantum dot’s thermodynamic character-
istics. The structure of the present work is as follows: in Section 2, we
present a detailed explanation of the fundamental theory, and the ther-
mal properties are calculated by accounting for the statistical canonical
ensemble. The quantitative results and a discussion are presented in
Section 3. Finally, Section 4 presents with a brief conclusion.

2. Background theory

Considering semi-oblate and semi-prolate Si,-;Ge,3/Si quantum
dots, which have been deposited over a Thickness SiGe wetting layer
that is caped by a Si matrix with a dimension of L3, where L = 40 nm.
Fig. 1 contains the system’s schematic. The Schrodinger equation that
can be used to explain the following system writes as:

2
=y [L Vw(r)] +VE O w(r) + Vyw(r) = Ey(r) )
m;(r)
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Fig. 1. (a) spheroids shape QDs shown in two dimensions. (b) Spheroid QD with R, h
and WL thickness stand for the radius, height and wetting layer thickness, respectively.
(c) The QD energy band diagram.

where the eigenenergies and wave functions respectively, are y(r) and
E. The position-dependent effective mass of the electron is m]:

*

m* = {msgse
Mg;

For both regions, the effective masses of the electrons are defined

as function of the two components of the effective masses tensor in

the longitudinal and transversal directions noted by (m;) and (m,),
respectively. In this case, it can be cast in the form [56]:

QD+WL
Matrix

@

3
m* = L‘Jz 3)

where m, is the electron mass. Let us remark that Si;_,Ge, behaves like
Si material for x < 0.85, thus, the effective mass of SiGe is assumed to be
the same as that of Si material. Hence, we consider that mg,, = 0.26mj,.
Also, let us recall some relevant experimental results reveal that there
is a dependence of the effective mass on the temperature. Therefore,
the effective mass is well described by the following relation [57]:

mr= ——< )
1+

Egr
where C; = 3.19 eV. The expression of the temperature-dependent band
gap E,(T,x) is given via Varshni formula and taking into account the
x-composition [58]:

axT?
p+T

where EJ*(T = 0) = 0.7437 eV, EJ\(T = 0) = 1.166 €V, C, = —04 eV,
p=636K and a = 4.73 x 10~* eV/K.

The confining potential energy V; (r) is given by the difference
between the conduction bands of the two materials. It is represented
panel (c) of Fig. 1. The expression can be written as:

QD+WL
Matrix

. ()

E;iGe(T) =C,x(1-x)xx+ EgSi(O) x(1—x)+ EgGe(O) X X —

0
Ve(r)= . . 6
w® {EC(SI)— E-(Si;_,Ge,) ®)
Let us comment that the situation in the conduction band is un-
certain. The simultaneous effects of x-concentration and stress effects
results produce this uncertainty as to whether the bands align with
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Fig. 2. The wavefunction of 10th low lying states of conduction band with a fixed the size of the WL thickness WL = 0.5 nm and L =40 nm of oblate QD with height h = 4,5
and 6nm and radius R =7 nm.

Table 1
Parameters of Si, Ge, and Siy,;Gey;[56].
m;‘ my € Eg V) a (A) C;; (MPa) Cy, (MPa) a, (eV) b, (eV)
Si 0.92m, 0.19m,, 11.9 1.17 5.431 1.675 0.650 0 2.33
Ge 1.59m, 0.08m,, 16 0.66 5.658 1.315 0.494 0 2.08
Sig,Gegs 0.26 0.26 13.15 0.78 5.489 1.557 0.599 0 2.25

type I or type II. We want to emphasize some studies have been done
to clarify this point [59-62]. In particular, an analysis of Si;_,Ge,/Si
self-assembled islands has been performed using k-p Hamiltonian with
30 bands for accounting for the strain through the Bir-Pikus for-
malism [62]. The authors demonstrated that type II or type I band
alignment can be found depending on the x and strain effect. The
Strain-induced modification of Si/SiGe leads to a significant changes of
the band structure. It is known that the band offset between a strained
Si;_,Ge,/Si film grown on silicon behaves like type I band alignment
where the entire band offset occurs in the valence band while the band
offset in the conduction band is very small (Ecsj) = Ec(siy;Gegs) = 30
meV) [61]. Besides, we notice that in our calculation, the origin of the
energy is taken at the bottom of the conduction band of SiGe.

The lattice mismatch V, produces a strain potential that is specified
by [63,64]:

-D,
Vs={ 0

Siy_
where Dy = a, '~

QD+WL
Matrix

)

Gexeu + bii"xGexeu . (+) symbolizes a light hole and a

Sij_Ge Sij_Ge -
(=) a heavy hole. a,'=*"** and b, '=*** are the deformation parameters

of potential Si;_,Ge, and ¢ and ¢, is given as [63,64]

Sij_,Ge
asi ~ dsi;_,Ge, CL,™
g = —— £ =g X|=2X ——o—
aSil—xGex Clll—x Cx
and gy =g +¢€; ®

where asi,  Ge, is lattice constant of Si;_,.Ge, (Si). Csil—xGex and

1
CIS;‘XGSX are the elastic moduli of the compositions Si;_,Ge,. Ta-
ble 1 contains the values for the elastic moduli, lattice constant and
deformation potential parameters.

The Schrédinger equation’s analytical solution is highly difficult or
even impossible to achieve given the shapes of these type of nanostruc-
tures. We can avoid this problem by using the finite element approach
to solve the Schrodinger equation while adhering to established the
boundary conditions.

Once the energy spectrum has been determined by solving
Schrodinger equation, we proceed to the determination the partition
function Z, given in the Boltzmann-Gibbs distribution. The sum of all
energy states can be used to compute it [65]:

Z.=) et 9)

v

where f = 1/(kg X T) is the inverse temperature, kp is the Boltzmann
constant and E, present the all states eigenvalues of quantum dot such
as H|v) = E |v).

The mean energy of electron at constant volume is given by:
dlnZ,

op

Z, can be used to determine the system’s specific heat, which indicates
how much energy can be saved in the system per degree of temperature
increase, together with all other thermodynamic properties of the
system. The relation results in:

o(E)
C,=—k p*—=2L). 11
v 2P < 9P > an
The entropy S, which gauges how random the system is, is the second

significant thermodynamic feature.

_(E)—Fy
="

(Ey=- 10

s 12)

where Fy = =% 5 the Helmholtz free energy, which serves as the
stability requirement and is crucial for understanding the structure.

3. Results and discussion

The Finite Element Method is used to numerically solve Eq. (1) using
the COMSOL Multiphysics software [66]. The Schrodinger equation
is developed in the part of the Partial Differential Equation (PDE).
According to Fig. 1a, we use 8 borders, represented by the symbol B,
with i = 1,...,8, to define the boundaries between the various parts
of the structure. Using the following guidelines, the eigenvalue solver
was employed: The boundary conditions used in our studies is the
Dirichlet condition (y = 0) was applied at the six limit lateral borders
(B,, B3, B,, By, B;, Bg), and the Neumann condition (7 - vy = 0) at two
lateral limit(B;, Bs). Notably, we employed a highly refined meshing
with ~14400 degrees of nodes. According to experimental reports, the
size of the WL thickness was fixed at 0.5 nm [67]. The explanation of
the findings as shown in Figs. 2-8 will take up much of this section.

Figs. 2 and 3 represent the xy projection of the wave functions of
the 10th low states. The color scale is defined with red at a positive
maximum value, and the negative maximum with blue. From Fig. 2, it
is observed that the y, and y, are symmetrical for three height semi-
oblate h = 4, 5 et 6 nm. y; have s-like symmetry and y, have p-like
symmetry for three sizes h = 4, 5 and 6 nm, y, have d-like symmetry
(h = 4 nm), y¢ (h=4 nm) and y, (h=5 and 6 nm) have f-like symmetry.
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Fig. 3. The wavefunction of 10th low lying states of conduction band with a fixed size wetting layer thickness WL = 0.5 nm and size of matrix L =40 nm of prolate QD with

radius R =4,5 and 6nm and height A =7 nm.
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Fig. 4. Ground and excited state eigenenergies versus (a) oblate height A for a fixed radius R = 7nm; (b) versus prolate radius R for a fixed height A = 7nm.

We can see in panel of the wave functions g, yy and y, (4 nm) that
the electron can be assigned both in the central region of the dot and in
the wetting layer. It should be noted here that y, yg and yy double the
number of antinods y, and y; for the three sizes, which is in agreement
with their higher energy. Furthermore, the inset in Fig. 3 shows also
the evolution of the ten lowest electron states. As we can see, the wave
functions y,; and y, are symmetrical for three height semi-prolate h =
4, 5 et 6 nm. For three sizes of radius semi-prolate R = 4, 5 et 6 nm,
in panel of the wave functions v, yg, ywo and y, the electron can be
assigned in WL.

It is important to not that our numerical calculations of the partition
function Z, show that the saturation of the summation in the expression
of Z, depends on the energy levels and consequently it is related to
the radius R and height h. Strictly speaking the convergence of the
summation of Zc is obtained since the 10th levels (by considering 9
digits) this is why we restricted our developments to the lowest 12th
terms.

In Fig. 4, the energies of the twelve lowest confined electron states
in a Siy;Gey3/Si are depicted as functions of the inner semi-oblate
height and -Prolate radius. It is observed that all energy levels decrease
as long as h and R augments. It is observed that all energy levels
decrease as long as h and R augments. This is due to the progressive
increase in the volume of the dot Si,,;Ge,;/Si where the confinement
of electron decreases. We notice that the levels 7 and 8 are twice
degenerate for sizes semi-prolate R =4 and 4.5 nm.

EN

In Fig. 5a (solid curves), we present the variation of the mean
energies versus temperature for oblate system corresponding to three
values of height 4 = 4,5 and 6 nm and for a fixed radius size R = 7nm. In
Fig. 5a (dashed curves), we present the variation of the mean energies
versus temperature for prolate system corresponding to three values of
prolate radius R = 4,5 and 6nm and for a fixed radius size 4~ = 7nm.
Fig. 5b shows the variation of the mean energies as a function of the
temperature T for three values of the wetting layer WL = 0.5,1 and
1.5nm and for a fixed values of h =5, and R = 7 nm for oblate system
and for a fixed values of the hight 2~ = 7, and R = 5 nm for prolate
system. The mean energies is observed to increase as the temperature
increases, but it (mean energy) decreases as the oblate height h and
prolate radius R of the QD increases i.e. the confinement becomes very
strong and its energy increases strongly. Moreover, the mean energy of
semi-oblate is more pronounced than semi-prolate because the volume
of the semi oblate is large so the electron becomes less confined in the
prolate and its energy is reduced. Fig. 5b shows that the mean energy
rises with rising temperature and again declines as prolate radius R
rises. We observed that the mean energies in both cases remained
constant till the temperature rise to 7 ~ 50 K and T = 75 K as shown in
Fig. 5a. It can be inferred that the variation of the oblate and prolate
size makes the mean energy to be constant in the low temperature
regime. The mean energies increases in the relatively high temperature
region. In addition, it is seen that an increase in wetting layer thickness
decreases the mean energies, as shown in Fig. 5b. The response of the
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Fig. 5. (a) Mean energies versus temperature for three values of the height (oblate) 42 =4,5 and 6nm with R =7nm (solid line); and three values of the radius (prolate) R =4,5
and 6 nm with 42 =7nm (dashed line). (b) Mean energies versus temperature for three values of Wetting layer thickness W L = 0.5,1 and 1.5nm for oblate (A = 5nm, R =7nm) and

prolate (h =7nm, R =5nm).
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Fig. 6. Specific heat versus temperature for three values of the height (oblate) » =4,5 and 6 nm with a fixed radius R = 7nm (solid line); and three values of the radius (prolate)
R=4,5 and 6 nm with a fixed height 2~ = 7nm (dashed line). (b) Specific heat versus temperature for three dimensions Wetting layer thickness W L =0.5,1 and 1.5 nm for oblate

(h=5nm, R=7nm) and prolate (A =7nm, R =5nm).

mean energies to temperature variation is seen to be increasing. One
could say that the oblate height (A = 5nm, R = 7 nm), for prolate radius
(R = 5nm, h = 7nm) and wetting layer thickness influences the QD in
the same way.

Fig. 6a displays the specific heat as a function of the temperature
for QD for various oblate height 4 = 4,5 and 6 nm for a fixed radius
size R 7nm and prolate radius R = 4,5 and 6 nm for a fixed
height size ~ = 7nm. Up to T ~ 25 K, the specific heat is constant
but beyond this region, T > 25 K, the specific heat rises with rising
temperature for semi-oblate. For semi-prolate the Cv is constant at
low temperature (T' ~ 25 K). Interestingly, an increase in the oblate
height and prolate radius of the QDs also increases the specific heat.

In addition the Cv of oblate is more than prolate until the critical
values of temperature. This behavior in Cv is reversed after the critical
temperature which is 7 = 125,150 and 175 K. A thorough examination
of the behavior reveals that it deviates from the Duolong-Petit rule
because the specific heat does not saturate at high temperatures, despite
the fact that one may claim that on average, the specific increases with
increasing temperature. This anomaly could be attributed to Schokky
anomaly [68-70], which can also attributed to the lattice deformation
due to the strain effect existing between different materials constituting
the structures. This behavior observed above is seen Fig. 6b, where the
wetting layer thickness was varied from WL = 0.5 until 1.5 nm. It is
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Fig. 8. Helmholtz free energy as a function of the temperature for three values of the height 2~ =4,5 and 5nm with R =7nm (solid line); and three values of the radius R =4,5
and 6 nm with 2 = 7nm (dashed line). (b) Helmholtz free energy versus temperature for three sizes of Wetting layer thickness W L = 0.5,1 and 1.5 nm for oblate (k2 = 5 nm,

R =7nm) and prolate (h = 7nm, R =5nm).

also seen that the specific heat increases as the wetting layer rises and
also rises with rising temperature.

Fig. 7a shows the entropy versus temperature with various values
of the oblate height » = 4,5 and 5nm for a fixed radius size R =
7nm. For prolate radius R = 4,5 and 6 nm with a fixed height size
h = 7nm. The entropy was constant up to T ~ 25 K for oblate and
T ~ 50 K for prolate. Beyond this point, it is observed that the entropy
increases with rising temperature. These findings can be explained
utilizing various laws of thermodynamics. In the first instance, The
Nernst-Simon interpretation of the third law of the thermodynamics,
which deals with thermodynamic processes at a given low temperature,
states that no thermal process, no matter how ideal the conditions, can
reduce a system’s entropy to zero in a finite number of operations [71].

Fig. 7a illustrates how the entropy of the system approaches a con-
stant value as its temperature approaches absolute zero. Due to the
increasing thermal energy of the electrons in the quantum dot, which
results in a similar disorderliness in the form of random motion, the
continuous rise in entropy as the temperature increases demonstrates
its conformity with the second law of thermodynamics [65]; other
authors for this behavior of the entropy include the generalized second
law of thermodynamics [72]. Furthermore, to investigate the effects of
the wetting layer thickness on the entropy, also it is plotted against
temperature with various values of the wetting layer thickness (Fig. 7b).
Again the entropy first displays a constant trend and then increases
with increasing temperature. Interestingly, the wetting layer thickness
increases the entropy as its increases. This is true because as the
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thickness increases, the electrons will need more thermal energy to
move randomly in the zero-dimensional structure.

Fig. 8a shows the plot of the Helmholtz free energy versus tempera-
ture with various oblate heights 4 = 4,5 and 5 nm for a fixed radius size
R =7nm and prolate radius R = 4,5 and 6 nm for a fixed height size h =
7nm. It is important to point out here that the stability quantum dots
is described by the Helmholtz free energy. The free energy decreases
with rising temperature although a constant trend was observed in the
relatively low temperature regime. More specifically, when the oblate
height and prolate radius rises, the free energy diminishes. The stability
condition states that if a system’s Helmholtz energy is low, it is stable.
So the structure prolate is more stable than oblate; This result can be
attributed to the lattice deformation effect. The free energy satisfies this
requirement, as can be seen by carefully observing the numerical values
on the scale of our plots. Fig. 8b, which analyzes various values of the
prolate radius and wetting layer thickness, shows the same behavior of
the free energy as described above. Moreover, the Helmholtz energy of
oblate is more than prolate; hence the prolate structure is more stable
than the prolate.

4. Conclusion

In this study we examined how the size, Wetting layer, and possible
lattice mismatch affect the thermodynamic characteristics of semi-
oblate and semi-prolate quantum structures. We investigated the energy
states numerically by Finite Element Method to calculate the partition
function. Then, we calculated the average energy, entropy, heat capac-
ity, and Helmholtz free energy. Our results further demonstrate that the
thermodynamic coefficients depend strongly on parameters of quantum
structures and lattice mismatch effect. As an important remark, the
wetting layer thickness increases the entropy as its increases because
the thickness increases. The electrons will need more thermal energy
to move randomly in the zero-dimensional structure. Concerning the
stability of structures, the semi-prolate and semi-oblate QDs have more
stable structures in large sizes because the Helmholtz free energy Fy
is larger for smaller sizes. Semi-prolate has a more stable structure
because Fy is bigger than that of semi-oblate.
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