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ARTICLE INFO ABSTRACT

Keywords:
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Magnetic and thermodynamic properties of two electron system confined in 2-D quantum structures submitted
to an applied magnetic field are studied taking into account the spin-orbit and electron—phonon interactions.
The confinement is considered as a harmonic potential and the electron—electron interaction is taken as

Is_lusctepnblh_ty coulombic. We have first solved the Schrédinger equation to obtain energy levels and then obtain all the
E::lro;e;pamty thermodynamic functions using canonical ensemble. The numerical calculation of our formalism is applied

essentially for the GaN and InAs which are (III-V) compounds. Our results show that even at B = 0 T, the
susceptibility of GaN shows diamagnetic behavior for all temperatures. However, with an increase in the
magnetic field, susceptibility increases and the system shows paramagnetic behavior for both cases associated
with and without polaron effect. We demonstrate that taking into account the Rashba spin-orbit interaction
leads to a shift of the cutoff magnetic field Be (value of B for which the magnetic nature of the dot changes
from diamagnetic to paramagnetic) to the higher magnetic field with an increase in temperature. We also show
that by taking into account the polaronic effect, Rashba spin-orbit interaction lowers the mean energy of the
system. The heat capacity curve shows a peak at a low temperature (Schottky anomaly) and shifts toward high
temperature with an increase in confinement and magnetic field strength. The consideration of the polaron
effect shifts the heat capacity curve to lower temperatures.

Quantum dots

1. Introduction Qbit for memory and computing, coding the information, spin field-

effect transistors, spin switch, spin LED, spin batteries, and many others

Recently, the progress and the mastery of the phenomena related to
the spin and its interaction with the electronic system motion will cer-
tainly open the way to new applications in the spintronic area. Nowa-
days, spin-based nanodevices for optoelectronic applications and quan-
tum transport constitute a challenging area for many researchers [1].
Based on the spin character instead of the charge carriers (electron
and hole), this emerging field of spintronic devices use as a prin-
ciple the interaction of the spin motion with the carrier orbits in
semiconductor nanomaterials known as spin-orbit interaction (SOI) [2—
5]. This concept is really impressive in confined systems and leads
to more possibilities to discover other extraordinary non-conventional
properties both in optoelectronic and in transport phenomena such as
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devices [6].

Strictly speaking, the concept of spin—orbit interaction (SOI) can be
considered as the result of the collective behavior of charge carriers
and spin in asymmetrical systems. This coupling can occur through
two situations: The first one corresponds to the Dresselhaus SOI (DSOI)
induced in the case of bulk inversion asymmetry which corresponds to
non-centrosymmetric crystal growth as in III-V and II-VI Zinc Blend
and Wurtzite crystal structures [7]. The second situation is known as
Rashba SOI (RSOI) takes place only in low dimensional structures and is
caused by the asymmetry during the growth process especially in the
heterostructure or by an external perturbation [8]. These two effects
cause important changes in the optoelectronic, thermodynamic and
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magnetic properties of nanomaterials. They are also very sensitive to
the changes of the symmetry induced by the polar character of the
materials (polaronic effects) or by external perturbations such as strain,
temperature, magnetic and electric fields.

In the last decade, RSOI and DSOI have been extensively investi-
gated in confined systems with different shapes and under different
external perturbations. Interesting published works show the impor-
tance of the SOI on optoelectronic properties. Gisi et al. [9] have
studied the effect of SOI on the optical properties of quantum wire
submitted to a magnetic field. Their numerical results reveal that
the optical properties of the nanowire are very sensitive to the SOL.
Vaseghi and Ghaffari [10] have investigated this effect on the elec-
tronic structure of a monolayer quantum wire submitted to an electric
field and magnetic field. They have demonstrated that the SOI has a
different effect on the energy spectra according to the direction of the
polarization of the electric field. Nautiyal et al. [11,12] have studied the
effect of RSOI and DSOI on the second harmonic generation coefficients
in the 2D quantum dot. The authors have also investigated the effect
of a laser field and an external magnetic field on the multiphoton
excitation in 2D quantum dot using the Kratzer potential. They have
demonstrated that the current density of the system strongly depends
on the laser parameters and the spin—orbit interaction. Recently, Rani
et al. [13] have reported the energy levels of the 2 electrons system
in 2D structures in presence of the magnetic field. In this model, the
confinement is described by a potential having the following form:
V() = ar? + pr + % + % where @, f, y and 5 are constants.
However, the simultaneous effects of RSOL, DSOI, magnetic and electric
fields on the nonlinear optical responses have been investigated in
quantum rings of different shapes and sizes [14,15]. The authors point
out that the resonant peaks shift to higher energy with increasing
the eccentricity of the ring due to the SOIs. The effect of RSOI on
the optical properties of quantum structures, such as quantum disk,
coaxial quantum wire, and spherical quantum dot are also reported
in the literature [16-19]. All these studies reveal that very important
changes in the linear and the nonlinear optical properties of quantum
heterostructures occur due to the SOL Effects of RSOI and DSOI on the
magnetization and thermodynamic properties of confined systems are
also treated by several authors. Thus, the thermodynamic properties
of nanowire submitted to a magnetic field taking into account the SOI
has been treated in nanowire using a parabolic confinement [20]. The
authors demonstrated that the specific heat and magnetic susceptibility
admit peaks at low temperatures.

Generally, to understand the collective behavior of electrons, it
is very convenient to treat the problem of two interacting electrons.
The system of two electrons is considered one of the most attractive
quantum systems. The investigation of the properties of few-electrons
in quantum dots usually called as the artificial atoms have been exten-
sively investigated both experimentally [21-24] and theoretically [25—
28]. The exchange—correlation in such a quantum system allows a
better comprehension of the behavior of the electronic system inside
the confined systems. It has been demonstrated that the electron —
—electron interactions play an important role in different physical prop-
erties of confined systems, for more details we refer the reader to
the Refs. [29-36]. It is wroth mentioning that the effect of SOI and
electron—electron interaction on the magnetic properties of materials
have been analyzed by Kumar et al. [37], the authors have determined
the magnetic properties of InAs QDs using canonical distribution. They
have shown that the electron-electron interaction reduces the intensity
of the magnetic properties. Their results show that RSOI causes a shift
of the paramagnetic peak to higher magnetic field strength whereas the
DSOI shifts it to the lower magnetic field region. They have remarked
that the magnetization and susceptibility are independent on the SOI
at larger temperatures. Khordad and Vaseghi [38,39] have studied the
effect of the magnetic properties of InAs QD taking into account the
RSOI by considering the interaction between 2 and 3 electrons. In both
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cases, the authors demonstrated the existence of a transition from dia-
magnetic to paramagnetism at low temperature and low magnetic field
strength, they have remarked that the maximum of the susceptibility
depends on both the interaction between the based electrons and SOI.

We recall that the Nitride-quantum dots and their heterostructures
became a hot topic of research during the last two decades. They
were used for violet-blue light sources and their large direct bandgap
is used for LED and solar cell [40,41]. Even though these materials
have been now regularly used to develop new optoelectronic devices,
in the intersubband region, is yet to be fully explained as far as the
development of new devices is concerned. Strictly speaking in such
materials as GaN and InAs, the polaronic effect can influence the
optoelectronic and thermal properties. It is well known that electron—
phonon interactions depend strongly on the polarity of the materials. In
addition, the polar character induces phonon of characteristics frequen-
cies which are the hallmark of material. Although, these interactions
are weaker compared to electron—electron Coulombic interactions but
are comparable to spin—orbit interactions. There have been few works
where the electronic properties of QDs in presence of electron—phonon
interactions are studied. Huangfu and Yan [42] studied the effect of
magnetic field on the binding energy of hydrogenic impurity taking
into account electron-phonon interactions. Melnikov and Fowler [43]
also studied the effect of electron—phonon interaction on the elec-
tronic properties of a spherical QD in a non-polar matrix [44]. Feddi
et al. [45-47] have studied the influence of the electron-phonon and
impurity ions in spherical quantum dots under magnetic and electric
fields. In these studies, the authors have used the Frohlich formal-
ism [48] and Landau-Pekar transformation [49]. Their results show
that the binding energy, diamagnetic response and polarizability are
very sensitive to the polaronic effect [48].

The aim of this study is to show that taking into account the el/ectron-
phonon coupling in 2-D structures is unavoidable. This coupling is not
only important from the basic physics point of view but also to show
the lattice vibrations are crucial even if at low temperatures. In this
paper we focus on the effect of electron—phonon coupling and RSOI on
various magnetic and thermodynamic properties. Thus, we analyze the
detailed study on thermodynamic and magnetic properties of 2D two
electron Nitride-quantum structures taking into account the electron—
electron interaction coupled via a Coulombic potential along with RSOI
and the electron—phonon coupling. This paper is organized as follows:
in Section 2, we describe the details of the theoretical model performed
in the framework of the effective mass approximation and using the
Frohlichs approach for the polaronic part. Energy levels of the ground
and the excited states are determined numerically and then used to
obtain all thermodynamic and magnetic properties by considering the
canonical ensemble approach. The numerical results and discussion are
provided in Section 3. Finally, conclusions are drawn.

2. Model and theory

We start by outlining our theoretical approach in the determination
of the thermal properties of GaN in bi-dimensional system material tak-
ing into account the electron—electron interactions. In the framework of
the Boltzmann-Gibbs statistics, the thermodynamic and the magnetic
properties will be investigated using the canonical partition function,
Z, = Y,exp(—PE®*), p = 1/kpT and kp is the Boltzmann constant.
T is the temperature expressed in Kelvin. We note that the summation
relates to all the energies levels E;* of the system obtained by solving
the Schrodinger equation M,,|i) = E{°|i). In this approach, the main
thermodynamic properties of the system can be deduced using Z.: The
mean energy of the system is calculated using the expression:

olnZ,
or ’
the heat capacity defining the quality of energy storage:

o(E)
Cv=—k3ﬂ2 (W) (2)

@

(E) =k, T?
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and finally, the entropy, which is considered among the most important
thermodynamic properties; it describes the randomness of the system.
It can be obtained through the relation:

S =k, pUE) ~ Fp), ®)

where Fy; = F = —k_TIn Z, is the Helmholtz free energy describing the
stability criterion. We also recall that the determination of the degree
of magnetization of a given material submitted to a magnetic field (B)
can be determined by the magnetic susceptibility (y = %). It indicates
the paramagnetism (y > 0) or diamagnetism (y < 0) characters of the
material. The magnetization M can be extracted from the statistical
relation:

ee

-1 i ee
M = Z Z 3B exp (—ﬁE[ ) 4

From the above, we understand that the determination of the energy
spectrum of the system is a must. As first step, let us focus on the
energy spectrum of two interacting electrons confined in 2D materials
submitted to a perpendicular magnetic field B = (0,0, B) which is
described in the Lorentz gauge by the vector potential 4 = %(E X F).
By taking into consideration the interaction with LO-phonon and RSOI
effects, the energy of the system is solution of the equation H,,|i) =
E°|i) where H,, is the Hamiltonian expressed in the xy plane as:

Hye=Hy+V, + HaC + H, + Hyy + H,_y, 5)

In Eq. (5) H, is the Hamiltonian of confined interacting electrons
defined as

2 - \2 2
1 — eA;
H() = Py E (Pi+ T) + El Vw (r,-) (6)
i=

e =1

where m} is the effective mass of the electron, e is the electron charge
and P, is the momentum of the electron i. In this study we suppose
that the confinement will be described by a parabolic potential, V,, (r;)
given by

2

1
z Ve (r,-) = Em:a)(zJ
i=1

where hw, is the confinement strength. The coulombic potential is
2
e
€[F1-T2|’
stant. The third term H{° denotes the Rashba spin—orbit Hamiltonian
expressed as follows [38]:

r? )

i=1

given by V, = where ¢, is the high-frequency dielectric con-

R

g
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—

(8)

) ~ A
aR R N eA i R N eA i
|:Gx.i(Py,i + %) - O-yﬂi(Px,i + CX l)

ag is the Rashba coupling constant, c¢ is the speed of electromagnetic
waves in vacuum and o,,0, and o, are the Pauli matrices. The fourth
term in Eq. (5) is the Zeeman term:

2

1

H, = zg*MBBZGZJ )
i=1

g* is the Lande’s factor of the electron and up = % is the Bohr

magneton. Using the Frohlich’s continuum formalism [45], the last two

terms in Eq. (5) describe the kinetic operator of phonon

Hyp = Z tho‘i;‘iq (10)
q

where &%“ (Zia) is the creation (destruction) operator of the phonon with
wave vector § and the Hamiltonian representing the electron-phonon
coupling:

Ho gy = Y, [@V(exp(dr) + exp(igrs)) + h.c] an

q
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where the coefficient of electron—phonon coupling is given by

1/2
Ve = [%hww <L_i>] 12)

14 q2 € €0

where V is the volume of the crystal and ¢, is the static dielectric
constant.

In order to solve the Schrédinger equation H,,|i) = E|i), firstly,
we introduce the relgltiye and the center of mass (CM) parameters:
(F=r, —F, and R = 122 for coordinates, u = m% /2 and M, = 2m? for
masses). By considering the Lee Low Pines (LLP) transformation [48]
the polaronic contribution can be simplified and the total expression of
the Hamiltonian given by the (Eq. (5)) takes the following form:

_p 2 142, 1
He"_z-'-;-'-iﬂg r +Ea)cLz
2ay0M

tapohwro - —aL,ZOU:LO (I —exp(-uppr)) — apphwpo exp(—upor)

P2 0 Hy,
+o& 4 IMQPR 4 Lo L, 4+ %R 3

M, T2 2% n\ g 0

21

+8*upB Lo
0 -1
eB

Where Q% = %3 +wy, o = 5. L, = mhand L; = Mh are the z-
component of angular momentum in relative and CM part respectively,
m and M are the angular momentum quantum numbers of relative part
and CM respectively. Both m and M can take the values 0,+1,+2....
The size € of the two interacting electrons and the el/ectron-phonon

. Mo ' .
coupling constant «;, are defined, respectively, as

u =\/2MOCOLO aro = e 2Myo10 ) 11 a4
Lo no 9T 2hw,, n £  E0)

As we can see, the Hamiltonian (Eq. (13)) is a sum of two independent
parts: H,, = H,,; + Hcj, and consequently the energy spectrum of the
system is E°® = Ecys + E,,;. Therefore We can write:

Hr = H)(‘)el + Veif;;h 1s)
where
P 1
0o _ _r 22
Hrel = ﬂ + EM.Q re+ EwcLz (16)
and
int _ i 2a 00010

— —————=(1 —exp(—uror) — ayohwroexp(-uror) (17)

e=ph El uror

According to this approach, the wave function y,, ,(r, ¢) correspond-
ing to relative motion given by:

Y (s §) = eXplime) f (1) (18)
Where
242n! 172
Sam(r) = <— > (@)™ LI (@) exp(=a®r? /2) 19
’ (n+ |m|)! n

Q0
in which a = K22 is the inverse of the effective dot size, which

indicates both the degree of confinement caused by the size and the

magnetic field effects. LL’”I(aer) is the Laguerre polynomial.

S;:', for length and R* = 2;;*2 for
the energy the energies without polaronic term, E?el can be determined
exactly by solving: H°, f, ,(r) = E, f,, ,,(r). It written as:

rel

In the relative donor units a* =

E° =2y,Q2n+ |m|+ 1)+ my, (20)

rel —

where y, = ;’TQ and y, = ;’;’j . n and m are the radial quantum number
and the angular momentum quantum number respectively.
By considering the electron-phonon coupling, the relative energy can

be determined by computing the complete energy expression:

E, =27,Qn+ |ml+ 1)+ my, + <f,,’m Vim0 f,,/fm/> @D
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where the mean value of the electron—electron interaction and electron-
phonon interaction is obtained by determining the matrix elements:

(Wl V8 Ol ) = / P OV O O Sedr (22)
0

6,y and é,,,, are the Kronecker delta symbols.
On the other hand the CM Hamiltonian is presented by the following
operators:

Py 1 a 0 Hp
H + =My@R + ~w,L, + =
oM = opm, T2 2277wy, o

‘. B 1 0
+
8 Hp 0 -1

Where H,, and H,, are the expressions obtained by the development
of the matrix element of the Rashba operator term given as:

(23)

My = he™™® [i T éR]
JR R 0D c
Hy = heti® |- 2 L2 4 B @9
21 OR  RI® ' ¢

By considering a wave function as the product of independent
angular and radial terms:

UN(R)ethb

Yy mu(R @)= { Vo (RyM ) (25)

N and M are the principal and magnetic quantum numbers of CM
states.
Under these conditions the Hamiltonian takes the form:

S ) Un(R) + 4y2R2UN(R>

+a (i + M—*‘) VN(R) +2ay,RVy(R) =
Hey = (26)
- Q1P ) Va(R) + 472 R2Vy (R)

va(-2+4) UN(R) +2ay, RUN(R) =

E,
—My,— g”B +eg, ¢° ——(M+1)y2+g’E +eg, eg = —SM

R*

where k2 =

To solve Egs. (26) we consider the following forms for the CM wave
functions written linear combination of Bessel functions:

Un(R) = AJp (kR) + BJy (qR) @
Va(R) = AJyy 1 (KR) + BJyy 11 (qR)

In the following, we consider only the fundamental state of CM
motion which corresponds to N = 1 and M = 0, Then, the energy
eigen values E_ ~can be determined by a numerical resolution of the
differential equations H¢jpy Py (R, @) = Eqp PN (R, D).

3. Results and discussions

The numerical calculation of our formalism is applied essentially to
the GaN is an (III-V) group compound. Contrary to the majority of the
(I1I-V) semiconductors, GaN, has an important polar character with a
coupling constant (a;, = 0.439) [50] which implies the existence of
a strong interaction between charge carriers and phonon. In order to
analyze the effect of electron -phonon coupling strength, we also apply
our model for another (III-V) compound (/nAs) characterized by weak
electron-phonon coupling (a;, = 0.055) [51] which explains its weak
polarity. We underline that for most (IIIV) compounds, the constant
electron-phonon coupling is less than 1 which justifies Frohlichs per-
turbation theory. All the physical parameters used in this study are
listed in Table 1, extracted from the references cited in the same table.
We used two length scales to characterize the relative strengths in the

. ) . . 2
interplay of confinement and SO interaction: /, = 4 I i

miwg’ 2miag’
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where ; is the characteristic length corresponding to the confinement
potential and /; is the length associated with SO interaction.

In this work we focalize our self on two limit values of confinement
strength: /) = 5 nm (hew, = 16.9 meV) and [, = 10 nm(hw, = 4.2 meV).
The first case corresponds to a strong confinement case with [ < a* (a*
is the Bohr radius given in Table 1) while the second case corresponds
to a weak confinement with /, > a*.

We recall that the energy levels of the 2 electrons quantum dot in a
magnetic field with RSOI and taking into account the electron-phonon
coupling are obtained by the procedure mentioned in the model and
theory section. As shown in the previous section the energy of the
system of 2 electrons E* = E.,, + E,, contains both effects: The
RSOI term comes into the E.,, expression while the electron-phonon
coupling strength modifies E,,;. It is well known that due to ay (RSOIL
coefficient) the degeneracy of the levels are lifted. Even without SOI,
Zeeman splitting occurs, and the findings are not displayed here, but
the splitting is comparable to those discovered in ref [11,12] and the
level splitting is considerably more pronounced in our case.

It is well known that magnetic susceptibility is an important pa-
rameter that defines the degree of magnetization of the system. Also,
it defines the nature of magnetic property as the diamagnetism or
paramagnetism and it also allows to study that whether diamagnetic to
paramagnetic conversion is possible in presence of the magnetic field,
or if there are parameters that can control this transition.

In Fig. 1, we present the susceptibility () of GaN QD as a function
of magnetic field strength given by the ratio w,/w, for a fixed parabolic
confinement potential hw, = 4.2 meV corresponding to /, = 10 nm
and for three values of temperature (7T = 1,7 = 50 and T = 100 K). The
dashed lines and solid lines represent the case without and with RSOI
respectively (ag = 0 and ag = 2x 10~'1 (eV m)). It is interesting to
note that even at B =0 T, the QD shows diamagnetic behavior (y < 0)
for all temperatures considered and for both cases of with and without
electron-phonon interactions given in Fig. 1a and Fig. 1b respectively.
However, for the case where electron-phonon interactions are neglected
(Vo_pn = 0), the susceptibility is more pronounced than the case where
this interaction is non-zero (V,_,, # 0). In both cases (V,_,, = 0 and
V._pn # 0), we can remark that with an increase in the magnetic field,
susceptibility increases and the system shows paramagnetic behavior
(x > 0) at the moderate magnetic field (w,/w, = 4 or B ~ 26 T) when
RSOI is neglected and at (w,/w, = 7 or B ~ 46 T) when RSOI is taken
into consideration. Indeed, we can remark that at high magnetic field,
the susceptibility presents a diamagnetic character when the RSOI is
not taken into account (¢z = 0). Surprisingly this behavior change
absolutely in the case when the RSOI is not neglected (ay # 0), and the
paramagnetic character of the material persists. So the susceptibility
tends to a saturation positive value. In contrast to the case, V,_,, =0,
V,._,n # 0 case presented in Fig. 1b shows a remarkable behavior: after
a maximum, the susceptibility decreases very slowly and tends to a sat-
uration regime. The GaN QD shows a paramagnetic character even at
larger magnetic field values. This is quite interesting, showing that the
magnetic nature of GaN QD can be manipulated much strongly with
electron-phonon coupling strength. However, with the introduction of
spin—orbit interaction, the cutoff magnetic field B, (where the magnetic
nature of the dot changes over from diamagnetic to paramagnetic)
shifts to the higher magnetic field (Z)T; ~ 7 or B ~ 46 T). We note that in
the case when the RSOI (ay # 0) and without taking into account the
electron-phonon coupling the susceptibility shows two peaks, the first
is located at weak magnetlc field ("’f ~ 3) and the second is observed at

high magnetic field ( ~ 8.5). These two peaks give approximatively
the values of the ratlo . /o, for which the both phases diamagnetic
and paramagnetic are maximum. This phenomenon disappears when
the electron—phonon coupling is not neglected as shown in Fig. 1b.

The magnetization parameter M is given by Eq. (4) is the ability of
the sample to retain induced magnetism in the presence of the magnetic
field. The results are presented for ay # 0 and ag = 2x 107! (eV m)
and also with taking into account the electron-phonon coupling.
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Table 1
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GaN and InAs material parameters used in the calculations extracted from [50,52-55] for GaN and [51,56-58] for InAs.

Material :7: :lT: E, V) € €o a* (nm) R* (meV) hw; o (meV) hwopo (meV) a0 ag (107" meV x m)
GaN 0.20 1.25 3.39 9.5 5.35 5.59 13.56 91.2 69.43 0.439 2
InAs 0.023 0.33 0.42 15.2 12.3 70 0.68 19 30.1 0.055 (1-5)
8 2
(a) (b)
6 -
GRio
4+ -
op=0
R D
2 - /;'
"w
~ "
[Q\ y
= "
~ "
> OF---------- fraieieiaiiety it Nt
(] "
"
g —
— 1 §
> 2 i 3

Without phonon

With phonon

4 -4
——T=1K ——T=1K
6 —— T=50K sl —— T=50K
) —_ T—lOOK ) —— T=100K
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
030/030 coC/mO

Fig. 1. Plot of susceptibility of GaN QD as function of w, /w, (I, = 10 nm and hw, = 4.2 meV) for three values of temperature T =1 K, T =50 K and T =

100 K. The dashed

lines and solid lines represent the case without and with RSOI respectively (az = 0 and ay # 0).

0015 With phonon
£-0.020¢
>
o
=
0,025
N ——T=1K
—— T=50K
0.030 T=100K
0 2 4 6 8 10 12 14
coclu)o

Fig. 2. Plot of Magnetization for GaN vs o /w, for three values of temperature
T=1K T =50Kand T = 100 K with Aw, = 4.2 meV. The dashed lines and

solid lines are represent the case without and with RSOI respectively (a; = 0 and
ag #0).
Fig. 2 displays the variation of the magnetization y = ‘¥ as a

® dB

function of the frequency ratio -~ taking into account the phonon
0

effects. In addition, in order to analyze the effect of SOI, we have
presented the two cases with and without the RSOI. As we can see,
we can distinguish 2 principal regions: In the first region, 2 < 4
or B 5 26 T we can see that for a given B the RSOI reinforces the
magnetization of the system. However, This situation is inversed in the
second reglon —¢ > 7 or B 2 46 T, the RSOI reduces the Magnetization.
An important remark to highlight: looking at the general behavior of
the magnetization with or without RSOI shows that the parameter M
decreases towards a minimum then changes its variation and begins
to increase up to a limit value presenting saturation. The minimums
tend to move towards the weak intensities of the magnetic field as the
temperature increases. According to the definition, the susceptibility
describes the slope of the magnetization y 4M in the diagram
(M, B), thus, as shown in Fig. 2, before the minimum the magnetization
decreases (’Z—A; < 0) which means that material has a diamagnetic
character (y < 0), After this minimum, the magnetization increases
and admits a positive slope (% > 0) which explains the paramagnetic
character of the system (y > 0).

The analysis of mean energy is important since it affects the parti-
tion function, and thus we can measure the thermodynamic properties
of the system by understanding the behavior of energy and partition
function. Fig. 3a shows the variation of mean energy for GaN against
the temperature for two confinement strengths hw, = 4.2 meV and
hwy, = 169 meV and for B = 20 T and ay 2 x 10711 (eV m).
The dashed lines and solid lines are associated without and with
the polaron effect, respectively. We observe that with an increase in
temperature, the mean energy of the system also increases. This is
because as temperature increases, the kinetic energy of the system be-
comes more important. By reinforcing the confinement strength (from
hw, = 4.2 meV to hw, = 16.9 meV), the mean energy increases. Our
calculations show an important result it allows us to confirm that the
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(eV m). (c) without and with RSOI at B = 20 T and

hwy = 4.2 meV. The dashed lines and solid lines are associated without and with polaron effect, respectively in all figures.

phonon interactions reduce the total energy of the system, it is clear
the polaron affects considerably the mean energy.

Fig. 3b displays the variation of mean energy for GaN vs tem-
perature with magnetic field B = 10,20 and 40 T and for ap =
2 x 107! (eV m) and hw, = 4.2 meV. The dashed lines and solid
lines are associated without and with the polaron effect, respectively.
With an increase in the magnetic field strength, the mean energy
of the system also increases. There is a decrease of approximately
0.05¢V in mean energy value with consideration of the polaron effect.
Similarly, to understand the behavior of mean energy with RSOI, we
have obtained Fig. 3c, which shows the variation of mean energy for
GaN vs temperature with and without RSOI. The dashed lines and solid
lines are associated without and with the polaron effect, respectively
for B = 20 T and hw, = 4.2 meV. The presence of RSOI lowers the
mean energy of the system by approximately 0.5 meV. Here too, the
presence of polaron effect consideration lowers the mean energy by
approximately 0.05 eV.

The heat capacity variation for GaN for two confinement strengths
of hwy = 4.2 meV and hw, = 16.9 meV with temperature (in K) and

B=20Tand ag = 2x 107! (eV m) is shown in Fig. 4a, where
the dashed lines and solid lines are associated without and with the
polaron effect, respectively. We can remark that up to 20 K, the heat
capacity with the polaron effect has the same behavior for both con-
finement strengths (hw, = 4.2 meV and hw, = 16.9 meV), however
without polaron effect, with an increase in confinement strength (from
hawy = 4.2 meV to hoy = 16.9 meV), for this low range of up to 20 K,
the behavior of heat capacity on the two confinement strength are
opposite to each other. From a temperature of 25 K onwards, the heat
capacity for hw,=16.9meV increases with an increase in temperature
and then tends to saturate toward 300 K. However, without the polaron
effect with hwy = 4.2 meV and hw, = 16.9 meV, for about 150K,
the heat capacity curve attains a maximum and then starts decreasing
but for hw, = 4.2 meV confinement strength with polaron effect, the
peak appears around 80K. It is interesting to note that for 16.9 meV
confinement strength without polaron effect heat capacity is larger
compared to the with polaron effect whereas in 4.2meV confinement
strength before 100K heat capacity with polaron effect is larger and
after that without polaron effect heat capacity is dominant.
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Fig. 4b shows the variation of the heat capacity variation for GaN vs
temperature for three different magnetic fields B = 10,20 and 40 T for
hwy =42 meV and ag = 2x 107! (eV m). The dashed lines and solid
lines are associated without and with the polaron effect, respectively.
We observe a peak in the heat capacity curve at a particularly low
temperature and below and after that value of temperature, heat capac-
ity decreases. The heat capacity curves shift toward high temperature
with an increase in magnetic field strength with a decrease in the peak
height. With the polaron effect heat capacity is dominant below 75 K
for 10 T magnetic field, whereas for 20 T magnetic field strength, it
is dominant below 125 K but for 40 T, above 50 K heat capacity with
polaron effect is dominant.

The Rashba term affects the heat capacity for the temperature of
above 100 K as shown in Fig. 4c. It shows the variation of the heat
capacity variation for GaN with temperature with hw, = 4.2 meV and
B =20 T for with and without Rashba term az = 2x 10~!! (eV m). The
dashed lines and solid lines are associated without and with the polaron
effect, respectively. The consideration of the polaron effect shifts the
heat capacity curve to lower temperatures. It is worth mentioning
that the peaks obtained at low temperature correspond to Schottky
anomaly [28,59,60].

For a better understanding of the confinement strength effect, we
have obtained Fig. 5 which shows the variation of the heat capacity
variation for GaN for different temperatures of 1 K,5 K and 20 K
with o,/w, for hw, = 42 meV and ¢ = 2x 10711 (eV m).
The dashed lines and solid lines are associated without and with the
polaron effect, respectively. As we increase the temperature, with an
increase in w, /w,, we observe that the heat capacity with polaron effect
at 1K shows a peak and then decreases to zero, at 5 K it decreases
from a maximum value and then starts increasing from that point of
,/w, where the maxima of 1 K heat capacity occurred and reach a
maximum where heat capacity curve with polaron effect touches zero
for 1 K temperature and then decreases to zero after that. Similarly,
for 20 K, it first decreases from a maximum and then starts increasing
from that point of w./w, where the maxima of 5 K heat capacity
with polaron effect occurred and reach a maximum where the heat
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capacity curve touches zero for 5 K temperature and then decreases and
saturates around 0.15. Without the polaron effect, heat capacity shows
a similar kind of behavior but 20 K and 5 K, without taking into account
polaron interaction the heat capacity is higher than when the polaron
interaction concept is used whereas, for 1 K, heat capacity with the
polaron effect is dominant then without polaron effect consideration.

Entropy explains the order and randomness in the system. Fig. 6a
shows variation of entropy for GaN with temperature with confinement
strengths hw, = 4.2 meV and hw, = 16.9 meV. The dashed lines and
solid lines are associated without and with polaron effect, respectively
with B =20 T and @y = 2x 107! (eV m). The entropy of the
system increases with an increase in temperature as it increases the
randomness of the system by increasing the energy. With a decrease
in confinement strength the entropy increases as the energy of the
system increases. The polaron effect consideration increases the entropy
in small confinement strength (7w, = 4.2 meV) whereas with large
confinement strength (hw, = 16.9 meV), at low temperature(below
150 K) entropy is large than at high temperature (above 150 K).

With an increase in magnetic field strength, the entropy decreases,
and the consideration of the polaron effect decrease it further as shown
in Fig. 6b which shows entropy with temperature for different magnetic
field strength at hwy=4.2meV and ap = 2x 107!l (eV m). The solid
lines are for curves with consideration of polaron effect and dotted lines
are without polaron effect consideration.

Helmbholtz’s free energy tells us about the useful work done that is
obtained from a system or we can define it as the energy required to
create a system at constant temperature and volume, therefore it tells
us the stability criterion. Fig. 7 shows the variation of Helmholtz’s free
energy of GaN as a function of temperature with polaron effect (solid
lines) and without polaron effect (dashed lines). All curves presented in
Fig. 7 show a decrease of Helmholtz’s free energy with an increase in
temperature, as increasing temperature causes the increase in entropy
so Helmholtz’s free energy decreases. Strictly speaking Fig. 7a displays
this variation taking into account the RSOI Our results show that the
Helmholtz free energy is strongly dependent on the RSOIL The shift
is very important and can reach about (0.5 eV) for both cases with
and without phonon. Based on this important observation, it is recom-
mended that the RSOI cannot be neglected. Introducing this effect in
our calculations with (ay = 2x 10~!! (eV m)), we have presented in
Fig. 7b the variation of Helmholtz free energy vs temperature for two
confinement strength hw, = 4.2 and hw, = 16.9 meV for B = 20 T. As
we can remark, the Helmholtz free energy is more important for high
confinement strength. This behavior has already been encountered by
several authors [28,60]. We also note that the effect of polaron is more
important for strong confinement cases. The shift is about 0.6 eV for
hwy = 4.2 meV and 0.12 eV for hwy = 16.9 meV.

Finally, in Fig. 7c we plot the variation of Helmholtz free energy
vs temperature for three values of the magnetic field (B = 10,20
and 40 T). As it is well known, the magnetic field acts as additive
confinement leading to a shift of energy levels, thus the entropy of the
system lowers, leading to an increase of Helmholtz free energy. Our
calculations show that the effect of the phonon is more important with
increasing magnetic field intensity.

As we have already indicated the GaN admit a large coupling
constant than 7nAs, a¥8" = 0.439 and ]%* = 0.055. In order to analyze
the impact of the coupling with phonon on the magnetic susceptibility
we compare in Fig. 8 this physical parameter for GaN and InAs.
Thus in this figure, we draw the susceptibility of InAs (red color) and
GaN (black color) for both cases with (Fig. 8a) and without phonon
interaction (Fig. 8b). We have taken parameters such that /, takes
the same value for InAs and GaN. As it can be seen in Fig. 8a the
susceptibility presents a peak in both cases of GaN and InAs. These
peaks are situated at w,/w, = 0.25 (B ~ 1 T) for InAs and w,/w, = 9
(B =~ 60 T) for GaN. We also remark that the both materials change
their character from diamagnetic (y < 0) to paramagnetic (y > 0)
indicated by horizontal red line (black line) for InAs (GaN). These
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changes of diamagnetic character held at w,/w, = 0.62 (B ~ 2.34 T)
for InAs and w./w, = 7 (B ~ 46 T) for GaN. With further increase
in the magnetic field, all curves drop and the materials change the
characters and retrieve their diamagnetic behavior. Fig. 8b, we present
the case where the e-phonon is taken into account. First, all the peaks
are less pronounced with a right (left) shift for InAs (GaN) i.e. to
height (low) magnetic field. We also note that the system changes from
diamagnetic to paramagnetic but reaches to saturation limit conserving

a paramagnetic character.

4. Conclusions

In this work, we have presented a study of the effect of spin—orbit in-
teraction and the interaction between electron-phonon on the magnetic
and thermodynamic properties of 2-D quantum structures. Our results
further demonstrate that the thermodynamic and magnetic properties
depend strongly on the magnetic field, electron-phonon - interaction,
and the Rashba SOL. It is well known that magnetic susceptibility is an
important quantity that defines the magnetic nature of the material as
diamagnetic or paramagnetic and also to study whether diamagnetic
to paramagnetic conversion is possible in presence of the magnetic
field, or if there are parameters that can control this transition. It is
interesting to note that even at B = 0T, the susceptibility of GaN shows
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diamagnetic behavior for all temperatures, with an increase in the mag-
netic field, susceptibility increases and the system shows paramagnetic
behavior for both cases associated with and without polaron effect.
The susceptibility for InAs increases with the magnetic field, reaches
a maximum, and then again decreases to negative values and then
takes a minimum value on further increasing magnetic field, it shows
a dip and then increases slightly i.e. transition from paramagnetic to
diamagnetic takes place. However, with the introduction of spin—orbit
interaction, the cutoff magnetic field Bc(where the magnetic nature of
the dot changes over from diamagnetic to paramagnetic) shifts to the
higher magnetic field we observed that with an increase in temperature,
the mean energy of the system also increases, also with an increase in
confinement and magnetic field strength, the mean energy increases.
The presence of the polaron effect RSOI lowers the mean energy of the
system. The heat capacity curve shows a peak at a low temperature
(Schottky anomaly) and a shift toward high temperature with an in-
crease in confinement and magnetic field strength. The consideration of
the polaron effect shifts the heat capacity curve to lower temperatures.
The entropy of the system increases with an increase in temperature
as it increases the randomness of the system by increasing the energy.
With a decrease in confinement and magnetic field strength the entropy
increases. The polaron effect consideration increases the entropy.
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