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An MHD nanofluid flow with Marangoni laminar boundary layer over a porous 
medium with heat and mass transfer
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ABSTRACT
The current work considers two-dimensional incompressible fluid flow with heat transfer over a 
porous medium with mass transpiration and Marangoni boundary condition. The nanoparticles of 
graphene are mixed in water to improve thermal efficiency. It behaves as a heater upon increasing 
its solid volume fraction, Eckert number, and as a cooler upon increasing suction. This flow has 
remarkable interest due to its applications in glues, silicon wafers, heat exchangers, paints, crystal 
growth in space, etc. The ordinary differential equations (ODEs) are obtained from the considered 
partial differential equations (PDEs) using similarity transformation technique. Then the solutions 
are analytically recovered from the system of ODEs. The solutions of temperature and concentra
tion fields are obtained in terms of Laguerre polynomial. The impacts of different parameters, such 
as Marangoni number, inverse Darcy number, Prandtl number, and Eckert number are analysed 
using graphical observations. Specially mentioned is Marangoni convection, which contains many 
industrial and engineering applications such as in nanotechnology, atomic reactors, soap films, 
semiconductor processing, and atomic reactors. This work adds the effect of graphene water 
nanofluid which enhance the thermal efficiency in a better way than the base fluid and explains 
the physical problem on the basis of chemically radiative Marangoni flow.
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1. Introduction

Nanofluid (NF) refers to a well-blended mixture of 
nanoparticles in a base fluid that effectively cools 
systems operating in a high temperature range and 
has numerous thermal uses. Due to the development 
of the Lorentz force, the introduction of the magne
tohydrodynamic (MHD) force will have a greater 
impact on the flow. MHD flow is crucial to the 
manufacturing of petroleum products and metallurgi
cal operations. It should be noted that the final pro
duct formed depends on how quickly these processes 
cool. Several solutions for MHD flow with slip were 
discovered by Turkyilmazoglu [1]. Recent instances of 
MHD unstable stagnation point flow engineering 
applications were explored by Fang et al. [2]. The 
stresses brought on by a transverse gradient of sur
face tension acting at the interfaces in industrial 
processes dealing with liquid-liquid and gas-liquid 
interfaces result in fluid motions known as 
Marangoni convection. These interfaces induce con
vection because of buoyancy and Marangoni stresses, 
even in the absence of applied velocities or external 
momentum sources like pressure gradients. The 

thermosolutal Marangoni boundary layer, which 
forms at the liquid-liquid and gas-liquid interfaces, 
is dissipative in nature, and it plays a crucial role in 
many real-world applications, including metallurgy, 
semiconductor manufacturing, crystal formation, 
and space materials. Thus, in order to get the desired 
result, it is required to investigate the interactions 
between the relevant forces caused by pressure gra
dients, surface tension gradients, temperature gradi
ents, and viscous dissipation at the interfaces between 
heat and mass transmission. Many industrial pro
cesses, including device heat exchange and cooling 
of engines can greatly benefit from solving stretching 
sheet difficulties. Many scholars are interested in the 
stretching sheet difficulties as a result [2,3]. The 
MHD flow caused by stretching and shrinking sheets 
is, respectively, examined by Hamad [4] and Fang 
and Zhang [5]. Mahabaleshwar [6,7] thoroughly 
investigated the stretching and convection issues. 
Additionally, the flow in porous media has various 
industrial and engineering applications. It can be 
found in some natural things, like limestone and 
human lungs, in thermal energy storage, in solar 
power collectors, and in electrochemical and chemical 
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catalytic reactors. Recently, a lot of work has been 
done on the flow due to porous media [8–11]. Zao 
et al. [12,13], Merkin et al. [14], and Mahabaleshwar 
et al. [15] worked on the Darcy-Brinkman model. 
Rohni et al. [16] studied mixed convective flow over 
porous media with temperature slip, and Khan et al. 
[17] worked on mixed convective radiative flow with 
convex and concave effects. Yacob et al. [18] studied 
the convective boundary conditions in the NF.

When changes in surface tension gradients occur in heat 
and mass or in both gradients, the Marangoni effect is 
produced in the fluid flow. This effect is widely utilized in 
welding, crystal growth, soap stabilisation, and so on. The 
current model has important uses in the fabrication of 
hydrophilic surfaces like silicon wafers, welding and metal
lurgical processes, investigations on crystal growth, geos
ciences, and space technologies. In addition, thermosolutal 
Marangoni convection has important uses in the metallur
gical and semiconductor industries, where its importance 
may be seen in the control of heat and mass transport in 
metallic fluids. Arifin et al. [19] provided a comprehensive 
explanation of this Marangoni effect idea. The Italian 
scientist Carlo Giuseppe Matteo Marangoni first identified 
this Marangoni effect in the 1860s while examining how oil 
drops spread on a water surface. He attributed this pattern 
to local variations in interfacial tension, which are the 
macroscopic expression of a liquid flow. See other refer
ences on the Marangoni effect in [20–22].

Motivated by all previous works, the current work 
examines that two-dimensional incompressible flow 
over a porous medium with the Marangoni boundary 
condition by adding graphene nanoparticles in order to 
increase the thermal properties (see Choi and Eastman 
[23]). The yielded solution is in the form of an exponential 
and a Laguerre polynomial. The behavior of the solution 
is analysed using various parameters such as the 
Marangoni and inverse Darcy numbers, the Brinkman 
ratio, the Prandtl number, and the Eckert number. The 
structure of the current paper is as follows: Section 2 
identifies the physical model. Section 3 presents the solu
tion to the model equations. Results and discussion of the 
current investigations are provided in Section 4. Finally, 
Section 5 describes conclusions and suggestions. See, 
Zeidan [24–26] and Goncalves [27] for such applications 
and references of nanofluids. Scientific and technological 
phenomena are referred to using the terms magnetic field 
and porous media. These effects in fluid flow are utilized 
in several industrial and practical applications such as 
MHD power generators, the polymer industry, regenera
tive heat exchange, MHD flow meters and pumps, 
geothermal recovery, solar power collectors, and electro
chemical processes (see [28–30]). Therefore, they play 
a significant role in fluid flow problems.

2. Physical model and governing equations

The two-dimensional motion with heat and mass trans
fer on the surface of grapheme nanoparticles with water 
is considered (see Figure 1). The terms ambient tem
perature and concentration T1 and C1 are keep as 
constants. The leading governing equations are pro
vided as follows (see Mahabaleshwar [31–34] and 
Aly [35]):  

Boundary conditions (B. Cs) in terms of surface tension 
are as follows: 

where, the temperature and concentration surface ten
sion coefficients are given as below: 

and the imposed conditions are: 

The imposed conditions for dimensionless vari
able X ¼ x=Lare, 

Here, L ¼ μν
σ0T0γT 

is the characteristic length.
Using approximation of Rosseland’s solution, the qr 

can be defined as (see [36–39]) as follows: 

The term T4extended on the basis of Taylor’s series to 
yield (neglecting the terms of higher order), 
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Then Eq. (3) becomes 

Following similarity variables are used for further 
process: 

Apply transformations as in Eq. (12) into Eqs. (2) - (4) 
to yield, 

B. Cs are also transformed as (See Aly and Ebaid [40])

Here, Da� 1 ¼ L2

K is the inverse Darcy number, � ¼ μeff
μf 

is 
Brinkman ratio, M ¼ σf B0

2

aþνf 
is the magnetic field, 

NR ¼
16σ�T13

3kf k� is thermal radiation. Ma ¼ MaC
MaT 

is 

Marangoni number, where, MaT ¼
σ0γT T0L

αμ and 

MaC ¼
σ0γCC0L

αμ are thermal and solutal Marangoni num

ber. S ¼ � ν
L ν0 is mass transpiration, β ¼ RL2

ν is chemical 
reaction parameter. The quantities Di i ¼ 1 to 5are 
described as below, where φ is volume fraction of gra
phene nanoparticle and the values of thermo physical 
properties seen in Table 1 (see Aly [41]). 

3. Solution of the model equations

We establish the analytical solution for the equations 
(1)–(4). Further, the analytical solution of equation (13), 

Figure 1. Physical sketch of the flow.
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subjected to the boundary conditions as in equation 
(16a), is in the form, 

Upon using equations (19) and (20) leads to, 

Surface velocity is found to be, 

Now, introducing the new variable for temperature and 
concentration as (see Turkyilmazoglu [42]), 

Table.1. Quantities of graphene nanoparticle (see Aly [33]).
Physical 
properties

Base fluid 
Water H2Oð Þ

Graphene  
Nanoparticle (G)

ρ kg=m3ð Þ 997.1 2250
CP J=kg Kð Þ 4179 2100
k W=m Kð Þ 0.613 2500
σ Ω=mð Þ

� 1 0.05 1� 107

Figure 2. Solution domain δversus Marangoni number Mafor suction case with � ¼ 1;φ ¼ 0:1.
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On using these in equations (14) and (15) will imply, 

where, 

Further, the boundary conditions (16b) and (16c) will 
reduced to, 

On solving equation (24a) and (24b) with boundary 
conditions (26a) and (26b) to obtain the following 
solutions: 

Figure 3. Solution domain δversus Marangoni number Mafor injection case with � ¼ 1;φ ¼ 0:1.
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where, 

are the dummy variables and L a; b; zð Þ is Laguerre 
polynomial.

4. Results and discussion

The current work considers two-dimensional incom
pressible flow over porous media with Marangoni 
boundary conditions by adding graphene nanoparti
cles to the flow. The ODEs are solved analytically to 
yield exponential and hypergeometric functions. 
Using graphs, the impact of various parameters like 
the Marangoni and inverse Darcy numbers, the 
Brinkman ratio, the Prandtl number, and the 
Eckert number is analysed. The addition of graphene 
nanoparticles can act as heaters upon an increase in 
their solid volume fraction, Eckert numbers, and 
injection, and can act as coolers upon an increase 
in suction.

Figure 4. Solution domain δversus Marangoni number Mafor (a) impermeable case and (b) suction case with � ¼ 1;φ ¼ 0:1.
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Figure 5. f ηð Þ and fn ηð Þ velocities for different values at (a) S> 0 , (b) S< 0 and (c) S ¼ 0 with Ma ¼ 1;� ¼ 2;φ ¼ 0:1.
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The present work is well-argued and aligns with 
many existing works:

(a) Ifφ ¼ 0 and � ¼ 1; Ec ¼ 0, the present work 
transforms to the work ofMahabaleshwar et al. 
[31] whenI ¼ 0.

(b) If � ¼ 1; Ec ¼ 0, then the present work trans
forms to the work of Alyand Ebaid [40].

(c) If � ¼ 1;Da� 1 ¼ Ec ¼ NR ¼ 0, then the present 
work transforms to the work of Remeli et al. [43].

(d) If � ¼ 1; Ec ¼ 0, then the present work trans
forms to work of Rashid et al [44]. which is 
solved numerically.

(e) Khan et al. [45] concentrated on combined 
effects of buoyancy forces, elasticity, suction or 

injection, first-order slip, magnetic effects, nano
particle motion and second-order slip on a mixed 
convectionflow in the vicinity of a stagnation 
point past a porousstretching/shrinking surface.

Figure 2–4 demonstrate the physical solution to the flow 
problem. The three roots of equation (21) are demon
strated for varying Marangoni number. When the Ma 
varies, the physical solution also adjusts appropriately. 
Additionally, the interaction between S and the Da� 1 has 
a direct impact on whether a physical solution exists. The 
correct physical solution field can be obtained by properly 
selecting Da� 1 and S properly. Figure 2 depicts the solu
tion domain for the suction case, where Figures 2(a,b) 
examine it with and without Da� 1respectively. Further, 

Figure 6. f ηð Þ and fn ηð Þ an velocities for different values at a) S> 0, and (b) S< 0 with Da� 1 ¼ 1;� ¼ 2;φ ¼ 0:1.
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Figure 7. f ηð Þand fη ηð Þvelocities for different values of Sfor a) S> 0, and (b) S< 0 with Ma ¼ Da� 1 ¼ 1;� ¼ 1;φ ¼ 0:1.

Figure 8. Surface velocity fη 0ð Þ versus Marangoni number Ma with � ¼ 1;φ ¼ 0:1.

374 T. ANUSHA ET AL.



Figure 3 depicts the solution domain for injection case, 
where Figure 3(a,b) examine it with and without 
Da� 1respectively for different choices of other controlling 
parameters. Figure 4(a,b) show the difference between the 
solution domain with and without mass transpiration.

Figure 5–7 demonstrate transverse f ηð Þand axial 
fη ηð Þvelocities. In Figure 5, there is an examination 
of f ηð Þand fη ηð Þfor different values of Da� 1in suction, 
injection, and impermeable cases, respectively, in 
Figure 5(a,c). In Figure 5(a) dotted lines show the 
flow without nanofluid, and solid lines demonstrate 
the flow with nanofluid. We can conclude that as Da� 1 

increases, both transverse and axial velocities decrease. 
In Figure 6, there is an examination of f ηð Þand fη ηð Þfor 
different Ma values at S> 0, and S< 0cases respectively, 
in Figure 6(a,b). We can conclude that as Ma increases, 
both transverse and axial velocities increase. Figure 7 
examines the f ηð Þand fη ηð Þfor different values of S, 
can be further observed that both f ηð Þand fη ηð Þare 
increasing with an increase in S. In addition to this, 
the mass transpiration parameter, together with the 
inverse Darcy number produces more impact on the 
velocity boundary in comparison to the choice of the 
inverse Darcy number alone.

Figure 9. Surface velocity fη 0ð Þ versus Marangoni number Ma with � ¼ 2;φ ¼ 0:1 .

Figure 10. Surface velocity fη 0ð Þ versus Marangoni number Ma with � ¼ 2;φ ¼ 0:1.
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The usage of magnetic field and porous media 
plays a significant role in fluid flow, as these effects 
in the fluid flow are used in several industrial and 
practical applications like MHD power generators, 
polymer industry, regenerative heat exchange, MHD 
flow meters and pumps, geothermal recovery, solar 
power collectors, electrochemical processes, etc. Heat 
transfer, or heat loss or gain is prevented by porous 
medium and more induced flows emerge from 
Marangoni convection. It’s worthwhile to note that 
thermosolutal Marangoni convection has important 
uses in the production of semiconductors and in the 
metallurgical sectors, where its importance can be 
seen in the control of heat and mass transfer in metal
lic fluids.

The porosity of the medium is a key element in 
determining the results of the processes in practical 
issues including geosciences, glassblowing, oil and gas 
recovery, and catalytic reactors. The Darcy law, which 
takes into account the pressure gradient, fluid viscosity, 
and gravitational force, governs convective fluxes in 
porous media. The effects of inertia forces and heat 
transmission through porous media are not taken into 
account in the theoretical model; they only become 
important when the momentum is very high. 
However, in the Darcy-Brinkman medium, without 
a driving pressure gradient, a well-positioned porous 
matrix is sufficient to obstruct the flow of a viscous fluid.

For various selections of Ma, Figures 8 and 10 show 
the relationship between the trajectories of the same 

Figure 11. θ ηð Þ verses η for various choices of (a) � and (b) S With M ¼ Ma ¼ 1;Da� 1 ¼ 0:2; Ec ¼ 0:1;NR ¼ 0:2; Pr ¼ 6:2;φ ¼ 0:1.
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surface velocity fη 0ð Þconnected to the three roots. When 
Da� 1and S are combined, the ranges of physical and 
non-physical surface velocities correspond, respectively, 
to positive and negative roots. Figure 8 examines it for 
suction case, with and without Da� 1respectively; in 
Figures 8(a,b) and 9 examines it for impermeable case 
with Da� 1and Figure 10 for injection case with Da� 1.

Figure 11 and 12 demonstrate the temperature dis
tributionθ ηð Þ. In Figure 11, there is an examination of 
θ ηð Þin suction case by varying Brinkman ratio �ð Þ and 
mass transpiration, respectively, in Figure 11(a,b). We 
can conclude that θ ηð Þwill decrease as �and S increases. 
In Figure 12 there is an examination of θ ηð Þin suction 
case, by varying inverse Darcy number Da� 1ð Þ and radia
tion NRð Þrespectively, in Figure 12(a,b). We can conclude 
that the θ ηð Þwill decrease as Da� 1and NRincreases.

Figure 13 and 14 demonstrate the concentration 
fieldϕ ηð Þ: In Figure 13, there is an examination of 
ϕ ηð Þin suction case by varying Sc and β respectively, 
in Figure 13(a,b). We can conclude thatϕ ηð Þwill 
decrease as Scand βincreases. In Figure 14 there is an 
examination of ϕ ηð Þby varying S and Ma respectively, in 
Figure 14(a,b). We can conclude that the ϕ ηð Þwill 
decreases as S and Ma increase. Chemical reaction will 
thin the thermal boundary layer.

5. Conclusions and future works

The investigation performs a study of 2-D flow transfer 
over porous media with mass transpiration and 
Marangoni boundary conditions by adding graphene 
nanoparticles to the flow. The governing equations are 

Figure 12. Temperature distribution θ ηð Þ for various (a) inverse Darcy number Da� 1ð Þ with NR ¼ 0:2 and (b) radiation parameter NRð Þ

with M ¼ Ma ¼ � ¼ 1; Ec ¼ 0:1; Pr ¼ 6:2;φ ¼ 0:1 .
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solved to obtain the solutions in terms of exponential 
and hypergeometric functions. Using graphs, the fol
lowing observation can be made:

● The nanoparticles of graphene are mixed in water 
to improve thermal efficiency. The existence of 
graphene water nanofluid will enhance 
thermal efficiency in a better way than the base 
fluid.

● The addition of graphene nanoparticles can act 
as heaters upon an increase in their solid volume 
fraction, Eckert number, and injection, and they 
can act as coolers upon an increase of suction.

● The interaction between S and Da� 1has a direct 
impact on whether a physical solution exists.

● As the Marangoni number increases, both trans
verse and axial velocities increase.

● As the inverse Darcy number increases, both trans
verse and axial velocities decrease.

● Both transverse and axial velocities increase with 
an increase in mass transpiration.

● The temperature distribution will decrease as the 
Brinkman ratio or mass transpiration increases, 
and it will decrease as the inverse Darcy number 
or radiation parameter increases.

In the future some may study the flow by adding ternary 
hybrid nanoparticles of different shapes. This study, 
therefore, can be further estimated by adding different 
boundary conditions, such as slip boundary conditions.

Figure 13. Concentration field ϕ ηð Þ for various (a) Schmidt number Scð Þ with β ¼ 0:2 and (b) chemical reaction parameter βð Þ with 
keeping other parameters as.
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Nomenclature

Figure 14. Concentration field ϕ ηð Þ for different values of (a) mass Sð Þ transpiration with Ma ¼ 1 and (b) Marangoni Mað Þ number 
keeping other parameters as Da� 1 ¼ 0:5; β ¼ 0:2; Sc ¼ � ¼ 1;φ ¼ 0:1 .

Symbol Description S.I. Unit

Latin symbols

B0 Strength of magnetic field wm� 2½ �

C Concentration mol=m3½ �

CP Specific heat at constant pressure JKg� 1K � 1½ �

DB Parameter of mass diffusivity m2s� 1½ �

Ec Eckert number �½ �

f dimensionless variable for velocity �½ �

k� Coefficient of mean absorption m� 2½ �

K Porous medium Permeability m� 2½ �

L Laguerre polynomial �½ �

Pr Prandtl number �½ �

qr radiative heat flux Wm� 2½ �

(Continued)
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Nux local Nusselt number �½ �

M magnetic parameter �½ �

Ma Marangoni number �½ �

R coefficient of chemical reaction �½ �

T temperature K½ �

S> 0=< 0 suction/injection velocity �½ �

Sc Schmidt number �½ �

u; vð Þ velocities ms� 1½ �

vw velocity at the wall ms� 1½ �

x; yð Þ coordinate axes m½ �

Greek symbols

β chemical reaction parameter �½ �

α thermal diffusivity m2s� 1½ �

κ thermal conductivity of fluid WKg� 1K � 1½ �

η similarity variable �½ �

θ dimensionless variable for temperature �½ �

ϕ dimensionless variable for concentration �½ �

μeff effective viscosity �½ �

σ� Stefan-Boltzmann constant �½ �

φ Volume fraction �½ �

� Brinkman ratio �½ �

ψ Stream function �½ �

Subscripts

1 ambient condition �½ �

f base fluid �½ �

nf nanofluid �½ �
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