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Abstract
In modern days, Bingham ternary nanofluid applications gain the attention of many researchers with their unique properties 
and potential applications in solar thermal energy conversion which significantly improve system efficiency and leverage 
modern machine learning techniques for performance prediction, and the authors observe that there is a dearth of research 
on Bingham ternary nanofluids with the circumstance of momentum slip and temperature jump conditions and influence of 
MHD (magnetohydrodynamics) and thermal radiation on ternary nanofluids; authors utilized the research gap and used GO, 
MoS2, and TiO2 nanoparticles mixed in sodium alginate solution to form non-Newtonian Bingham ternary nanofluid. Further, 
the heat transfer process was analyzed using variable thermophysical properties, momentum, and temperature-governing 
equations, which were transformed to nonlinear ordinary differential equations (ODEs) via similarity variables. The tem-
perature equation was calculated using the hypergeometric series method, and several physical parameters are explained 
graphically. The outcomes reveal that upsurging the porous, magnetic field, and slip parameters decays the momentum profile, 
and enhancing the thickness of the thermal boundary layer, the present analysis has many useful applications in science and 
engineering industries, such as transportation, cooling systems, and heat exchangers.
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Abbreviations
HNF	� Hybrid nanofluid
B. Cs	� Boundary conditions
MHD	� Magnetohydrodynamics
PDE	� Partial differential equation
ODE	� Ordinary differential equation

List of symbols
A1 A2 A3 A4 A5 	� Constants
a	� Acceleration rate
H0 	� Magnetic strength
Cp	� Specific heat
Da−1 	� Inverse Darcy number
d	� Stretching /shrinking parameter
f	� Velocity function
Nr	� Radiation
Pr	� Prandtl number
qr 	� Radiative heat flux
S 	� Mass suction/injection
T	� Temperature of the fluid
Tw 	� Temperature of the surface
T
∞

 	� Ambient temperature
u, v	� x, y-Axis velocity components
uw	� Velocity
x, y	� Axis

Greek symbols
� 	� Solution term
� 	� Similarity variable
� 	� Thermal conductivity
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k∗ 	� Absorption coefficient
� 	� Dynamic viscosity
� 	� Kinematic viscosity
� 	� Fluid density
� 	� Stream function
� 	� Electrical conductivity
�∗ 	� Stephen–Boltzmann constant
� 	� Non-dimensional temperature

Introduction

Non-Newtonian fluids have gained essential attention from 
scientists and engineers in recent years with their wide range 
of uses in energy and technology fields. Non-Newtonian flu-
ids can be found in everyday products such as cosmetics, 
paper production, fiber technology, ketchup, paint, shampoo, 
blood, lubricants, and plastic. However, due to their unique 
behavior under shear stress, a single relation cannot predict 
all non-Newtonian fluids. Ramzan et al. [1] studied ternary 
nanofluid flow influenced by magnetohydrodynamics with 
entropy generation. Ternary nanofluid flows over a widening 
surface with induction impacts studied by Alharbi [2] and 
Sahoo [3]. Numerical method was used by Sachhin [4] to 
study the heat transfer and radiation effect on the fluid flow. 
[5] explored the heat generation on nanofluid flow on the 
Fourier heat flux model.

An exact solution for modeling of nanofluid flow across 
permeable stretching surface using heterogeneous solutions 
is studied by Datta et al., [6]. Bernard [7] studied the satura-
tion of trapped gas on the permeable water medium with the 
impact of foam. Effect of solar radiation and mass suction/
suction is studied by Akshatha [8] on the nanofluid flow 
across the stretchable sheet. Vafai et al., [9] studied the ther-
mal transfer at the boundary by the two regions across the 
permeable surface using analytical techniques. Ochoa et al., 
[10] and Haga [11] explored the theoretical framework for 
understanding the transfer of momentum at the boundary 
permeable media with the pressure oscillations.

Mass transfer plays a vital role in fluid flow, particularly 
in processes like drying, distillation, and chemical reactions. 
It influences concentration gradients, which can affect fluid 
behavior and mixing efficiency. Understanding this inter-
action is essential for optimizing industrial operations and 
improving system performance. Choi [12] and Huminic 
[13] examined the entropy generation on the fluid flow with 
heat and mass transfer. Afterward, Das [14] discovered the 
impact of heat transfer in both conventional and ternary 
nanofluids with a comprehensive review. Suresh [15] and 
Siddiqui [16] explored the stability and mass transfer of 
hybrid nanoliquid flow with pressure drop characteristics. 
Analytical methods utilized by Sachhin et al., [17] to solve 
the energy equations using boundary conditions. Rostami 

[18] used artificial neural networks to study the measure-
ment of heat conductivity on hybrid nanoliquid flow.

Nanofluids, which are fluids containing nanoparticles, 
increase the thermal conductivity and heat transfer proper-
ties of base fluids. Their use in fluid flow systems improves 
cooling performance in applications like electronics, auto-
motive engines, and solar collectors. This leads to more effi-
cient thermal management and energy savings. Nisa [19] 
studied the Brinkman model of fractional convection move-
ment of a hybrid nanoliquid on an inclined surface. After-
ward, analytical methods were used by Sene [20] and Abed 
[21] to explore the nonlinear stability analysis on the Brink-
man-type fluid flow via a rotating cylinder using symmetric 
properties. Safa [22] and [23, 24] scrutinized the effect of 
aerosol nanoparticles bounded by the Brinkman medium. 
Devi et al., [25] examined the binary nanofluid movement 
on an expanding surface with stability analysis using the 
Darcy model. Many researchers studied the influences of 
energy and mass transfer on nanofluid flows across various 
geometries using nanoparticles such as [26–38].

Thermal radiation significantly influences fluid flow, 
especially in high-temperature environments such as com-
bustion chambers and space applications. It affects heat 
transfer rates, altering fluid temperature and velocity pro-
files. This interaction is crucial in designing thermal systems 
and improving energy efficiency. Souayeh [39] examined 
the Nusselt number and thermal conductivity impact on 
natural convective fluid flow across rectangular conductive 
surface. Bezi [40] studied the heat transfer impact on ternary 
nanofluid movement across half-annulus surface. Hdhiri 
[41] explored the Nusselt number and porous media impact 
on fluid flow by using finite volume method. Souayeh [42, 
43] examined the heat transfer influence on non-Newtonian 
fluid flow over various surfaces. Nuwairan [44] explored the 
magnetic field and thermophoresis influence on non-New-
tonian fluid flow over expanding surface, and Waseem [45] 
explored the radiation and heat source influence on micropo-
lar fluid flow over stretchable sheet. Lone [46] studied the 
entropy analysis impact on mixed convective hybrid nano-
fluid flow across stagnated surface. Awati [47] explored the 
chemical reaction impact on Williamson fluid flow across 
stagnation point using numerical method. Lone [48] studied 
the activation energy impact on bio-convective fluid flow 
across expanding surface.

Inspired by the abovementioned studies and applica-
tions, the authors point out that there is a dearth of studies 
on non-Newtonian fluids with the circumstance of Navi-
er’s slip and temperature jump conditions and impacts 
of MHD and solar radiation on ternary nanofluids and 
utilized the research gap and studied the influence of 
MHD and the Brinkman ratio on biviscous Bingham ter-
nary nanoliquid flow with heat source and solar radiation 
across stretching/shrinking sheet with Navier’s slip and 



Exact multiple solutions for rheological analysis of Darcy–Brinkman model on Bingham sodium…

temperature jump. The famous analytic hypergeometric 
method is used to solve the energy equation, and adding 
an MHD produces a current in a flowing conductive liq-
uid which produces forces on the liquid; current analysis 
has many uses in biomedical and engineering fields. Fig-
ure 1 represents the schematic diagram, and Tables 1 and 
2 represent the thermophysical properties and comparison 
of analytical results with previously published studies.

Governing equations

Consider an MHD and heat source with the permeable 
surface in a Bingham ternary nanofluid movement over an 
expanding/shrinking sheet. Considering the flow as laminar 

and incompressible, magnetic field applied normal to the 
sheet, thermal radiation and heat source effects are consid-
ered in energy distribution, u and v are the velocities along 
x- and y-axis, T represents the temperature, velocity slip, 
and Biot boundary conditions are considered. Figure 1 por-
trays the schematic representation of the fluid flow, and the 
assumptions of fluid movement are as follows:

•	 Fluid movement is created by stretching and contract-
ing the surface; therefore, there does not exist a pressure 
gradient impacting the flow, i.e., ∇p = 0.

•	 Examined the steady-state problem, i.e., �u
�t

= 0 and lami-
nar flow

•	 Deduced valid boundary layer approximations (Prandtl 
(1904)) as follows:

	 (i)	 The velocity of the fluid in the axial direction is 
greater than the transverse direction, i.e., u ≫ v.

	 (ii)	 Variations of axial velocity are much more than the 
transverse velocity.

	 (iii)	 Assuming a stretching velocity (see Crane [36]).

Fig. 1   Schematic representation 
of flow boundary y

O O
x x

y

Bingham fluid Bingham fluid

Porous medium Porous medium

Magnetic field

Stretching sheet

Magnetic field
Shrinking sheet

u = Uw + l ∂u /∂y u = Uw + l ∂u /∂y

Table 1   Nanoparticle physical properties [26, 27]
Properties SA MoS2 GO TiO2

�∕Sm−1 2.6 × 10−4 0.01 4.57 × 10−610−10

�∕kgm−3 989 5.06 × 103 1800 4250

Cp∕JkgK−1 4175 397.21 717 686.20

� ∕ Wm−1K−1 0.6376 34.5 5000 8.9538
Volume fraction 

values
�1 = 0.01 �2 = 0.01 �3 = 0.01

Table 2   Similar analytical study comparison with other authors
Related works by other authors Fluids Value of momentum solution

Crane [36] Newtonian � = 1

Khan [28] Non-Newtonian

f (�) = fw +
�

�
(1 − exp[−��]), 

� =

3fw

(

�hnf

�f

)

±

√

9f 2
w

(

�hnf

�f

)2

+4
(

�hnf

�f

)

3�
(

�hnf

�f

)

+

(

�hnf

�f

)

M

2
(

�hnf

�f

) ,

Hamid [26] Newtonian f (�) = s +
�

�(1+b�)

(

1 − e−��
)

  (2 + �)b�3 + (2 + 2� − 2bs)�2 − 2s� − 2a = 0,

Present work Non-Newtonian f (�) = S + d
(1−e−�� )

(�+b�2) 
Λ

(

1 +
1

Γ

)

b�3 +
[

Λ

(

1 +
1

Γ

)

− A2Sb
]

�2 −
(

A3Qb + A1Da
−1b − A2S

)

�

−

(

A3Q + A1Da
−1

+ A2d
)

= 0
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Navier [38] proposed the component of velocity slip condi-
tion as follows:

Consider the rheological characteristics of biviscosity Bing-
ham fluid as follows [25]:

where Py is written as

where � and �c are the deformation rate product and product 
value, and Py and �B are yields stress and viscosity of plastic 
deformation.

The principle of conservation mass [26, 28] is as follows:

the conversation of linear momentum [26, 28] is as follows:

And the governing equations are as follows [26, 28]:

B. Cs are given by [26]

where u and v are velocities along the x- and y-axis, and 
�, �, �, and� are the dynamic viscosity, thermal conductivity, 
density, and electrical conductivity, respectively. H0 is the 
magnetic field strength, K1 is the permeability, and T denotes 
the energy of the fluid. Introducing the converted form of 
PDEs [28] gives:

(1)u = l
�u

�y
.

(2)𝜏ij =

�

2(𝜇B + py∕
√

2𝜋)eij, 𝜋 > 𝜋c,

2(𝜇B + py∕
√

2𝜋c)eij, 𝜋 < 𝜋c,
.

(3)Py =

�b

√

2�c

Γ

,

(4)∇ ⋅

→

q = 0;

(5)

[

→

qt +

(

→

q ⋅∇

)

→

q
]

= −

∇p

�tnf
+

�eff

�tnf

(

1 +
1

Γ

)

∇
2
→

q

−

(

�tnf

�tnfK1

+

�tnfH
2
0

�tnf

)

→

q,

(6)
�u

�x
+

�v

�y
= 0,

(7)u
�u

�x
+ v

�u

�y
=

�eff

�tnf

(

1 +
1

Γ

)

�2u

�y2
−

�tnf

�tnf
H2

0
u −

�tnf

K1

u,

(8)

u
�T

�x
+ v

�T

�y
=

�tnf

(�Cp)tnf

�2T

�y2
−

1

(�Cp)tnf

�qr

�y
+

Q0(T − T
∞
)

(�Cp)tnf
,

(9)
u =Uw(x) + l

�u

�y
, v = vw, −k

�T

�y
= h(Tw − T),

as y → 0, u = 0, T = T
∞
, at y → ∞.

The radiation heat flux qr is calculated as [30–33]:

where k∗ and �∗ are absorption Stephen–Boltzmann param-
eters; after using Rosseland’s approach and by eliminating 
upper-order elements, we get T4 as:

The radiation term is differentiated as follows:

Combining Eqs. (13) and (8), we obtain:

By using similarity transformations, Eqs. (7) and (8) 
simplify to:

where.
Ni =

Q0

a(�Cp)f

 is the heat source/sink, Q =

�fH
2
0

�fa
 is the mag-

netic parameter, Da−1 = �f

K1a
 is the inverse Darcy number, 

Pr =
(

�f

�f

)

 is the Prandtl number, Λ =
�eff

�f

 is the Brinkman/
v i s c o s i t y  r a t i o  p a r a m e t e r , 
A1 =

�tnf

�f

, A2 =
�tnf

�f
, A3 =

�tnf

�f
, A4 =

�tnf

�f
, A5 =

(�Cp)tnf

(�Cp)f

.

The modified conditions of boundary are:

(10)

u = axf
η
(�), v = −

√

a�f (�), � = y

�

a

�
, �(�) =

T − T
∞

Tw − T
∞

.

(11)qr = −
4�∗

3k∗
�T4

�y
,

(12)T4
≅ 4T3

∞
T − 3T4

∞
.

(13)
�qr

�y
= −

16�∗T3
∞

3k∗
�2T

�y2
.

(14)
u
�T

�x
+ v

�T

�y
=

(

�tnf

(�Cp)tnf
+

1

(�Cp)tnf

16�∗T3
∞

3k∗

)

�2T

�y2

+

Q0(T − T
∞
)

(�Cp)tnf
.

(15)

Λ

(

1 +
1

Γ

)

d
3f (�)

d�3
− A2

(

df (�)

d�

)2

+ A2f (�)
d
2f (�)

d�2
−

(

A3Q + A1Da
−1
)df (�)

d�
= 0,

(16)
(

A4 + Nr
)d2�(�)

d�2
+ A5 Pr

d�(�)

d�
f (�) + NiPr �(�) = 0,

(17)
f = S,

df

d�
= d + b

d2f

d�2
,
d�

d�
= −Bi(1 − �), as � → 0,

df

d�
= 0, � = 0, at � → ∞
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and all possible roots of Eq. (23) can be written as

where.
z =

(

−2�3
2
+ 9�1�2�3 − 27�2

1
�4

)

.

Analytical solution for the energy equation

To obtain an exact solution for Eq. (16), we consider a new 
term q =

Pr

�2
e−�� , which is then solved by using the B. Cs in 

(17) are as follows:

where

The additional boundary conditions are as follows:

�1 = Λ

(

1 +
1

Γ

)

b, �2 =

[

Λ

(

1 +
1

Γ

)

− A2Sb
]

,

�3 = A3Qb + A1Da
−1b − A2S, �4 =

(

A3Q + A1Da
−1

+ A2d
)

,

(24)

�1 =

−
�2

3�1

−

�

21∕3
�

−�2

2
+ 3�1�3

��

3�1

�

z +

�

4
�

−�2

2
+ 3�1�3

�3
+ (z)2

�1∕3

+
1

3 21∕3�1

�

z +

�

4
�

−�2

2
+ 3�1�3

�3
+ (z)2

�1∕3

,

�2 =

−
�2

3�1

+

�

(1 + i
√

3)
�

−�2

2
+ 3�1�3

�

�

3�12
1∕3

�

z +

�

4
�

−�2

2
+ 3�1�3

�3
+ (z)2

�1∕3

−

(1 + i
√

3)

6�12
1∕3

⎛

⎜

⎜

⎝

z

+

�

4
�

−�2

2
+ 3�1�3

�3
+ (z)2

⎞

⎟

⎟

⎠

1∕3

,

�3 =

−
�2

3�1

+

�

(1 + i
√

3)
�

−�2

2
+ 3�1�3

�

�

3�12
1∕3

�

z +

�

4
�

−�2

2
+ 3�1�3

�3
+ (z)2
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+

(1 + i
√

3)

6�12
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⎛

⎜

⎜

⎝
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+

�

4
�

−�2

2
+ 3�1�3

�3
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⎞

⎟

⎟
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1∕3

(25)q
d2�

dq2
+ (1 − I + Jt)

d�

dq
+ P� = 0,

I =
A5SbPr

(

A4 + Nr
)

�
+

A5 Pr d

�2
(

A4 + Nr
) , J =

A5 Pr d
(

A4 + Nr
) , P =

NiPr

�2(A4 + Nr)
.

(26)
Pr

�

d�

dq

(

Pr

�2

)

= Bi
(

1 − �

(

Pr

�2

))

, and �(0) = 0;

Engineering quantities are calculated as

Nusselt number is studied as

where.
qw = −

((

16�∗T3
∞

3k∗
+ �tnf

))(

�T

�y

)

y = 0
 is the heat flux at the 

wall.
Here,

and skin friction studied as

The above equation is formulated as

Reynolds number is Re = Uwx

�f
.

Analytical form of velocity equation

The analytic solution of Eq. (15) is with the B. Cs (17) are 
gained as follows [20]:

differentiating Eq. (20), we get:

substituting Eqs. (20) and (21) in (15), we obtain

The above equation is rewritten as

where

Nu =

xqw

�(Tw − T
∞
)

,

(18)NuRe−1∕2 = −

(

A4 + Nr
)d�(0)

d�
,

Cf =
�w

�f
=

(

1 +
1

Γ

) �eff

�fU
2
w

�u

�y

|

|

|

|y = o

;

(19)Re1∕2Cf = Λ

(

1 +
1

Γ

)d2f (0)

d�2
, and

(20)f (�) = S + d
(1 − e−��)
(

� + b�2
) ;

(21)
df

d�
=

de−��

1 + b�
,
d2f

d�2
=

−d�e−��

1 + b�
,
d3f

d�3
=

d�2e−��

1 + b�
;

(22)

Λ

(

1 +
1

Γ

)

b�3 +

[

Λ

(

1 +
1

Γ

)

− A2Sb

]

�2

−

(

A3Qb + A1Da
−1b − A2S

)

�

−

(

A3Q + A1Da
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+ A2d
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= 0,

(23)�1�
3
+ �2�

2
+ �3� + �4 = 0,
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to calculate Eq.  (25) by using a power series method, 
�(q) =

∞
∑

r = 0

arq
r+k ; applying Frobenius method to the prob-

lem, the exact solution is obtained as:

Kalidasan [33] specified the thermal capacity of ternary 
nanofluid quantity as follows:

Results and discussion

The current analysis focused on the impact of Brinkman 
and MHD across a Bingham fluid movement with energy 
distribution and also explored the influence of solar radiation 
with velocity slip. The PDE equations are solved using simi-
larity transformations and converted to ODEs and further 
studied the plots of upper and lower solutions response on 
the ternary nanofluid as follows: For our study, setting the 
numerical choice of the Prandtl number Pr is 6.7 for sodium 
alginate, and the range of terms is taken as −5 ≤ d ≤ 5 , 
−5 ≤ S ≤ 5 , 0.1 ≤ Q ≤ 4 , 1 ≤ Bi ≤ 3 , 0.5 ≤ Da−1 ≤ 4 , 
−0.5 ≤ Ni ≤ 0.5 , 0.1 ≤ Nr ≤ 2 , and 0.01 ≤ 𝜙 < 0.03 , and 
thermophysical characteristics are given in Table 1. After 
these limiting values, the graphs cannot be plotted, and 

(32)
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�
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�
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.
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�(q) =
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A4

(

e(−��)
)

k1 + k2

2
1

M1

[

k1 + k2

2
, k2 + 1,−Jpe(−��)

]

(

�
k1 + k2

2

)

1
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[
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2
, k2 + 1,−Jp

]

−

Jp

k2 + 1
1
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[
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2
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P

A4 1
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[
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2
, k2 + 1,−Jp

]

,

where

Thermophysical properties of nanoparticle

Density in ternary nanofluid:

Dynamic viscosity [34, 35] is defined as:

Thermal conductivities in ternary nanofluid [34]:

The electrical conductivities are given by
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several physical parameters are explained through graphs 
in the below section.

Figure 2 represents the solution � versus Bingham param-
eter graph for variations of stretching/shrinking param-
eter. The higher branches are portrayed by solid red lines, 
whereas the other branch solutions are given by dashed blue 
lines, and the graph is taken for both suction and injection 
conditions, decreasing the d parameter for suction case; 
boundary layer thickness increases and shows reverse phe-
nomena for injection case.

Figure 3 portrays the solution graph of d concerning a 
magnetic field; the higher branches are displayed by solid 
red lines, whereas the other branch solutions are denoted by 
dashed blue lines, keeping all physical parameters constant 

and the graph taken for mass injection case; increasing the 
parameter d, we see that upper branches increase dramati-
cally and lower branches show decreasing nature.

Figure 4 represents the solution graph of d concern-
ing mass transpiration; the higher branches are displayed 
by solid red lines, whereas the other branch solutions are 
denoted by dashed blue lines, keeping all physical param-
eters constant; increasing the values of d generates rising in 
the solution in the upper branches, and for the same solution, 
values of lower branch decrease dramatically.

Figure 5 represents the solution graph of the Bingham 
parameter with respect to the Brinkman parameter; the 
higher branches are shown by solid red lines; a graph 
taken for both suction and injection, in both cases for 
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the enhancing value of � , upsurges the solution bound-
ary layer thickness, and for injection case shows reverse 
phenomena; skin friction coefficient is a calculator of the 
frictional resistance to fluid flow along a surface. The 
Bingham parameter is a rheological parameter that char-
acterizes the movement of Bingham plastic fluids, which 
are materials that produce a yield stress and shear rate and 
shear stress above the yield stress relationship; the skin 
friction decreases with enhancing volume fraction values 
of the Bingham parameter. In both, the increasing value of 
� upsurges the solution boundary layer thickness and for 
injection case shows reverse phenomena.

Figure 6 portrays the Nusselt number graph for different 
choices of d versus, keeping all physical parameters con-
stant. Nusselt number decays with increasing stretching 
parameters and rises with increasing shrinking parameters. 
The graph is taken for the heat sink case; here, increase in 
the d parameter upsurges the solution boundary layer in 
both upper and lower branches. Figure 7 portrays the skin 
friction plot for various choices of the Bingham param-
eter versus d, impressing the values of the Bingham term 
enhancing the skin friction, and both branch solutions 
show increasing nature.

Figure 8 portrays the solution graph of the stretching 
parameter with respect to the Bingham parameter; higher 

Fig. 4   Solution graph for 
stretching/shrinking parameter 
versus S 
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branch solutions are displayed by red solid lines, while 
lower branch solutions are shown by blue dashed lines; in 
the graph taken for both S values, for the suction case, both 
upper and lower branches are in the positive region, and 
for injection case, both branches are in the negative region, 
enhancing the stretching parameter which rises the skin fric-
tion as well as boundary layer thickness.

Figure 9a and b portrays the plots for the momentum 
profile for the different choices of the Γ parameter for both 
boundaries; the geometry of the movement and the Bing-
ham number determine the momentum profile of a Bingham 
fluid. It represents the yield stress to viscous stress ratio; 9a 
represents the plot for stretching boundary enhancing that 
the Bingham values decays the momentum, and 9b repre-
sents the plot for shrinking boundary which exhibits the 

upper and lower branches, while increasing the Bingham 
parameter upper branch shows enhancing nature and lower 
branch shows decaying nature for same parametric values.

Figure 10a and b denotes the graphs of momentum pro-
file for the different choices of Da−1 for both expanding and 
shrinking surfaces; the momentum profile of Da−1 , the fluid 
movement rate through a permeable media, is studied by 
Darcy’s law that gives the movement rate is proportional to 
the pressure gradient; 10a represents the plot for stretching 
boundary, upsurging that the Da−1 values decay the veloc-
ity of the fluid, and 10b represents the plot for the shrink-
ing boundary which exhibits the upper and lower branches, 
while increasing the Da−1 , both branches show decaying 
nature; in both expanding and shrinking boundaries, upsurg-
ing the Da−1 decreases the velocity of flow.
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Fig. 8   Skin friction graph for 
stretching parameter versus 
Bingham parameter
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Figure 11a and b portrays the plots of the momentum 
profile for the various choices of Q for both expanding and 
shrinking surfaces and the velocity profile of Q. A Lorentz 
force is exhibited by the magnetic field, which opposes the 
motion of the fluid; this force is dissipative and can be used 
to suppress velocity fluctuations; the Lorentz force acts on 
the fluid due to the collision in the magnetic field and the 
electrical conductivity of the liquid; 11a represents the plot 
for stretching surface enhancing that the Q values decays 
the velocity, and 11b represents the plot for the shrinking 
boundary which exhibits the upper and lower branches; 
while increasing the Q parameter, both higher and lower 
branches show decaying nature, and in both expanding and 
shrinking surfaces, upsurging the Q decays the momentum 
of the fluid movement.

Figure 12a and b portrays the plots of the momentum 
regime for the different choices of the Brinkman term for 
both expanding and shrinking surfaces. The Brinkman num-
ber (Br) is a non-dimensional number that is commonly used 
in polymer extracting to describe heat conduction from a 
wall to a moving viscous liquid, the impact of the Brinkman 
number on the momentum of a fluid is that it is associated 

with reduced velocity distribution and increased skin fric-
tion; 12a represents the plot for stretching boundary enhanc-
ing that the Br values decays the velocity, and 12b repre-
sents the plot for the shrinking boundary which exhibits the 
upper and lower branches; while increasing the Brinkman 
number, both branches show decreasing nature, and in both 
boundaries, enhancing the Brinkman number reduces the 
momentum of the fluid.

Figure 13a and b portrays the plots of the velocity for the 
various choices of velocity slip parameter for both bounda-
ries; as the velocity slip rises, the flow resistance decreases, 
leading to a decays in the skin friction and an upsurge in the 
Nusselt number; 13a portrays the plot for stretching bound-
ary enhancing the velocity slip values decay the velocity, 
and 13b represents the plot for shrinking boundary which 
exhibits the upper and lower branches; while increasing the 
velocity slip, both branches show decreasing nature, and in 
both expanding and shrinking boundaries, enhancing the 
velocity slip number decays the momentum.

Figure 14a and b portrays the plots of the energy regime 
for the different choices of Ni parameter for both expand-
ing and shrinking boundaries, and the impact of heat source 
on the temperature of a liquid depends on the type of fluid 
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movement and the physical parameters involved, and a heat 
source rises the heat of the liquid, which tends to rise in the 
fluid temperature, while a heat sink decreases the thermal 
conductivity, which tends to a reduce in the fluid tempera-
ture; 14a represents the plot for stretching boundary increas-
ing the Ni values increases the temperature, 14b portrays the 
plot for shrinking boundary which exhibits the upper and 
lower branches, while increasing the Ni upper shows increas-
ing nature, and lower branch shows decaying nature; in both 
expanding and shrinking surfaces, enhancing the Ni number 
raises upsurges the temperature of the liquid movement.

Figure 15a and b represents the plots of the temperature 
for the different choices of Bi parameter for both expanding 
and shrinking sheets, the Biot number (Bi) is a non-dimen-
sional quantity utilized in heat transfer, and it can affect 
the temperature distribution in various heat transfer prob-
lem; when the Biot number is greater than about 0.1, heat 
conduction inside the body offers more significant thermal 
resistance, and temperature gradients are more pronounced; 
15a represents the plot for stretching boundary; increasing 
the Bi values increases the temperature. 15b portrays the 
plot for a shrinking boundary which exhibits the upper and 

lower branches, while increasing the Bi both branches show 
upsurging; in both expanding and shrinking surfaces, rais-
ing the Bi number enhances the temperature of the liquid 
movement.

Figure 16a and b portrays the plots of the energy profile 
for the different values of the velocity slip term for both 
expanding/shrinking boundaries, and velocity slip comes 
when the fluid momentum at the boundary of the wall var-
ies from the velocity of the wall itself; 16a represents the 
plot for stretching boundary upsurging the momentum slip 
choices which enhance the temperature, and 16b portrays 
the plot for the shrinking boundary which exhibits the upper 
and lower branches, while increasing the velocity slip, both 
upper and lower branches show enhancing, and in both 
expanding and shrinking surfaces, enhancing the momen-
tum slip number enhances the energy of the movement of 
the liquid.

Figure 17a and b portrays the plots of the temperature for 
the different numbers of magnetic field parameters for both 
expanding and shrinking surfaces, and magnetic field term 
directly impacts the energy. Physically, a rise in the MHD 
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provides difficulties for the liquid to move, which tends to 
enhance in the thermal rate; 17a portrays the plot for expand-
ing boundary upsurging the magnetic field values decays the 
temperature. 17b represents the plot for shrinking boundary 
which exhibits the upper and lower branches, while increas-
ing the magnetic field, both upper and lower branches show 
increase, and in stretching increase, the magnetic field num-
ber shows decaying nature but in shrinking surface, increas-
ing magnetic field number shows reverse phenomena.

Figure 18a and b portrays the plots for the temperature 
regime for the different numbers of the Γ parameter for both 
expanding and shrinking boundaries; Γ is a term used to 
demonstrate the rheological behavior of a fluid, particu-
larly non-Newtonian fluids. Bingham liquid is a shear-thin-
ning fluid that exhibits a viscosity at zero shear rates and 
yield stress below gains no flow; 18a represents the plot 
for stretching boundary enhancing the Bingham parameter 
values reduce the temperature, and 18b portrays the plot for 
the shrinking boundary which exhibits the upper and lower 
branches, while enhancing the Bingham parameter upper 

shows increasing nature, but lower branch shows decaying 
nature.

Figure 19a and b displays the graphs of Nr for the tem-
perature, thermal radiation plays a major role in monitoring 
thermal transfer in polymer industries, thermal radiation is 
the emission of energy from a surface due to its temperature, 
and it can affect the temperature of the fluid it interacts with; 
19a portrays the plot for stretching boundary increasing the 
Nr values increases the temperature, and 19b represents the 
plot for the shrinking boundary which exhibits the upper 
and lower branches, while increasing the Nr, both higher 
and lower branches show upsurging nature; in both expand-
ing and shrinking surfaces, increasing the Nr number shows 
increasing the thermal boundary layer.

Figure 20a and b portrays the plots for the temperature for 
the different choices of the Brinkman term for both expand-
ing and shrinking boundaries, and the Brinkman number 
can affect the temperature, as it denotes the ratio of viscous 
heat production to molecular conduction when the Brinkman 
term is higher; the conduction of heat generated by viscous 
dissipation is slower; 20a represents the plot for stretch-
ing boundary increasing the Brinkman values upsurges the 
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temperature, and 20b portrays the plot for the shrinking 
boundary which exhibits both branches, while increasing 
the Brinkman, both branches show upsurging nature, and in 
both expanding and shrinking surfaces, increasing the Brink-
man number shows increasing the thermal boundary layer.

Figure 21a–d represents the streamlined graphs for differ-
ent choices of magnetic field, mass transpiration, Bingham 
parameter, and Brinkman number. Streamlines play a crucial 
role in visualizing the flow behavior in fluid dynamics, as they 
represent the trajectories followed by fluid particles, thereby 
offering clear insight into the structure and direction of the 
flow field. In the context of streamlined graphs for various val-
ues of magnetic field, mass transpiration, Bingham term, and 
Brinkman number, streamlines help reveal how each param-
eter influences the velocity distribution, flow separation, and 
boundary layer development. For instance, variations in the 

magnetic field can alter the Lorentz force, affecting flow retar-
dation, while mass transpiration modifies the boundary layer 
thickness by either injecting or suction of fluid. The Bing-
ham parameter reflects the non-Newtonian nature of the fluid, 
influencing yield stress behavior and flow resistance, and the 
Brinkman number indicates viscous dissipation effects within 
porous media. Through streamline patterns, one can visually 
assess how these parameters collectively shape the flow char-
acteristics, making them an essential diagnostic tool for inter-
preting complex fluid behavior in magnetohydrodynamic and 
non-Newtonian systems.
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Concluding remarks

The present work investigated the impact of magnetic field 
applied to a ternary nanofluid flow; the authors observed 
that there is a dearth of research on Bingham ternary nano-
fluids with the circumstance of velocity slip and tempera-
ture jump boundary conditions and impact of MHD and 
thermal radiation on ternary nanofluids and utilized the 
research gap. Also, the authors studied the Darcy–Brink-
man’s effect on the flow. The governing equations are 
formulated to ODEs by using suitable variables and then 

calculated by an analytical approach. The following con-
clusions can be made:

•	 Increasing the magnetic field decays the momentum of 
the fluid and enhances the thermal boundary layer.

•	 Increasing inverse Darcy number decreases the momen-
tum of the fluid and raises the thermal boundary layer.

•	 Increasing the Bingham parameter decays the velocity 
of the fluid and raises the thermal boundary layer.

•	 Enhancing the slip values decays the momentum of the 
fluid.

0.25

0.20

0.15

0.10

0.05

0.00

θ(
η)

Γ = 0.5, Da–1 = 0.5, S = 0.3, Ni = –0.1, Bi = 2, Q = 0.5, d = 1.5

Γ = 0.5, Da–1 = 0.5, S = 0.3, Ni = –0.1, Bi = 2, Q = 0.5, d = –0.5

Nr = 1, 2, 3

Nr = 0.1, 0.5, 1.0
Upper branches

Lower branches

0.5 1.0 1.5

η
2.0 2.5

(a)

θ(
η)

0.030

0.025

0.020

0.015

0.010

0.005

0.000

Similarity variable η

(b)

0.00 0.02 0.04 0.06 0.08
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•	 Enhancing the thermal radiation and volume fractions 
upsurges the thermal boundary layer.

•	 Enhancing the Brinkman parameter decreases the 
momentum profile and raises the thermal boundary 
layer.

Limitations of the current study compared to previous 
research are:

•	 lim
�,Qo→0
Λ→0
Da−1→0

{present results}→{results of Hamid et al. [26]}
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•	 In the absence of porous medium and inclined angle and 
adding of hybrid nanofluid, {present results} →{results 
of Khan et al. [28]}.

The present work can be extended by using several physi-
cal fluid models effects such as Maxwell fluid, couple stress 
fluid, and Williamson fluids over various boundaries such as 
convergent/divergent channel, exponential stretching sheet, 
wedge, among others.

Limitations and future study of the current analysis

Despite the promising findings, the study has certain limi-
tations, particularly the assumption of idealized bound-
ary conditions and the lack of experimental validation to 
support the theoretical results. The influence of dynamic 
environmental factors and complex geometries was not 
explored, which may limit practical applicability. However, 
the research opens new avenues for future work, especially 
in incorporating real-world boundary effects like surface 
roughness, transient behavior, and extending the analysis 
to three-dimensional flows. There is also significant scope 
for integrating advanced computational techniques and 
experimental studies to validate and enhance the predictive 
accuracy of Bingham ternary nanofluid models in practical 
thermal systems.
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