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A B S T R A C T   

The magnetohydrodynamic axisymmetric flow of Casson fluid over a nonlinear permeable shrinking or stretched 
surface is discussed in this article. Indeed, the heat transfer characteristics of an axisymmetric fluid across a non- 
linearly shrinking or stretching surface provided by a Casson fluid are examined analytically. Thermal radia
tion term is incorporated into the equation for the temperature field. Through sufficient transformations, the 
aforementioned non-linear PDEs are turned into ODEs. The transformed equations are then solved analytically. 
And an incomplete gamma function is used to depict the temperature solution analytically. The temperature 
equation is transformed to an incomplete gamma functions using the Rosseland approximation for the radiation 
and solved analytically. To estimate mass transpiration analytically, the momentum equation is investigated. To 
acquire the analytical results, this mass transpiration is carried out in the analysis of heat transfer under the 
Navier slip condition. Graphical analysis can be used to assess important physical aspects like the magnetic field, 
Casson parameter, mass transpiration, radiation, and Prandtl number. Dual solutions for the velocity, temper
ature and skin friction were obtained. In fact, for higher Prandtl number, the temperature inside the boundary 
layer reduces. The resulting dual solution projects that local skin friction coefficient a escalates in the first branch 
solution and decelerates in the second branch solution with the increase in the magnetic parameter. additionally, 
efficiency is increased for higher values of thermal radiation.   

1. Introduction 

In light of the fact that magnetohydrodynamic flows are employed in 
engineering as well as industries through magnetohydrodynamic 
pumps, the mobility of ionized gases, MHD generators, and the move
ment of different gases with respect to the geomagnetic field, It is pro
vided that magnetic fields have a substantial impact on the flow of 
electrically conductive fluids, hence, several researchers [1–4] have 
conducted research on the impact of a magnetic field on the motion of an 
electrically conductive fluid. Due to its numerous uses in various tech
nical disciplines, the flow of boundary layers driven by a steady 
straightening / shrinking surface has gathered a lot of interest in the last 
few decades. A few examples of practical applications for moving 
stretched/shrinked surfaces include wire tracking, sheet and paper 
manufacturing, the crystallization of fluid magnificent stones, the 
fabrication of glass and fibre, etc. The use of the movement of boundary 

layers for a continuous, extended surface flowing at a constant rate was 
initially established by Sakiadis [5–6] in light of the aforementioned 
applications. Crane [7] studied the flow that occurs when a plate con
taining liquid at rest is entered through a slit while moving at a constant 
speed, both immediately and in the future. The invention of the crane 
has been examined from a variety of physical viewpoints and specific 
perspectives due to its numerous mechanical implementations. 
Recently, though, a study on the flow across a diminishing surface has 
attracted a lot of interest. The investigation of flow across a surface that 
is shrinking was started by Miklavcic [8]. They revealed a lack of 
vorticity restricted inside a barrier layer along with a constant flow that 
requires substantial suction at the barrier in order to exist. Since then, 
many studies have been conducted to examine various facets of this 
issue, including those by researchers [9–11], to mention a few. 

Owing to its expanding applications in engineering as well as cutting- 
edge technology during the past several decades, flow studies in porous 
media have attracted researchers’ attention. A mixture of fluid as well as 
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solids with interconnected pores which allow liquid to travel through 
them or across it is referenced to as porous materials. The base material 
is often a solid. In the context of suction/injection, Navier slip, as well as 
a super linear stretched sheet, the Magnetohydrodynamic movement of 
an electrically conducting Nanofluid flow is explored by Mahabaleshwar 
[12]. the linear Navier slip barrier condition-induced stable velocity 
with circulation of a viscoelastic fluid under radiation heat transfer in a 
permeable material by Mahabaleshwar [13]. For the motion of Walters’ 
liquid B owing to permeable stretched as well as contracting with mass 
and heat transfer, laminar stream is used according to an effects of mass 
transpiration and Navier slip has been addressed by Anusha [14]. 

Numerous studies have been conducted on flowing boundary layers 
beyond stretchable sheet planer, according to a literature review 
[15–16], moreover, among every passing generation, axisymmetric flow 
as a feature across radiating extending surface is growing in importance 
among researchers. Ariel [17] looked at the axially symmetric flow of 
Newtonian water across a stretched sheet with a slight slip at the bor
ders. With the use of HAM technique, Sajid [18] conduct work on a 
viscous fluid flowing axisymmetrical along non-linearly stretched sur
face provides the quantitative solution. Very recently, while in existence 
of an applied magnetic field, boundary layer Navier slip flow across 
stretched surface is investigated by Mahabaleshwar [19], using the 
DTM-Pade method to derive approximatively solutions. Soomro [20] 
investigated an effects of a slip stimulation on axisymmetric liquid 
moving through a contracting cylinder produced by mixed convection of 
a water-based copper nanoparticles. 

Non-Newtonian fluids are being used more and more, particularly in 
plasma streams, mercurial amalgamation, metal catalysts as well as al
loys, nuclear fuel sledges, heavier crude and lubricant flows, paper 
coatings, polymeric extrusion flows, and several other operations. 
Considering these facts, knowing non-Newtonian fluid dynamics, either 
with or without heat exchange, is very important for a better under
standing of topics like food refrigeration and polymer infusion, among 
others. Due to their complicated composition and intricate interactions 
with the flow field, non-Newtonian fluids are typically far more prob
lematic to research. Much knowledge of non-Newtonian fluids is 
extremely empirical. Non-Newtonian fluid flows are governed by 
extremely nonlinear equations. Numerous non-Newtonian 
manufacturing fluids Some fluids exhibit solid-like elastic behavior, 
with Shear stress formation is a part of the governing equations for such 
liquids. Casson fluid is one of these fluids that is not Newtonian. 
Therefore, flow can occur if the shear force is greater than the shear 

stress. Abbas [21] investigated the effects of a dual chemical reaction, 
activation energy, and stretching and shrinking a sheet around a stag
nation point in a non-Newtonian Casson liquid incorporating thermal 
radiation. Axisymmetric Magnetohydrodynamic Casson fluid flow 
beyond a rotating cylinder is studied by Javed [22]. The cylinder’s 
torsional movement is what essentially causes the flow. It has been 
described how heat radiation as well as velocity slip affect the move
ment of MHD Casson liquid past an extended sheet at the stagnation 
point by Raza [23]. The biomechanics and polymer processing in
dustries both benefit from the use of Casson fluid; for examples, see 
References [24,25,26,27], and several references therein. Moreover, 
Heat and flow across a rotating disc due to a uniform horizontal mag
netic field is studied by Turkyilmazoglu [28]. The electrically con
ducting compressible laminar fluid flowing on a porous rotating disc 
using steady magnetohydrodynamics (MHD) is analyzed by Turkyil
mazoglu [29], and also conducted research [30] on flow and heat 
characteristics of few nanoparticles past a deformable and porous ma
terial. Recently, the mixed convection MHD flow of heat transfer 
stretches or contracts a nonlinear sheet of carbon nanotubes is investi
gated analytically by Anuar [31]. The magnetohydrodynamic hybrid 
Cu-Al2O3/water nanofluid flow over a permeable stretched sheet under 
the impact of velocity slip as well as thermal radiation is addressed by 
Wahid [32]. In recent studies, the effects of temperature changes on 
different logarithmic surfaces. Jalili [33] studies the transfer of heat in a 
single dimension. A new method for analyzing fractions using the 
time–space fractional equations found in oil pollution and Newtonian 
fluid with fractional differential equations is investigated by Jalili 
[34–35]. Moreover, some researchers [36–40] conducted a research on 
properties of ferrofluid, micropolar ferrofluid, hybrid nanofluid, Wil
liamsons fluid, micropolar nanofluid flow over stretching/shrinking 
sheet with effect of different parameters such as magnetic field, thermal 
radiation, thermophoresis, Brownian motion and hall effects. Hassan 
[41] researched the flow and heat transfer of a fluid under shear through 
a non-linear stretched sheet with a variable thickness. 

Furthermore, many scientists have explored different fluids, but only 
a few have considered non-Newtonian fluids due to the complexities that 
arise due to the non-linearity. The accurate treatment of the stream of 
Casson fluid suspended with hybrid nanoparticles together with dust 
particles through a stretched sheet in the presence of Lorentz force is 
portrayed by Khan [42]. MHD was used to investigate the Casson liquid 
mixed convective flow through a channel is depicted by Raza [43]. The 
stability of natural convection heat transfer, and convective heat 

Nomenclature 

List of symbols Definition (S.I. Units) 
A Constant (-) 
B2 Magnetic field (Tesla) 
Cp Specific heat (JK− 1 Kg− 1) 
d Stretching/shrinking parameter (-) 
Da− 1 Inverse Darcy factor (-) 
f Velocity stream function (-) 
fw Mass suction/injection (-) 
K Permeability (N/A2) 
M Magnetic parameter (-) 
Nr Radiation factor (-) 
Pr Prandtl number (-) 
T Temperature of fluid (K) 
Tw Temperature of surface (K) 
T∞ Ambient temperature (K) 
u1,w1 r1, z1 axis velocity components.(ms− 1) 
r1,z1 Coordinates (-) 

λ Casson parameter (-) 
Γ Navier velocity slip (-) 

Greek symbol 
α Constant (-) 
κ Fluid’s thermal conductivity (Wm− 1K− 1) 
μ Dynamic viscosity (Ns m-1) 
η Similarity variable (-) 
ρ Density (Kg/m3) 
ν Kinematic viscosity (m2s− 1) 
θ Fluctuating temperature (-) 
σ Electrical conductivity of fluid (S/m) 

Abbreviation 
σ* Stefan-Boltzmann constant (Wm− 2K− 4) 
MHD Magnetohydrodynamic (-) 
ODEs Ordinary differential equation (-) 
PDEs Partial differential equation (-)  
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transfer of titania nanofluids of different base fluids in a cylindrical 
annulus with discrete isoflux heat sources of various lengths is investi
gated numerically by Oudina [44–45]. Reddy [46] discusses quantita
tively the effect of thermal radiation on the flow of a Williamson 
nanofluid through a porous material at a stretched surface while ac
counting for velocity and thermal slip. With the assistance of numerical 
solutions, Shafiq [47] analyzed the non-Newtonian Walters-B nanofluid 
over stretched Riga plate with Newtonian heating. Thermal Analysis of a 
Hybrid-Nanofluids Solar Collector and Cumulative Storage System is 
proposed by Dhif [48]. In another research, between two stretchable 
discs, a viscous, incompressible, laminar, axisymmetric flow of a 
micropolar fluid with the presence of a magnetic field is examined by 
Jalili [49]. 

Motivated by the abovementioned investigations, in the present 
work, we analyze the effect of magnetohydrodynamic and radiation on 
flow of axisymmetric non-Newtonian fluid over a stretching/shrinking 
sheet in the presence of porous medium. The governing coupled, 
nonlinear partial differential equations of the flow of heat and transfer 
problems are transferred into non-linear, coupled ordinary differential 
equations by using a similarity transformation. These coupled non- 
linear ordinary differential equations subject to the appropriate 
boundary conditions are solved analytically. The novelty of the present 
work explains that the momentum and energy equation solved analyt
ically to get the solution domain and the expressed the solution in terms 
of incomplete gamma function. There are several factors considered in 
the present article, including radiation, the Navier-Slip impact, the 
magnetic parameter, mass suction/injection, and the Casson parameter. 
The solution curves are displayed, along with comprehensive discus
sions. The work is used in many industrial and engineering applications, 
viz., power engines, advanced nuclear systems, automobiles, biological 

sensors, drug delivery, and entropy generation. 

2. Development of problem 

Suppose a 2D steady incompressible viscous Casson fluid flow with 
magnetohydrodynamic boundary layers with heat transfer that is 
confined via a radiating penetrable non-linear stretched /diminishing 
surface that is exposed via radiant energy along to (r1, ε) plane. Fig. 1 
displays the flow pattern of the mathematical model associated with 
embedded Casson fluid and their appropriate cartesian cylindrical co
ordinates (r1, ε, z1). Where the r1- axis of component is boosted within 
parallel plane, besides even z1- coordinated plane is dominated within a 
perpendicular position, appropriately. Stream is symmetric to (r1,

ε)-plane as well as asymmetrical around the z1 direction. Presumably, 
the sheet surface’s modeling velocity isuw(r1) = br3

1, while b is the 
arbitrarily chosen constant. Moreover, It is presumed that the magnetic 
force is fluctuating because B(r1) = r1B0 which acts parallel to the 
sheet’s boundary. The estimated acceleration of wall mass transfer is 
consider asww(r1) = − r1v0, in which ww < 0 and v0 > 0 denote mass 
injection. Whereas ww > 0 with v0 < 0 represents mass suction. 

We assume that the rheological formula for an isotropic and 
incompressible movement of a Casson fluid can be formulated being 
[50–52]. 

τij =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2
(

μB +
py
̅̅̅̅̅
2π

√

)

eij, π > πc

2
(

μB +
py
̅̅̅̅̅
2π

√

)

eij, π < πc

, (1) 

here μB is the plastic dynamics viscosity of the Casson fluid, py is the 
yield stress of the fluid, π is the product of the component of deformation 

Fig. 1. Schematic representation of the flow problem.  
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rate with itself, specially,π = eijeij, the deformation rate (i, j)th compo
nent is calledeij. While πc is the critical value of the product of the 
component of the deformation rate with itself. In light of these pre
sumptions, the steady-state fundamental regulating expression for this 
problem can be designated as cylindrical coordinates in Cartesian space 
(r1, ε, z1), which are written as follows [57]: 

∂u
∂r1

+
u1

r1
+

∂w1

∂z1
= 0, (2)  

u1
∂u1

∂r1
+w1

∂u1

∂z1
=

(

1 +
1
λ

)

ν ∂2u
∂z2

1
−

ν
K

u1 −
σB2(r1)

ρ u1, (3)  

u1
∂T1

∂r1
+w1

∂T1

∂z1
=

κ
ρCp

∂2T1

∂z2
1
−

1
ρCp

∂qr

∂z1
, (4) 

Imposed boundary constraints [57,58] for the equations (2) -(4). 

u1 = duw(r1) + A
∂u1

∂z1
, w1 = ww(r1), T1 = Tw, at z1 = 0,

u1→0, T1→T∞, as z1→∞.

(5) 

where (u1,w1) are the components of velocities along (r1, z1) axis 
respectively, the fluid kinematic viscosity is known to beν, σ be the 
electrical conductance of fluid, Density of the fluid is denoted asρ, κ is 
called as thermal conductivity of fluid, where d be the shrinking/ 
stretching factor, A is the first order slip component, K is the perme
ability of the porous medium, λ is the casson parameter, σ is the elec
trical conductivity of the fluid,B is the external magnetic field 
variable,ρCp is the specific heat capacitance of the fluid and description 
of other parameters are mentioned in the nomenclature part this paper. 

The following proper self-similarity transformations were recom
mended to facilitate the analysis of the problem. 

η =

̅̅̅
α
ν

√

z1r1, θ(η) =
T1 − T∞

Tw − T∞
, ψ =

̅̅̅̅̅
αν

√
r3

1F(η), (6) 

Presently ψ be the respective stream function. Additionally, 
demonstrate ψ using its constituent parts as u1 = 1

r1

∂ψ
∂z1 

withw1 =

− 1
r1

∂ψ
∂r1

. Finally, use Eqn. (6) to these equations to obtain the velocities in 
the format shown below: 

u1 = αr3
1F′

(η)w1 = −
̅̅̅̅̅
αν

√
r1(3F(η) + ηF′

(η) ) (7) 

The radiative heat flux qr can be determined using the Rosseland 
approach [53–56]. 

qr = −
4σ*

3k*
∂T4

∂z1
, (8) 

where σ* is the Stephen Boltzmann constant and k* is the mean ab
sorption coefficient respectively. Interestingly, by employing the Ros
seland approximation, on expanding T4 in the form of Taylor series and 
ignoring the higher order terms to get, 

T4 ≅ 4T3
∞T − 3T4

∞, (9) 

The radiation term in equation (4) then implies the following form. 

∂qr

∂z1
=

16σ*

3k*
∂2T1

∂z1
(10) 

Invoking equation (10), equation (4) gets modified [35–36] as. 

u1
∂T1

∂r1
+w1

∂T1

∂z1
=

(
κ

(
ρCp
)+

16σ*T3
∞

3k*
(
ρCp
)

)
∂2T
∂z2

1
, (11) 

In the view of similarity transformations mentioned above, equations 
(2) -(4) simplify to. 

Fig. 2. An impact of fw on velocity profile.  
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(

1 +
1
λ

)
d3F
dη3 + 3F(η) d2F

dη2 − 3
(

dF
dη

)2

−
(
Da− 1 + M

) dF
dη = 0, (12)  

(1 + Nr)
d2θ
dη2 + 3PrF(η) dθ

dη = 0, (13) 

In which λ is to be Casson parameter, inverse Darcy number is 

denoted byDa− 1 = ν
Kα, M =

σB2
0

ρα is the magnetic parameter, Prandtl 
number isPr, together with radiation parameter is defined byNr =

16σ*T3
∞

3k*k(ρCp)
. 

The corresponding modified boundary conditions are. 

dF
dη = d + Γ

d2F
dη2 , F(η) = fw, θ(η) = 0, at η = 0,

dF
dη→0, θ(η)→0, as η→∞.

(14) 

where d represents the shrinking/stretching factor, besides Γ =

Fig. 3. An impact of fw on temperature profile.  

Fig. 4. An impact of M on velocity profile.  
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Ar1
̅̅α
ν

√
is the Navier first order slip. Coefficient mass transfer is desig

nated asfw, among fw > 0 for suction and fw < 0 for injection. 

2.1. Physical quantities of interest 

The non - dimensional skin friction factor, which is the physical 
quantity of interest, is characterized as. 

Cf =
2μ
ρ

(
∂u1

∂z1

)

z1 = 0
, (15) 

and using the similarity variable, we obtain the following value for 
the local skin friction coefficient: 

0.5Re
1
2
r1

Cf =

(
d2f
dη2

)

η = 0
(16) 

whereRer1 =
uw(r1)r1

ν , is the Reynolds number. 

3. Analytical solution 

This part of the report demonstrates the operations of the analytical 
solution methodology. We must obtain the closed-form exact solutions 
to equation (12) as well as equation (13) in the given problem, consis
tent to the appropriate boundary conditions (14). Consequently, bearing 
in mind the method of comparing earlier work [57]. Under the condition 
of boundary conditions (14), we obtain the analytical or exact solution 
of equation (12) in the procedure outlined below: 

F(η) = fw +
d

δ(1 + Γδ)
(1 − e− δη), (17) 

With. 

dF
dη =

d
(1 + Γδ)

e− δη, (18) 

in order to substitute equations (17–18), second and third derivative 
of F(η) in equation (12), we obtain cubic polynomial in terms ofδ. 
(

1 +
1
λ

)

Γδ3 +

{(

1 +
1
λ

)

− 3fwΓ
}

δ2 −
(
3fw + ΓDa− 1 + MΓ

)
δ −
(
3d

+ Da− 1 + M
)

= 0, (19) 

which provides one real roots along with one pair of conjugate 
complex roots. 

equation (19) can be rewrite as. 

ξ1δ3 + ξ2δ2 − ξ3δ+ ξ4 = 0, (20) 

roots of the above equation (20) is expressed as. 

δ1 = −
ξ2

3ξ1
−

21
3(− ξ2

2 − 3ξ1ξ3)

3ξ1m1
+

m1

3*21
3ξ1

,

δ2,3 = −
ξ2

3ξ1
+

(
1 ± i

̅̅̅
3

√ )(
− ξ2

2 − 3ξ1ξ3
)

3*21
3ξ1m1

−

(
1 ∓ i

̅̅̅
3

√ )
m1

6*21
3ξ1

. (21) 

where.  

Fig. 5. An impact of M on temperature profile.  

m1 =

(

− 2ξ3
2 − 9ξ1ξ2ξ3 + 27ξ2

1ξ4 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− ξ2

2 − 3ξ1ξ3
)3

+
(
− 2ξ3

2 − 9ξ1ξ2ξ3 + 27ξ2
1ξ
)2

√ )1
3

,
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Additionally, it is evident from the aforementioned different roots, 
we acquire the results to the current problem. 

3.1. Analytical solution for temperature equation 

Now, in order to get the exact solutions to equation (13), we intro
duced a new variable t = Pr

δ2e− δη, consequently, using the new variable 

in equation (13) and exposing it to boundary condition (14) produces 
the desired result: 

t
d2θ
dt2 +(m + nt)

dθ
dt

= 0, (22) 

where. 

m = 1 −
3Prfw

δ(1 + Nr)
−

3Prd
δ2(1 + Γδ)(1 + Nr)

, n =
3Prd

(1 + Γδ)(1 + Nr)
.

Fig. 6. An impact of λ on velocity profile.  

Fig. 7. An impact λ on temperature profile.  
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in addition to boundary constraints are. 

θ
(

Pr
δ2

)

= 1, and θ(0) = 0. (23) 

Integrating equation (22) can be directly twice, we have. 

θ(t) =
c1

n1− m

∫ nt

0
σa− 1e− σdσ + c2, (24) 

herec1 and c2 , which are constant being estimated later, simply 
imposing barrier constraints to equation (24). i.e. θ

(
Pr
δ2

)
= 1,

and θ(0) = 0, the value of constants given as. 

c1 =
n1− m

Γ
(
1 − m, nPr

α2

)
− Γ(1 − m, 0)

, (25)  

c2 = −
Γ(1 − m, 0)

Γ
(
1 − m, nPr

α2

)
− Γ(1 − m, 0)

, (26) 

Consequently, the results related to equation (22), that obeys 
boundary restrictions (23) in favor of incomplete gamma function Γ(a,
x) are follows: 

Fig. 8. An impact of Nr on temperature profile.  

Fig. 9. Prandtl number effects on temperature profile.  
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θ(η) =
Γ(1 − m, 0) − Γ

(
1 − m, nPr

δ2 e− δη)

Γ(1 − m, 0) − Γ
(
1 − m, nPr

δ2

) , (27) 

Now, computing the first differentiation of equation (25) with 
reference to the fictitious variable η resulting into. 

dθ
dη =

( − 3)1− m(
− nPr

δ2 e− δη)δ
(

nPr
δ2 e− δη)1− m

Γ(1 − m, 0) − Γ
(
1 − m, nPr

δ2

) . (28) 

In this section, it was established that using the incomplete gamma 
function as a problem-solving technique delivers a simplified set of 
unique characteristics, whereas using the alternative ways results in the 

formation of more complicated special functions. Next, we move on to 
the findings of the present study. 

4. Outcomes of the problem 

This research looks at the flow and heat transfer of Casson fluid past a 
porous shrinking/stretched sheet in two dimensions. Navier slip 
together with radiation impacts is also discussed in the current article. 
While employing a similarity conversion, the system of equations is 
simplified to collection of non-linear ODEs. We have investigated how to 
comprehend and analyse the graphical shown upper and lower branches 

Fig. 10. An impact of M on0.5Re
1
2
r1 Cf .  

Fig. 11. An impact of M on0.5Re
1
2
r1 Cf .  
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responses to the casson fluid closed-form analytical solutions to this 
problem. We have portrayed the significant influences of the pertinent 
physical factors like, magnetic field, Mass suction/injection, Nr and 
Casson factors on momentum, temperature, with shear stress profile. 

The consequences of fw upon momentum and temperature distribu
tions are demonstrated in Figs. 2-3, correspondingly. Findings suggested 
momentum anticipated beyond upper branch solution enhances (first 
solution) with greater mass suction/injection value, while lower branch 
solution (second solution) displays the reverse phenomenon. 

Alternatively, larger mass suction/injection value creates a reduction in 
thermal later, especially seen in lower and upper branch solutions. 
Justification for aforementioned features are that the liquid closer to 
layer is sucked up more quickly. since a higher value of mass suction/ 
injection value, contributing to a greater velocity. Additionally, tem
perature drops as a result of extracting more intensely heated fluid via 
porous surface. 

Figs. 4-5, respectively, indicate the changes in momentum and 
temperature distribution as a function ofM. It is clear from looking at the 

Fig. 12. An impact of Stretching/Shrinking parameter on0.5Re
1
2
r1 Cf .  

Fig. 13. An impact of Γ on temperature profile.  
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upper branch solution that the increase in M causes the velocity to in
crease with a decreasing temperature profile. Unfortunately, the second 
solution branch implements the opposite outcome. Since the magnetic 
field has a significant impact on fluid flow, raising M allows the velocity 
to decrease. Consequently, the fluid temperature decreases with 
largerM. 

Figs. 6-7 demonstrate the impact of λ over momentum and temper
ature distribution. In both Profile of the fluid momentum and temper
ature decreases as quantity of λ increases in second solution branch. 
Because of development of λ, the fluid gets more viscous. Consequently, 
greater resistance is provided, resulting in a thinner momentum and 
temperature boundary surface in both upper and lower solution branch. 
It can clearly be examined that the momentum distribution profiles are 
increases as the slip parameter are increasing and momentum boundary 
layer thickness increases in first solution. 

Fig. 8 shows the temperature profile for different values ofNr. The 
temperature behaves uniquely in both the upper and lower branch so
lution. The first and second branch solution increases with the 
increasing value of theNr. From a physical point of view, the impact of 
the superior values of the radiation parameter progresses the thermal 
conductivity which can create amplification in the temperature as well 
as in thermal boundary layer thickness. 

Fig. 9 scrutinized the relationship between the Prandtl number and 
the temperature distribution. We can see from the curve that as the 
Prandtl increases slightly, the thickness of the temperature boundary 
layer diminishes in both solution branches. 

Fig. 10 presents two solutions for the skin friction factor by changing 
M in terms of the value for stretched or contracting. If d is minimized, the 
coefficient of skin friction grows. Momentum gradients at the surface 
develop as the surface is extended or shrunk more quickly, respectively. 
Consequently, as d drops, the skin friction improves. But on the other 
hand, the skin friction factor rises with M because of fluid velocity will 
expand with a stronger magnetic factor. Additionally, the threshold for 
the occurrence of dual solutions rises as M. Fig. 11 presents dual solu
tions versus fw taking M variations into account. The coefficient of skin 
friction reduces with reducing suction parameter but increases with 
increasing injection strength for a constant M, according to a physically 
valid upper branch solution. The skin friction coefficient appears to be 
zero for an injection velocity that is quite high. In contrast, it rapidly 
rises as suction velocity increases. Similarly, shear stress is elevated by M 
values that are larger. The development of the skin friction factor with 
respect to mass suction/injection, in which suction enhances the mo
mentum differences over the surface as well as injection lessens it. 

Fig. 12 exhibits the deviations of d about lower and upper solution 
branches over magnetic field parameter for skin friction factor. Ac
cording to the observations, there are multiple solutions available only 
in the scenario of the diminishing parameter. Furthermore, the greater 
value of the shrinking parameter enhances both streams solutions of skin 

friction factor. This typically occurs because the fluid flow or velocity 
patterns are diminished with increasing values of the shrinking factor, 
and so as a result, the velocity as well as skin friction obey the rule of 
inversion proportionality. Consequently, as a result for this interpreta
tion, necessary the skin friction factor increases. 

Fig. 13 shows the shrinking / stretching of a surface as a function of 
temperature. Additionally, the value of slip parameter Γ grows as the 
border layer does in both instances of upper and lower branch solution. 

5. Concluding remarks 

During this investigation, we closely investigate the flow and heat 
transfer characteristics of non-Newtonian magnetohydrodynamic 
axisymmetric fluid over a stretching/shrinking sheet with the effect of 
thermal radiation, mass suction/injection, including Navier slip condi
tion. After adopting a suitable similarity transformation to represent the 
velocity and temperature equations as a set of ODEs, after that are 
cracked analytically. In the situation of flow across a sheet that is con
tracting /stretching, a specific closed form analytical solution is found. 
pertinent bodily characteristics, such as mass suction/injection, Mag
netic parameter, casson parameter, radiation and prandtl number has 
been studied in the present problem. The following observations can be 
made from the current investigation:  

• For the shrinking sheet case, only a dual solution is obtained.  
• When fw is enhanced, the first branch velocity profile improves, but 

the second branch behaviour is the inverse, and both branches 
temperatures fall.  

• Increases in momentum and lowered temperature profile are caused 
by the magnetic parameter.  

• The consequences of Pr on temperature and the width of the thermal 
boundary is diametrically opposed.  

• Radiation will rise in temperature distributions by expanding the 
thermal boundary layer width.  

• The skin friction coefficient increases for increasing withM. 

A limiting example of the present study is established by many pre
vious works, as follows:  

• In the presence of hybrid nanofluid, and absence of porous medium 
{our results}→{results of Khan [57].  

• In the absence of MHD, the results of the problem showed that the 
electrical conductivity of base fluid is so small. 

In future, we plan to perform a similar investigation on non- 
Newtonian fluids and a different fluid with the effect of slip condition 
in a porous medium. 

Table1 
Comparison of present study and related works by other authors.  

Related works by other uuthors Fluids Value of α 

Crane 1970 [59] Newtonian α = 1 
Pavlov 1974 [60] Newtonian α =

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + M

√

Umair [57] Non-Newtonian f(η) = fw +
λ
βa

(1 − exp[− βaη]),

βa =

3fw
(ρhnf

ρf

)

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

9f2
w

(ρhnf

ρf

)2
+ 4

(
μhnf

μf

)

3λ
(ρhnf

ρf

)

+

(σhnf

σf

)

M

√
√
√
√

2
(μhnf

μf

) ,

Present work Non-Newtonian F(η) = fw +
d

δ(1 + Γδ)
(1 − e− δη),

(

1 +
1
λ

)

Γδ3 +

{(

1 +
1
λ

)

− 3fwΓ
}

δ2 −

(
3fw + ΓDa− 1 + MΓ

)
δ −

(
3d + Da− 1 + M

)
= 0,
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5.1. Validation 

The temperature behavior of the present problem is verified with the 
closed-form analytical solution proposed by Crane (1970). Furthermore, 
in the absence of radiation and viscous dissipation, the results of the 
problem for heat sink yield the results of the analogous isothermal 
problem for species concentration. Table 1 shows related works by other 
authors and finding existing results. 
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