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a b s t r a c t

The linear and nonlinear stability of axisymmetric convection of a viscous fluid in a
cylindrical enclosure heated from below is investigated for various radius to height
ratios. A weak vertical throughflow is imposed in a gravity-aligned or a gravity-opposing
manner. Symmetric and asymmetric boundaries of free-free, rigid-rigid and rigid-free
types are considered for lower and upper boundaries with isothermal temperature
boundary condition. The side-walls are assumed to be rigid and adiabatic. A convergent
Maclaurin series representation is considered for the finding of axial trial eigenfunctions.
In order to corroborate the results of the present study with those of a previous
investigation, the critical Rayleigh number and the number of radial rolls manifesting for
any given aspect ratio are determined in the case of no throughflow and an exact match
is found. Further, the influence of boundaries and the effect of throughflow on chaotic
and periodic regimes of motion are studied with the help of a time series solution and
the largest Lyapunov exponent as indicators of chaos. The novelty of the present study is
the use of a Maclaurin series representation for the eigenfunctions of the linear problem
and using the same in determining the solution with the convective mode.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

A physical model which is conceptionally rich and accessible to experiment always remains one of the most actively
nd extensively studied system. One such system is that of Rayleigh–Bénard convection in a rectangular geometry of
nfinite horizontal extent where the convection is due to lower boundary being hotter than the upper one. Such a
onvection is said to be cellular because a pattern of thermally induced vortical motion is observed [1]. The onset of
ellular pattern is characterized by a non-dimensional parameter called the critical Rayleigh number (Rac). This critical
alue greatly depends on the type of boundary condition prevalent at the bounding plane surfaces. For instance, Pellew
nd Southwell [2] considered three distinct thermally conducting boundary conditions at both boundaries: free or rigid,
r free top and bottom rigid. They showed that Rac = 657.5, 1707.8 and 1100.65 respectively for the first, second and
hird boundary combinations.

Convection in a silicon oil constrained by lateral boundaries of different geometries was demonstrated experimentally
y Soberman [3]. He showed that in addition to horizontal boundaries, the critical Rayleigh number is also influenced by
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the spacing and the geometry of lateral boundaries. Thermal instability in a viscous fluid constrained by an infinite circular
cylinder was investigated by Yih [4]. He considered the physically realistic rigid and adiabatic boundaries. Ostrach and
Pnueli [5] considered perfectly conducting boundaries of cylinders of arbitrary cross-section. The primary motivation of the
studies of Yih [4], and Ostrach and Pnueli [5] was to report the boundary effect on the value of the critical Rayleigh number.
Catton and Edwards [6] considered finite circular cylinders with either perfectly adiabatic or conducting boundaries and
showed that the critical Rayleigh number of the perfecting conducting side walls is three times larger than that of the
case of adiabatic side walls. Liang et al. [7] considered temperature-dependent viscosity for the axisymmetric buoyancy-
driven convective flow in a cylindrical cell bounded by rigid, insulating lateral boundaries and isothermal top and bottom
planes. They showed that for a fluid having a variable viscosity, subcritical flows exist with only one of the steady-state
solutions remaining stable. Their [7] study is, however, confined to a very narrow range of Rayleigh numbers, beyond
which both solutions are equally stable for those values of the Rayleigh number for which axisymmetric motions occur.
Using the Rayleigh–Ritz method, Charlson and Sani [8] reported upper and lower bounds on the Rayleigh number for the
axisymmetric convection problem in a cylindrical geometry for various radius-to-height ratios.

The critical Rayleigh number can be expressed as a function of the radius-to-height ratio (aspect ratio) of the
xisymmetric vertical cylinder. This problem was experimentally investigated by Stork and Müller [9]. They reported the
nfluence of lateral walls of different thermal conductivities and boundary wall thicknesses on the onset of convection.
inite amplitude convection in a shallow cylindrical container with an imperfectly insulated side wall was investigated
y Brown and Stewartson [10]. They found a singularity which develops in the amplitude function as the centre of the
ylinder is approached, which results in a large cell amplitude at the origin. The transition from a steady flow to an
scillatory flow in unit aspect ratio cylindrical convection was reported by Wang et al. [11] for small Rayleigh and Prandtl
umbers. The critical Rayleigh number decreases asymptotically for an increase in the value of the aspect ratio. This
as shown by Yu et al. [12] for a circular cylindrical convection problem. Recently, Li et al. [13] observed that the heat
ransport of the convective system in a cylinder gets enhanced with increase in the aspect ratio for a fixed value of the
ayleigh number.
The effect of adverse vertical temperature gradient, along with imposed vertical mass flux downwards through the layer

an be observed in the earth’s atmosphere and below cloud base [14,15]. The applicability of this type of mathematical
odel in the earth’s atmosphere was demonstrated by Krishnamurti [16] using a laboratory experimental test for a
oussinesq fluid between two conducting boundaries in the presence of a uniform vertical velocity. The critical Rayleigh
umber was seen to be increased by a term proportional to Pe2, the square of the Peclet number, for large Prandtl number,

but it decreases by Pe2 for small Prandtl number. The Peclet number characterizes injection and suction of the fluid through
the boundaries. The size of the cell is squashed upward or downward depending upon the sign of Pe being positive or
negative.

The influence of a homogeneous inward flow (injection) of fluid at the lower rigid, conducting boundary and outward
flow (suction) of fluid at the upper rigid, conducting boundary on the value of critical Rayleigh number in the horizontal
extent fluid layer was investigated by Gershuni et al. [17]. Shvartsblat [18] showed that Rac increases as Pe increases
and thereby argued that the influence of permeable boundaries is to delay the convective instability. Nield reported that
the argument of Shvartsblat [18] was deceptive because the influence of permeable boundaries greatly depends on the
nature of boundaries. Using an appropriate Fourier-Galerkin expansion, Nield [19] reported asymptotic relations between
Ra and Pe for 12 different boundary conditions; FIRI/RIFI, RAFA/FARA, RIRA/RARI, RIFA/FARI, RAFI/FIRA, FIFA/FAFI, where
F , R, I , and A denote the free, rigid, isothermal (conducting) and insulating (adiabatic) boundaries. Further, he showed that
the stabilizing effect of throughflow ceases when the upper and lower boundaries are asymmetric and when the Prandtl
number, Pr , was less than or greater than 5/4. Thereby, he showed the importance of Pr and the nature of boundaries in
throughflow problems. Very recently there is a reported work by Capone et al. [20] on weakly nonlinear Darcy-Bénard
convection with throughflow of a Newtonian-Boussinesq fluid but this fluid system is housed in a rectangular geometry
and considers symmetric boundaries. The influence of the vertical throughflow on the critical Rayleigh number, aspect
ratio of the cylinder and the geometry of the cylindrical cross-section was reported by Barletta and Storesletten [21] in a
vertical porous cylinder with a permeable and conducting side boundary. An extension of this study to a power law fluid
was made by Brandão [22].

In the present paper, we consider the combined influence of a weak throughflow on linear and weakly nonlinear
stability analyses of axisymmetric convection of a viscous fluid in cylindrical enclosures heated from below with
boundaries being either symmetric or asymmetric. A range of radius to height aspect ratios is considered. The lateral
boundaries are assumed to be rigid and adiabatic (as reported by Charlson and Sani [8]). Using the Maclaurin series
representation, the axial trial eigenfunctions are obtained. In order to corroborate the results obtained in the paper with
earlier findings, comparison is made for the limiting case of no throughflow. An exact match is found between the plots
of Rac versus r0, the aspect ratio, for rigid isothermal boundaries of the present study with those of Charlson and Sani’s
work [8]. Further, the dynamical behaviour of the system is analysed using the largest Lyapunov exponent (LLE) and the
time series solution. The drastic change in the influence of the throughflow due to an asymmetric boundary condition is
explained. The present paper makes a linear and nonlinear stability analyses of cylindrical Rayleigh-B́enard convection in

the presence of a weak throughflow, and considers both symmetric and asymmetric boundary combinations.
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Fig. 1. Schematic of axisymmetric convection in a cylindrical enclosure in the presence of vertical throughflow with radius, r0 , and height, h. Here
0(> 0) is the prescribed throughflow velocity that is vertically downwards or upwards.

. Mathematical formulation

Consider a cylindrical enclosure of height h and radius r0 occupied by a Boussinesq fluid. The fluid is assumed to be of
constant viscosity and thermal diffusivity with its density varying linearly with temperature. The lower and upper circular
plates are maintained at constant temperatures T0 +∆T (∆T > 0) and T0 respectively. A throughflow is imposed at upper
and lower plates in a gravity-aligned or a gravity-opposing manner as shown in Fig. 1.

The governing equations for the aforementioned set up are [11]:

∇ · q⃗ = 0, (1)

ρ0
∂ q⃗
∂t

= −∇p + µ∇
2q⃗ + ρ0 [1 − β (T − T0)] g⃗, (2)

∂T
∂t

+ q⃗ · ∇T = κ∇
2T , (3)

where ∇ = êr
∂

∂r
+ êz

∂

∂z
, êr and êz are unit vectors along radial (r) and vertical (z) axes,

∇
2

=
∂2

∂r2
+

1
r

∂

∂r
+

∂2

∂z2
is the Laplacian operator in cylindrical coordinate system, q⃗ = (u, w) is the two-dimensional

elocity vector, ρnl(T ) is the density, ρnl0 = ρnl(T0) is the reference density, t is the time, p is the dynamic pressure,
⃗ = −gk̂ is the acceleration due to gravity, T is the temperature and κ is the thermal diffusivity of the fluid. In writing
q. (2), we have neglected the non-linear term, (q⃗ · ∇)q⃗, by assuming small scale convective motion.
The Eqs. (1)–(3) are first solved subject to following conditions in the basic state:

w = w0, T = T0 at z = h
w = w0, T = T0 + ∆T at z = 0

}
, r < r0, (4)

e assume the following boundary condition (see Eq. (38) of Charlson and Sani [8]) at the lateral boundaries:

u =
∂T
∂r

= 0 at r = r0, 0 ≤ z ≤ h. (5)

The motionless conduction solution of the governing Eqs. (1)–(3) is as given below:

q⃗b = (0, w0), T = Tb(z) = T0 + ∆T f(z),

pb(z) = −

∫
ρb(z)gdz + c, ρb(z) = ρ0 [1 − β∆Tf(z)] ,

⎫⎬⎭ (6)

where w0 is the prescribed vertical throughflow velocity, f(z) = (ePe − ePe
z
h )/(ePe −1), c is the constant of integration and

e = w0h/κ is the Peclet number which characterizes the vertical throughflow of the fluid.
Superimposing the following thermal perturbation on the basic state:

q⃗ = q⃗b + q⃗′, T = Tb(z) + T ′, ρ = ρb(z) + ρ ′, p = pb(z) + p′, (7)

eliminating the pressure in the perturbed form of Eq. (2), incorporating the quiescent state solution and
non-dimensionalizing the resulting equation using the following scaling:

(u∗, w∗) =
h
(u′, w′), T ∗

=
T ′

, (r∗, z∗) =
1
(r, z), t∗ =

κ
t, r∗

=
r0

, (8)

κ ∆T h h2 0 h
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we get (after omitting asterisks):

∇ · q⃗ = 0, (9)
1
Pr

∂

∂t
(∇2w) = ∇

4w + Ra∇2
1T , (10)

∂T
∂t

= g(z)w + ∇
2T − Pe

∂T
∂z

− q⃗ · ∇T , (11)

here Pr = µ/(ρ0κ) is the Prandtl number, Ra = (ρ0βg(∆T )h3)/(µκ) is the Rayleigh number and the function g(z) is
defined as g(z) = Pe ePez/(ePe − 1).

The governing Eqs. (9)–(11) of the perturbed state are solved using the following horizontal boundary conditions:

(i) FIFI

w =
∂2w

∂z2
= T = 0 at z = 0, 1, r < r0 (12)

(ii) RIRI

w =
∂w

∂z
= T = 0 at z = 0, 1, r < r0 (13)

(iii) FIRI

w =
∂w

∂z
= T = 0 at z = 0

w =
∂2w

∂z2
= T = 0 at z = 1

⎫⎪⎬⎪⎭ , r < r0 (14)

he lateral boundary condition in the perturbed state is:

u =
∂2u
∂r2

+
∂

∂r

(u
r

)
=

∂T
∂r

= 0, r = r0, 0 ≤ z ≤ 1. (15)

e next perform a linear stability analysis using a normal mode solution that involves zeroth and first-order Bessel
unctions satisfying the lateral boundary condition and also the continuity Eq. (9). The axial trial functions for the velocity
nd temperature components are determined by using the Maclaurin series. The desired number of terms required in the
eries is decided upon by using the D Alembert’s ratio test.
In the case of the cylindrical RBC problem one can prove the validity of the principle of exchange of stabilities and

ence we consider stationary convection in Section 3.

. Linear stability analysis

The normal mode representation of (u, w, T ) for the marginal stationary state is:

u = AJ1(α r)F ′(z), (16)
w = AJ0(α r)F (z), (17)
T = BJ0(α r)G(z), (18)

here J0 and J1 are the Bessel functions of zeroth- and first-order respectively, α is the wave number, and the prime on

he axial eigenfunction denotes
d
dz

.
Substituting Eqs. (16)–(18) into the steady state, linear version of Eqs. (9)–(11), we get

F ′′′′
− 2α2F ′′

+ α4F − αRaG = 0,

G′′
− α2G + αgF − PeG′

= 0

}
, (19)

long with the boundary condition:

F = F ′′
= G = 0 at z = 0, 1 for FIFI

F = F ′
= G = 0 at z = 0, 1 for RIRI

F = F ′
= G = 0 at z = 0

′′

}
for FIRI

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . (20)
F = F = G = 0 at z = 1
4
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We assume the Maclaurin series expansion for the eigenfunctions F (z) and G(z) as:

F (z) =

∞∑
n=0

ckzk,

G(z) =

∞∑
n=0

dkzk,

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (21)

Substituting Eq. (21) into Eq. (19) results in the following recurrence relation:

(k + 4)(k + 3)(k + 2)(k + 1)ck+4

− 2α2(k + 2)(k + 1)ck+2 + α4ck − αRadk = 0,

(k + 2)(k + 1)dk+2 − α2dk + αg1ck = 0

⎫⎪⎬⎪⎭ , (22)

where g1 = Pe/(ePe − 1).
The first few coefficients in the recurrence relation are obtained by using the conditions defined at z = 0 in Eq. (20).

Using these known terms and Eq. (22), we obtain F (z) and G(z) for different horizontal boundary conditions as follows:

(i) For FIFI, we have

F (z) = z +
a1
6
z3 −

α

120
(α3

− 2a1α − a2Ra)z5 +
α

720
a2Pe Ra z6

−
α

5040

(
2α5

+ 3a1α3
+ 3a2Raα2

− g1Raα + a2Pe Ra
)
z7

+ · · · + o(zN ), (23)

G(z) = a1z +
a2
2
Pez2 +

1
6

(
a2α2

− g1α + a2Pe2
)
z3

+
Pe
24

(
2a2α2

− 3g1α + a2Pe2
)
z4 +

1
120(

a2(α4
+ 2Pe2α2

+ Pe4) − g1α(α2
+ a1 + 6Pe2)

)
z5

+ · · · + o(zN ), (24)

(ii) For RIRI and FIRI, we have

F (z) =
a1
2
z2 +

1
6
z3 +

a1
12

α2z4 +
α

120
(2α + a2Ra)z5 +

α

720
(3a1α3

+ a2PeRa)z6 +
α

5040
(3α3

+ a2Ra(Pe2 + 3α))z7

+ · · · + o(zN ), (25)

G(z) = a2z +
a2
2
Pez2 +

a2
6
(α2

+ Pe2)z3 +
1
24

(
a1αg1

+a2Pe(Pe2 + 2α2)
)
z4 +

1
120

(−αg1(1 + 4a1Pe)

+ a2(Pe4 + 3Pe2α2
+ α4))z5 + · · · + o(zN ), (26)

here N denotes the number of terms considered in the Maclaurin series. As mentioned earlier, the value of N is decided
pon by using the D Alembert’s ratio test for testing convergence. In Eqs. (25) and (26), the quantities a1 and a2 come
rom the assumed initial conditions in place of the right end boundary conditions. Further, we note that one normalization
s also used in arriving at them. On using the unused three right end boundary conditions we can determine a1, a2 and
ac for a given value of Pe.
To determine αc , we use the lateral boundary condition (15), which gives the transcendental equation:

J1(α r0) = 0. (27)

t is convenient to use the scaled version of α further on and hence we consider αr0 = p. Thus, from Eq. (27), we now
ave:

J1(p) = 0. (28)

et p1, p2, . . . be the positive real roots of Eq. (28) which are such that p1 < p2 < p3 < · · · . Corresponding to p′

ks, we
ave αk’s such that pk = αkr0. For given r0, we may determine the αk’s from the pk’s.
We next consider a weakly nonlinear stability analysis.
5
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4. Weakly nonlinear stability analysis

To bring in the nonlinear effect, we add a convective mode to the modes considered in the linear stability analysis:

u = −

√
2δ2

α
X (t)J1(α r)F ′(z), (29)

w =

√
2δ2

πα
X (t)J0(α r)F (z), (30)

T =
1
πr

[Y(t)J0(α r)G(z) + Z(t)H(z)], (31)

where δ2 = (α2
+ π2), r =

Ra
Rac

and H(z) is given by

H(z) =

∫ z

0

[∫ ξ

0
F ′(η) G(η) dη

]
dξ + m1ePezz, (32)

and m1 is determined using the boundary condition. The terms, X (t), Y(t) and Z(t) represent the time-dependent
amplitudes. The scaling used in Eqs. (29)–(31) for the amplitudes are those used in the classical Lorenz model. Substituting
Eqs. (29)–(31) into Eqs. (9)–(11) and applying standard orthogonality condition, we get

dX
dτ1

= Pr(−l1X + l2Y)

dY
dτ1

= l3 r X − p4Y − l5XZ

dZ
dτ1

= −bl6Z + l7XY

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
, (33)

here τ1 = δ2t and b = 4π2/δ2. The coefficients li’s are given by

l1 = −

⟨α4F 2
+ F

d4F
dz4

− 2α2F
d2G
dz2

⟩

δ2⟨−α2F 2 + F
d2F
dz2

⟩

, l2 =
−δ2⟨FG⟩

⟨−α2F 2 + F
d2F
dz2

⟩

,

l3 =
⟨FG⟩

⟨G2⟩
, l4 = −

⟨−α2G2
+ G

d2G
dz2

⟩

δ2⟨G2⟩
, l5 = −

1
π

⟨FG
dH
dz

⟩

⟨G2⟩
,

l6 = −
1
bδ2

⟨H
d2G
dz2

⟩

⟨H2⟩
, l7 =

2
π

⟨

(
F
dG
dz

+ G
dF
dz

)
F⟩

⟨F 2⟩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (34)

e now transform the dynamical system in Eq. (33) into the form of the classical Lorenz model [23] by using an
ppropriate second scaling for the amplitudes as:

X = s1X, Y = s2Y , Z = s3Z, (35)

here s1 = l4/
√
l5l7, s2 = (l1/l2)s1 and s3 = (l1l4)/(l2l5). Substituting Eqs. (35) into Eq. (33), we get the modified Lorenz

model that takes the form of the classical Lorenz model [23] with modified definition of non-dimensional parameters and
is given by:

dX
dτ

= Pr∗(−X + Y ),

dY
dτ

= r∗ X − Y − XZ,

dZ
dτ

= −b∗Z + XY

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
, (36)

here τ = l4τ1, Pr∗
= (l1/l4)Pr , b∗

= (l6/l4)b and r∗
= ((l2l3)/(l1l4))r. The modified non-dimensional parameters, Pr∗, b∗

nd r∗ are functions of Pe. From Eq. (36), one can easily obtain the expression of the Hopf Rayleigh number, r∗

H , as given
elow [23–25]:

r∗

H =
Pr∗(Pr∗

+ b∗
+ 3)

Pr∗ − b∗ − 1
. (37)

n what follows, we shall refer to r∗ as just r .
H H

6
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In the literature concerning chaos, a series of indicators are used to study chaos in the dynamical system and one such
ndicator is the Lyapunov exponent (LE). This quantifies the divergence between the two initially close trajectories of the
ector field. The LEs of a system represent the dynamical freedom of the system and thus, the largest Lyapunov exponent
LLE) represents the largest freedom, in the sense that small changes in the past lead to larger changes in the future. To
btain LLE, we denote the generalized Lorenz system (36) as:

dY
dτ

= M(Y, τ ) (38)

nd then the LEs can be obtained as

λi = lim
τ→∞

[
1
τ
Ln

(
|δYi(τ )|
|δYi(0)|

)]
, (39)

here λi, i = 1, 2, 3 (the dimension of the system), are a mean rate of separation of trajectories of the system, δYi(0) are
he initial separation and δYi(τ ) are the separation after time τ . Thus, δYi(τ ) satisfy the variational equation

d
dτ

(δY) = J · δY, (40)

here J involves quantities of the form ∂Mi/∂Yj. The largest among the λi, i = 1, 2, 3, denoted by LLE, is the largest LE
hich decides the nature of the attractors. If LLE < 0 then the trajectory is a fixed point and if LLE = 0 then it is a periodic
rbit. If LLE > 0, then it is a chaotic or a strange attractor. To determine these values, we have numerically integrated the
eneralized modified Lorenz model using the classical fourth-order Runge–Kutta method with a step size of 0.0005.

. Discussion of results

.1. Linear stability analysis

The Maclaurin series representation for the axial trial eigenfunctions was considered with 15, 18 and 22 terms
espectively for FIFI, FIRI and RIRI boundaries. The Bessel functions are used as radial trial eigenfunctions. Using these
n combination as shown in Eqs. (16)–(18), the Rayleigh number was determined for each value of the aspect ratio,
0. Fig. 2 shows the lowest neutral stability branch for symmetric and asymmetric boundaries in the parametric plane
r0, Ra). Depending on the range of r0, different pk, k = 1, 2, 3, . . . give the lowest independent stability curves in the
(r0, Ra) plane. The vertical dashed lines in Fig. 2 represent the transition between these lowest branches as a function of
r0. Since r0 and α are inversely proportional to each other with p as their product, this indeed means that the transition
etween the lowest branches depends on the value of α, and thereby r0 is directly proportional to the wavelength, and
ence as r0 increases the number of cells also increases. In other words, if the number of radial cells is fixed there is
lways a threshold aspect ratio, (r0)T , which yields the smallest value of the Rayleigh number, Rac . The insets of the
lockwise and anticlockwise rotating cells between these vertical lines in Fig. 2 indicate the number of cells that form
n that r0-interval. The curves corresponding to Pe < 0 and Pe > 0 respectively represent the axisymmetric convection
n cylindrical enclosure problems with gravity-aligned and gravity-opposing cases of throughflow while Pe = 0 is the
orresponding problem with no throughflow. The horizontal line in Fig. 2 denotes the Rac value in the limiting case of no
hroughflow. It is clear from this figure that Ra → ∞ when r0 approaches zero and r0 approaching zero means that the
eight of the cylinder is much larger than its radius. In this case the onset of convection is more and more inhibited as
he vertical distance between the horizontal isothermal boundaries becomes larger and larger with increasing r0, and the
ylinder becomes slender. On the other hand, when r0 approaches infinity, the Ra value at transition point approaches Rac ,
hereby one observes the infinite horizontal extent convection. The critical and transition values of r0, Ra and α at each
arginal curve are documented in Table 1. The stability curve concerns RIRI boundaries in the case of no throughflow

eiterates the finding of Charlson and Sani’s [8] work.
Fig. 2 and Table 1 also give information about the influence of weak throughflow on the stability of the system. In the

ase of the symmetric boundaries of FIFI and RIRI, the influence of both gravity-aligned and gravity-opposing types of
hroughflow is to stabilize the system whereas, in the case of FIRI boundary combination, the influence of gravity-aligned
hroughflow is to stabilize the system while the influence of gravity-opposing throughflow is to destablize the system.

Although there is noticeable change in the values of Rac between the cases of no throughflow and a weak throughflow,
he values of Ra and r0 at each transition remains the same. The influence of weak throughflow on Rac is more predominant
han that on αc . Compared to symmetric boundaries of FIFI and RIRI, the influence of throughflow is significant for the
symmetric boundaries of FIRI. This result can be understood by noting that although the vertical throughflow velocity is
onstant the nature of upper and lower boundaries are different in the case of FIRI and the flow within the system also
odifies accordingly leading to advanced/delayed convection depending on whether the throughflow is gravity-aligned
r gravity-opposing. Further, Fig. 2 also suggests that compared to the physically realistic boundaries of RIRI and FIRI, in
he case of idealistic boundaries of FIFI, the range of r0 over which a given number of cells (m) is predicted is less. This is
ecause when the boundaries are rigid then the fluid adheres to its bounding surface and hence the velocity of the fluid
t a rigid boundary surface is that of the boundary and this aspect is fully utilized in the formation of cells.
In what follows, we discuss the results of a weakly nonlinear stability analysis.
7
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Fig. 2. Plot of Rac versus r0 for different boundaries.
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Table 1
The critical and transition values of r0 , Ra and α for each transit branch. Here m denotes the number of cell.
Nature of the
boundaries

Pe m p Critical values for marginal curve Values at transition point

(r0)c Rac αc RaT (r0)T αT

FIFI

0

1 3.83171 1.72

657.51 2.2214

740.413 2.351 1.62982
2 7.01559 3.16 688.230 3.811 1.84088
3 10.1735 4.58 673.352 5.245 1.93966
4 13.3237 6.00 667.256 6.670 1.99756

±0.2

1 3.83171 1.72

658.72 2.2243

741.409 2.351 1.62982
2 7.01559 3.15 689.214 3.811 1.84088
3 10.1735 4.57 689.214 5.245 1.93966
4 13.3237 5.99 668.481 6.670 1.99756

FIRI

−0.2

1 3.83171 1.43

1111.69 2.6845

1268.320 1.966 1.94899
2 7.01559 2.61 1170.540 3.171 2.21242
3 10.1735 3.79 1143.020 4.358 2.33444
4 13.3237 4.96 1131.340 5.538 2.40587
5 16.4706 6.14 1124.360 6.690 2.46197

0

1 3.83171 1.43

1100.65 2.6800

1255.870 1.966 1.94899
2 7.01559 2.62 1158.710 3.171 2.21242
3 10.1735 3.79 1131.620 4.358 2.33444
4 13.3237 4.97 1120.050 5.538 2.40587
5 16.4706 6.14 1113.200 6.690 2.46197

0.2

1 3.83171 1.43

1093.57 2.6820

1247.680 1.966 1.94899
2 7.01559 2.62 1151.340 3.171 2.21242
3 10.1735 3.79 1124.320 4.358 2.33444
4 13.3237 4.97 1112.840 5.538 2.40587
5 16.4706 6.14 1106.030 6.690 2.46197

RIRI

0

1 3.83171 1.23

1707.76 3.1170

1945.56 1.680 2.28078
2 7.01559 2.25 1793.66 2.720 2.57926
3 10.1735 3.26 1795.96 3.740 2.72019
4 13.3237 4.27 1735.34 4.760 2.79910
5 16.4706 5.28 1726.98 5.780 2.84958
6 19.6159 6.29 1721.05 6.780 2.89320

±0.2

1 3.83171 1.23

1710.71 3.1190

1948.42 1.680 2.28078
2 7.01559 2.25 1796.53 2.720 2.57926
3 10.1735 3.26 1755.84 3.740 2.72019
4 13.3237 4.27 1738.45 4.760 2.79910
5 16.4706 5.28 1730.06 5.780 2.84958
6 19.6159 6.29 1724.11 6.780 2.89320

5.2. Weakly nonlinear stability analysis

The weakly non-linear stability analysis of the present problem leads to a Lorenz model (36) whose form is that of
he classical one with modified non-dimensional parameters. In view of this the transition to chaos from the regular
onvective motion can be written in terms of the Hopf Rayleigh number, rH , as a function of modified parameters. The
nalytical expression of rH is given in Eq. (37). The rH plots in Fig. 3 for symmetric and asymmetric boundaries are plotted
sing this expression for different values of Pe. The influence of boundaries on rH and Rac is qualitatively the same, i.e.,

rFIFIH < rFIRIH < rRIRIH and RaFIFIc < RaFIRIc < RaRIRIc . (41)

owever, an interesting observation that we extracted from Fig. 3 is that the influence of throughflow on rH irrespective
f whether it is being gravity-aligned or gravity-opposing in the case of symmetric boundaries is exactly opposite to that
een on Rac , i.e.,

rPe=0
H > rPe̸=0

H and RaPe=0
c < RaPe̸=0

c . (42)

n the case of gravity-aligned throughflow and asymmetric boundaries similar influence to what is shown in Eq. (42) can
e observed while in the case of gravity-opposing throughflow the scenario is entirely opposite, i.e.,

rPe=0
H < rPe>0

H and RaPe=0
c > RaPe>0

c . (43)

rom the results presented in Eqs. (41)–(43), we may conclude that it is wrong to assume that parameters’ influence on
he onset of regular and chaotic motions are the same for all boundary combinations.
9
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Fig. 3. Plot of Rac and rH versus Pe for different boundaries by taking r0 = (r0)T and Pr = 10.

It is also clear from Fig. 3 that the results on the influence of Pe on Rac and rH need separate discussion for symmetric
nd asymmetric boundaries. In the case of symmetric boundaries FIFI and RIRI, Rac and rH are both even powers of Pe
hile in the case of asymmetric boundaries it is an odd function.
Once details of the appearance of chaos is confirmed the next interest will be on determining the intensity of the

haos, the possibility of limit cycles and the influence of throughflow and boundaries on these two aspects. This can
e studied using various indicators. The LLE and the bifurcation diagram are popularly used indicators because of their
ccurate prediction, and the commonness between them that makes it easy to use one in place of the other or to reconfirm
he result of each other. The procedure and the numerical method used in the paper to determine LLE and to plot the
ifurcation diagram are mentioned just before Section 5. Figs. 4 and 5 are the plots of LLE and bifurcation diagrams versus
∗ for the cases of Pe = 0 and Pe ̸= 0, and for different boundaries. It is clear from these plots that the value of r∗ at
hich chaos manifests, viz., rH obtained by using the analytical expression (37) exactly matches with those predicted by
he plots obtained by using the numerical integration of the modified Lorenz Eq. (36).

Earlier on in Fig. 3 we observed in the case of symmetric boundaries that the influence of weak throughflow is to
ostpone the onset of regular convection and prepone the onset of chaotic motion irrespective of the vertical throughflow
eing gravity-aligned or gravity-opposed. Also, it was observed that in the case of an asymmetric boundary, the influence
f gravity-aligned and gravity-opposed throughflow is to prepone and postpone the onset of chaotic motion respectively.
his finding is due to the fact that rH is even and an odd function of Pe respectively in the case of symmetric and
symmetric boundaries. In addition to these results predicted by the bifurcation diagrams too in Figs. 4 and 5, they predict
he preponement and suppression respectively of the appearance of periodic motion in the cases of gravity-aligned and
ravity opposed throghflows, for the case of asymmetric boundaries. Suppression of periodic motion implies preference
or chaotic motion (termed as intense chaotic motion). In the case of symmetric boundaries the scenario seen in the case
f no throughflow appears translated in the presence of both types of throughflow.
The similarity or dissimilarity in the dynamics described by the bifurcation diagram due to the throughflow occurs

ainly at the periodic points/intervals. In the case of RIRI boundaries, the number of periodic points/intervals is less
10
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Fig. 4. Plot of the LLE and the bifurcation diagram versus r∗ in the presence/absence of throughflow (both gravity-aligned and gravity-opposing
cases) for symmetric boundaries with Pr = 10, (X(0), Y (0), Z(0)) = (1, 1, 1) and ∆t = 0.0005.

compared to FIFI and FIRI, and hence the similarity between the values of LLE is more. This is depicted by a ‘similarity
diagram’ presented in Figs. 4 and 5 that uses the following definition. For two states i1 and i2,

∆1 =

{
0, if sign(LLE, i1) = sign(LLE, i2)
1, otherwise

(44)

ow comparing the similarity and dissimilarity among the results of these boundaries shown in Fig. 6, as see that similarity
s less between FIFI and RIRI boundaries compared to that between FIFI and FIRI. This is provided in the insets of Fig. 6
ith the light yellow colour indicating the case of ∆1 = 0 and the dark green colour that of ∆1 = 1.
In order to find the influence of Pe on the periodic motion, we have considered the r∗ interval of the largest periodic

otion in Figs. 4 and 5, that concern symmetric and asymmetric boundaries respectively. Then a random value of r∗ is
icked from this interval and at this value of r∗, Pe is varied and the corresponding LLE is found using which Fig. 7 is
lotted, where the difference state is defined as

∆2 =

{
0, if LLE = 0
1, if LLE > 0

(45)

he light sky blue colour in Fig. 7 denotes ∆2 = 0 and the dark red corresponds to ∆2 = 1. When we vary Pe values
n the considered range at this point of r∗, we observed that in the case of symmetric boundaries the system remains in
he same periodic motion with the same periodicity (2 in the case of FIFI and 3 for RIRI), while in the case of asymmetric
oundaries, only at certain values of Pe (Pe close to −0.2 and in the neighbourhood of 0) the system remains in periodic
otion with periodicity 3.
11
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Fig. 5. Plots of LLE and the bifurcation diagram versus r∗ in the presence/absence of throughflow (both gravity-aligned and gravity-opposing cases)
for asymmetric boundaries, with Pr = 10, (X(0), Y (0), Z(0)) = (1, 1, 1) and ∆t = 0.0005.

onclusion

The linear and weakly nonlinear stability analyses of axisymmetric convection in cylindrical enclosures is carried out.
he aspect ratio in the range (0,7] is considered in the study. Using the Maclaurin series representation with a desired
umber of terms decided based on D Alembert’s Root test, the axial eigenvalues are determined and its accuracy is
onsidered acceptable by comparing the results in the limiting case of no throughflow of an earlier investigation, and
n exact match is found. The influence of throughflow in gravity-aligned and gravity-opposing directions on linear and
eakly nonlinear stability analyses of the considered problem has been reported. From this study we may drawn the

ollowing general conclusions:

(i) Irrespective of throughflow being gravity-aligned or gravity-opposing its impact on linear and weakly non-linear
stability analyses remains the same for symmetric boundaries.

(ii) The influence of throughflow on onset depends on the nature of the boundaries.
(iii) In the case of symmetric boundaries, the influence of throughflow (irrespective of it is being gravity-aligned or

gravity-opposing) is to stabilize the system.
(iv) In the case of asymmetric boundaries, the influence of gravity-aligned throughflow is to stabilize the system whereas

gravity-opposing throughflow is destabilize the system.
(v) Influence of throughflow on rH is exactly opposite to that of Rac .
(vi) In the case of symmetric boundaries, the influence of throughflow (irrespective of it is being gravity-aligned or

gravity-opposing) is to pre-pone the appearance of chaos and post-pone the periodic motion.
(vii) In the case of asymmetric boundaries, the influence of gravity-aligned throughflow is to pre-pone the appearance of

chaos and post-pone the periodic motion while the influence of gravity-opposing throughflow is to post-pone the
appearance of chaos and suppress the periodic motion.
12
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Fig. 6. The difference plots between the boundaries in the presence of throughflow.
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Fig. 7. LLE values for different values of Pe at a particular value of r∗ (chosen in the first largest periodic interval of LLE plots) for different boundaries.
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