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with entropy generation analysis
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ABSTRACT
The current work aims to study the radiation and viscosity ratio influence on ferrohybrid nanofluid flow 
over an expanding surface with entropy generation analysis. There is a lack of study on ferrofluids in circum-
stance of the influence of Lorentz force and joule heating, heat dissipation, velocity slip with heat transfer 
and entropy analysis, and authors utilised the research gap. Governing equations are formulated to ordi-
nary differential equations via similarity conversions, radiation, and heat generation terms included in the 
temperature equation and solved using Laguerrel polynomial and also calculated the entropy generation; 
several physical effects such as Brinkman number, magnetic field, inverse Darcy number, Radiation, Heat 
source/sink, Eckert number parameters are calculated and explained through graphs, and results of the 
current work illustrate that enhancing the mass transpiration slowdowns the velocity and increases the 
temperature, increasing the Eckert increases the temperature as well as entropy generation, increasing 
the magnetic field increases the temperature and reduces the velocity, and increasing the inverse Darcy 
number slowdowns the velocity profile and enhances the entropy generation to drag force. The present 
work using ferrohybrid nanofluid has many applications in aeronautical engineering as fluid rocket fuel, 
Biomedical fields such as medical resonance imaging and nanomedicine, among others.
Highlights

• Studied the magnetic field and viscosity ratio impact on the velocity of the flow.
• Fe3O4 and CuO nanoparticles are utilised to form ferrohybrid nanofluid.
• Laguerrel polynomial method utilised to solve the energy equation.
• Studied the entropy generation analysis with Joule heating.
• Engineering coefficients are calculated and explained through graphs.
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Nomenclature

List of symbols Descriptions SI unit

a Stretching coefficient [s−1]
A1,A2,A3,A4,A5 Constants [–]
K∗ Porous medium [m2]
d Stretching/shrinking term [–]
Ec Eckert number [–]
f (η) Velocity function [–]
Pr Prandtl number [–]
Cp Specific heat coefficient [JK−1Kg−1]
T∞ Ambient temperature [K]
vw Wall velocity [ms−1]
x, y Coordinates [m]

Greek symbols

σ ∗ Stephen Boltzmann constant [Wm−2K−4]
η Similarity variable [–]

CONTACT  S.M. Sachhin sachinsm030@gmail.com; U.S. Mahabaleshwar u.s.m@davangereuniversity.ac.in

θ(η) Dimensionless Temperature [–]
k∗ Absorption coefficient [m−1]

1. Introduction

With their unique magnetic and thermal properties combina-
tion, ferrohybrid nanofluids are finding innovative applications 
across various engineering fields. For instance, chemical engi-
neering enhances mass transfer processes, while electrical and 
electronics engineering is crucial for developing advanced sen-
sors and cooling systems for electronic devices. This domain’s 
ongoing research and development suggest a promising future 
for ferrohybrid nanofluids in technological advancements. The 
permeable stretching surface was used by Mansourian, Dinar-
vand, and Pop (2022) to study the behaviour of ferrohybrid 
nanofluid flow. Syam Sundar et al. (2017) studied the synthesis 
of ferro nanofluids using the chemical co-precipitation method. 
Mehrali et al. (2017) explored the permanent magnetic field 
influence on laminar ferro-graphene nanofluid movement with 
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heat transfer. Yang et al. (2020) studied the effect of friction drag 
and heat transfer in ferrite nanoparticles due to the existence 
of the Curie temperature in ferromagnetic fluid flows. Liu et al. 
(2019) investigated the effects of the magnetic field produced 
by assembling ferrite nanoparticle electromagnets. Ferroxidase 
and carbon nanotubes were used by Qureshi et al. (2023) to 
study the influence of thermal performance on hybrid nanofluid.

The Viscosity ratio is a non-dimensional quantity that has a 
crucial role in the examination of heat conduction from a wall 
to a moving fluid, particularly in the field of polymer extrusion. 
The viscosity ratio utility extends to various engineering dis-
ciplines, offering insights into the complex dynamics of fluid 
movement and energy transfer. Analytical formulations utilised 
by Dukhan, Al-Rammahi, and Suleiman (2013) to study the influ-
ence of the Darcy-Brinkman model on the velocity of the fluid. 
The viscosity ratio impact on fluid motion over an expanding 
sheet was calculated by Minale (2016). Shear stress over the cell 
surface was studied by Yao, Shen, and Ding (2013) by using 
the effect of the Brinkman number via interstitial fluid flow. 
Nield (1983), Bèg, Takhar, and Soundalgekar (1998), and Tsay 
and Weinbaum (1991) studied the impact of the Brinkman ratio 
on three-dimensional fluid flow over a square array of circular 
cylindrical pipes.

Entropy generation in fluid flow applications is a critical 
aspect of thermodynamics that deals with the irreversibility of 
processes and the efficiency of energy conversion. It is par-
ticularly significant in the optimisation and design of science 
and engineering fields, such as microchannel heat transformers, 
where minimising entropy can lead to more efficient operations. 
Shojaeian and Koşar (2014) explored the convective heat move-
ment and entropy production in Newtonian fluid movements 
between parallel sheets using isothermal boundary conditions. 
Singh et al. (2010) researched entropy generation analysis with 
heat transfer in hybrid nanofluids. Srinivasacharya and Hima 
Bindu (2016) studied the entropy generation on micropolar fluid 
motion via inclined parallel plates with zero pressure gradients. 
Sarma and Mondal (2018) explored the entropy for the motion 
of a viscoelastic fluid via a parallel microchannel with an applied 
pressure gradient. Huminic and Huminic (2020) and Shah et al. 
(2019) studied the impact of entropy generation on hybrid nano 
fluids in the different forms of thermal radiations for various 
boundaries and physical conditions.

Magnetic fields have a significant impact on fluid flow, offer-
ing a variety of applications across different industries. For 
instance, magnetorheological fluids can often change their vis-
cosity with a magnetic field, which is beneficial for creating 
adaptive shock absorbers and clutches. Cunha and Sobral (2004) 
studied the impact of the magnetic droplet’s freely moving on 
fluid flow. Li and Xuan (2009) worked on the convective heat 
transport in an aqueous magnetic fluid moving via a thin wire in 
the external magnetic field. Radionov, Podoltsev, and Zahorulko 
(2012) created a mathematical model for the nonlinear mag-
netic characteristics of the materials used in the magnetic core 
and shaft. Kumar et al. (2022) and Li et al. (2007) concentrated 
on an electrically nonconductive and incompressible fluid with 
magnetisation and a low Curie temperature.

Joule heating is a functional process in which the electric cur-
rent passing through a conductor emits heat. This phenomenon 

has significant applications in fluid flow, particularly in microflu-
idic devices where precise temperature control is crucial. For 
instance, in magnetohydrodynamic (MHD) flows, Joule heat-
ing can influence fluid properties and flow patterns. The wire 
coating technique was used by Khan et al. (2020) to study the 
viscoelastic Eyring fluid with the impact of magnetohydrody-
namics. Hayat, Shafiq, and Alsaedi (2014) explored the impact of 
dissipation on third-grade fluid movement. Numerical methods 
were used by Erickson, Sinton, and Li (2003) and Tang et al. (2004) 
to examine the Joule heating influence on the electroosmotic 
motion, which is used in capillary electrophoresis. Sridharan et al. 
(2011) and Zhao and Yang (2012) studied the effect of joule heat-
ing to control the performance of capillary electrophoresis in 
terms of induced heat flow for electroosmotic movement.

Radiation effects on fluid flow have significant implications 
in various applications, particularly in the context of non-
Newtonian fluids used in industrial and technological pro-
cesses. Water-based carbon nanotubes were used by Yu and 
Wang(2022) to study the heat and fluid motion over two expand-
ing rotating disks. Pramanik (2014) investigates the movement 
of a non-Newtonian fluid with energy transfer via an expanding 
surface. Thermal radiation effects on the movement of microp-
olar fluid and energy transfer were explored by Bhattacharyya 
et al. (2012). Megahed, Reddy, and Abbas (2021) examine the 
issue of heat transmission and boundary-layer laminar motion 
for MHD fluid caused by an unstable expanded surface with 
stretched heat flux. Klazly and Bognár (2022) examine the effec-
tive viscosity impact on fluid flow. Bognár (2012) examines the 
phenomena of heat transport using power law fluids. Maha-
baleshwar et al. (2024), Sachhin et al. (2025), Sachhin et al. (2025) 
and Sachhin et al. (2025) investigate the movement of fluid with 
heat transfer via an expanding surface. E. Cuce, Guclu, and Cuce 
(2020), E. Cuce et al. (2020) and A. CÜCE, GÜÇLÜ, and Cuce (2022) 
studied the application of nanofluids through a mini-channel 
heat sink, optimising the coefficient of performance (COP) and 
enhancing the heat transfer capabilities of TECs, considering the 
effects of viscosity and nonuniform heat generation studied by 
Yusuf (2023), Khan et al. (2023), Yusuf (2024), Salawu et al. (2023) 
and Mabood, Yusuf, and Bognár (2020). Sachhin et al. (2024) 
explored the micropolar fluid flow with heat transfer. Ali et al. 
(2023) and Ali et al. (2019) studied the enhanced heat transfer 
on peristaltic flow of nanofluid with heat flux effects. Influence 
of entropy generation on hybrid nano fluids in the various forms 
of thermal radiations for various boundaries and physical condi-
tions studied by Hussain et al. (2023), Mumraiz et al. (2021), Awais 
et al. (2021), Awais et al. (2018), Yih (1999), Sachhin et al. (2026), 
Barna et al. (2020) and Lone et al. (2023).

Motivated by the above research and applications, the cur-
rent work examines the influence of magnetic field and viscosity 
ratio on ferrohybrid nanofluid movement over an expanding 
surface with entropy generation. Fe3O4 and CuO nanoparti-
cles are mixed in a base fluid to form a ferrohybrid nanofluid. 
There is a lack of study on ferrofluids in the circumstance of dis-
sipation and magnetic field with energy transfer and entropy 
generation; the authors utilised the research gap. radiation, and 
heat generation terms included in the temperature equation 
and solved using Laguerrel polynomial, and also calculated the 
entropy generation, several physical effects such as Brinkman 
number, magnetic field, inverse Darcy number, Radiation, Heat 
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source/sink, Eckert number are examined. The present work 
using ferrohybrid nanofluid has many applications in aeronau-
tical engineering as fluid rocket fuel, Biomedical fields such as 
medical resonance imaging, drug delivery, and nanomedicine, 
among others.

1.1. The research gaps addressed by the current analysis

The following are the research gaps addressed by the current 
analysis: 

• Hybrid nanoparticles are considered with the viscosity ratio 
and the magnetic field impact on ferrofluid flow across 
porous media.

• Considered Newtonian, incompressible laminar flow.
• examined the analysis of entropy generation.
• Solar radiation, heat generation, and viscous dissipation are 

considered.
• Neglected concentration and chemical reaction.
• Neglected pressure gradient i.e. ∇p = 0.
• Considered velocity slip boundary conditions.
• Considered steady flow i.e. ∂u∂t = 0.

The percentage upsurge in the physical quantities due to the 
hybrid nanoparticles is compared to hybrid and single nanopar-
ticles in a water hybrid nanofluid with velocity slip boundary 
conditions.

2. Mathematical formulation

The two-dimensional electromagnetic ferrohybrid nanofluid 
motion is considered over the porous sheet. Two nanoparti-
cles, Cuo and Fe3O4, immersed in the conventional fluid water 
whose thermophysical characteristics are stated in Table 1. Sev-
eral physical parameters such as solar radiation, joule heating, 
viscosity ratio, and viscous dissipation are employed to study 
phenomena. Considered the Cartesian coordinate system, which 
shows the x-axis portrays the direction of movement towards 
the sheet and the y-axis portrays the normal to the surface move-
ment. Magnetic fields are perpendicularly applied to the fluid 
motion, and the sheet has a stretching velocity of u = ax = uw . 
When u = 0it gives ambient fluid velocity. Tw and T∞ are fluid 
and ambient temperature. Figure 1(a) represents the schematic 
represents of the fluid movement; Figure 1(b) represents the 
real-world applications of ferrohybrid nanofluid.

2.1. Modelling assumptions and justification of 
single-phase model

For the current study, a single-phase model is adopted to 
depict the ferrohybrid nanofluid. The model considers that the 
nanoparticles and base fluid have similar temperature and veloc-
ity, thus, no slip between the phases is allowed. Since the 
nanoparticle volume fractions are very low, it is reasonable to 
neglect Brownian diffusion and thermophoresis.

Besides that, the movement is considered to be steady, lam-
inar, and incompressible, and the nanoparticles, along with the 
base fluid, are evenly dispersed without forming clusters. Under 

Table 1. Ferrohybrid nanofluid thermophysical properties (Mansourian, Dinar-
vand, and Pop (2022); Syam Sundar et al. 2017; Mehrali et al. 2017; Liu et al. 2019; 
Yang et al. 2020; Qureshi et al. 2023).
Properties H2O Fe3O4 CuO

σ 0.05 250 0.4
ρ 997.1 5180 6510
Cp 4179 670 540
κ 0.613 9.7 18

such circumstances, the effective thermophysical characteris-
tics of the ferrohybrid nanofluid can be accurately determined 
through the use of a conventional mixture. In the literature, 
the single-phase model is the most common one, especially in 
boundary-layer MHD nanofluid experiments where nanoparti-
cle migration effects are minimal. Hence, this model offers a very 
good macroscopic description of the movement of a ferrohybrid 
nanofluid across an expanding sheet with a magnetic field and 
entropy generation.

Continuity equation is considered as (Dukhan, Al-Rammahi, 
and Suleiman (2013) and Li and Xuan (2009))

∇ • q⃗ = 0, (a)

The velocity equation is considered as (Dukhan, Al-Rammahi, 
and Suleiman (2013) and Li and Xuan (2009))[︁(︁

q⃗ • ∇
)︁
q⃗
]︁

=
µeff

ρhnf
∇

2q⃗ −
νhnf

K∗
q⃗ −

σhnf

ρhnf

(︁
B20q⃗

)︁
, (b)

Vector form of temperature equation (Dukhan, Al-Rammahi, and 
Suleiman (2013) and Li and Xuan (2009)).

(ρCp)hnf
[︁(︁
q⃗ • ∇

)︁
T
]︁

= κhnf∇
2T − ∇qr + Q(T − T∞)

+ µhnf
(︁
∇q⃗

)︁2
+ σhnf

(︁
q⃗B0

)︁2, (c)

where ⃗q = (u, v) is the velocity vector, T is the temperature.
The governing equations for the problem are obtained as 

(Dukhan, Al-Rammahi, and Suleiman (2013), Li and Xuan (2009), 
Hayat, Shafiq, and Alsaedi (2014) and Pramanik (2014)). 

• Continuity equation

∂u

∂x
+

∂v

∂y
= 0, (1)

• Velocity equation

u
∂u

∂x
+ v

∂u

∂y
=

µeff

ρhnf

∂2u

∂y2
−

σhnf

ρhnf
B20u −

µhnf

ρhnfK∗
u, (2)

• Temperature equation

u
∂T

∂x
+ v

∂T

∂y
=

κhnf

(ρCp)hnf

∂2T

∂y2
−

1
(ρCp)hnf

∂qr
∂y

+
Q0(T − T∞)

(ρCp)hnf

+
µhnf

(ρCp)hnf

(︃
∂u

∂y

)︃2

+
σhnf

(ρCp)hnf
(uB0)

2, (3)

µeff  is the effective viscosity, ρ denotes density, µ is the dynamic 
viscosity, κ is the thermal conductivity, σ  is the electrical conduc-
tivity, and T is the temperature, qr is the radiative heat flux, B0
denotes the magnetic strength.
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Figure 1. (a) Schematic diagram and (b) real-world applications of ferrohybrid nanofluid.

Boundary conditions considered as Dukhan, Al-Rammahi, 
and Suleiman (2013), Li and Xuan (2009), Hayat, Shafiq, and 
Alsaedi (2014) and Pramanik (2014).

u = c x + l
∂u

∂y
, v = vw , T = Tw(x) = T∞ + b

(︁ x
l

)︁2, at y = 0.

u = 0, v = 0, T → T∞, as y → ∞

(4)

2.2. Physical interpretation of boundary conditions

The boundary conditions considered in the current work are 
those of a physically realistic stretching sheet scenario that arises 
naturally in polymer extrusion and coating operations.

At the wall (y = 0): 

• The stretching velocity u = c x + l ∂u∂y  stands for a linearly 
stretching surface, where c > 0 means a positive value of the 
stretching rate. This scenario is typical of polymer sheet extru-
sion, wire coating, and glass fibre manufacturing processes.

• The normal velocity vwsignifies to the surface mass transpi-
ration. In the event that vw < 0, the suction occurs which 
stabilises the boundary layer by drawing the fluid towards the 
sheet. In the case of vw > 0, the injection (blowing) happens 
that results in the boundary-layer thickening.

• The velocity slip condition implies that the fluid velocity at 
the wall is slightly different from the sheet velocity. This con-
dition is significant in micro-scale flows, rarefied gases, and 
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nanofluid contexts where the no-slip assumption might not 
hold.

• The wall temperature Tw is taken constant, thus the surface is 
an isothermal stretching one kept at a certain temperature.

At the surface an infinite distance away (y → ∞): 

• The fluid velocity tends to zero which means the stretching 
effect becomes negligible at large distances from the sheet.

• The temperature tends to the ambient temperature T∞ thus 
the thermal boundary layer disappears asymptotically.

Taken together, these boundary conditions describe a steady, 
two-dimensional ferrohybrid nanofluid due to a permeable 
expanding surface under combined magnetic and thermal 
effects.

Radiative heat flux is determined as Pramanik (2014) and 
Bhattacharyya et al. (2012).

qr =
4σ ∗ T3∞
3k∗

∂T4

∂y
, (5)

⇒
∂qr
∂y = −

16σ∗T3∞
3k∗

∂2T
∂y2

, where T4 = (4T − 3T∞)T3∞, we utilised 
the given set of similarity terms to translate the given equation 
to dimensionless (Dukhan, Al-Rammahi, and Suleiman (2013), Li 
and Xuan (2009), Hayat, Shafiq, and Alsaedi (2014) and Pramanik 
(2014)).

u = ax f ′(η), v = −f (η)
√
aνf ,

T(η) = T∞ + 1Tθ(η), η = y
√︂

a
νf
, 1T = Tw − T∞.

(6)

Adding Equations (5)–(3) gives

u
∂T

∂x
+ v

∂T

∂y
=

(︃
κhnf

(ρCp)hnf
+

1
(ρCp)hnf

16σ ∗T 3
∞

3k∗

)︃
∂2T

∂y2

+
Q0(T − T∞)

(ρCp)hnf
+

µhnf

(ρCp)hnf

(︃
∂u

∂y

)︃2

+
σhnf

(ρCp)hnf
(uB0)

2, (7)

By using Equation (6), the modified governing equations formu-
lated as

3
d3f

d η3
+ A2f (η)

d2f

d η2
− A2

(︃
d f

d η

)︃2

− A3M
d f

d η
− A1 Da

−1 d f

d η
= 0, (8)

χ1
d2θ

dη2
+ A5

(︃
f (η)

dθ

dη
− 2

d f

dη
θ(η)

)︃
+ Niθ(η)

+ Ec

[︄
A1

d2 f

dη2
+ A3M

(︃
d f

dη

)︃2
]︄

= 0, (9)

Where A1 =
µhnf
µf

,A2 =
ρhnf
ρf

,A3 =
σhnf
σf

, A4 =
κhnf
κf

,A5 =
(ρCp)hnf
(ρCp)f

are constants. M =
σf B

2
0

aρf
 is the magnetic parameter, Nr =

16σ∗T3∞
3κf k∗

is the thermal radiation, Ni = Q0
a(ρCp)f

 is the heat source/sink 

parameter, Pr
(︂
=

µf (Cp)f
κf

)︂
 is the Prandtl number, S

(︂
= −

vw√
aνf

)︂
 is 

the mass transpiration. χ1 =
(A4+Nr)

Pr . Da−1
=

νf
K∗a  is the inverse 

Darcy number. Modified boundary conditions for the flow prob-
lem (Dukhan, Al-Rammahi, and Suleiman 2013; Li and Xuan 2009; 
Hayat, Shafiq, and Alsaedi 2014; Pramanik 2014).

f (0) = S, f ′(0) = d + Lf ′ ′(0), θ(0) = 1, at η = 0,
θ(∞) = 0, f ′(∞) = 0, as η → ∞.

(10)

2.3. Analytic solution for velocity equation

By boundary condition Equation (10), we calculate the solution 
for Equation (8) as follows (Dukhan, Al-Rammahi, and Suleiman 
2013; Li and Xuan 2009; Hayat, Shafiq, and Alsaedi 2014; Pra-
manik 2014).

f (η) = S + d
1 − e−βη

β(1 + Lβ)
. (11)

By using the above equation, we solve Equation (8) and obtain 
the algebraic solution as follows

(L3)β3
+ (3 − A2SL)β

2
− (A3MLβ + A2S + A1Da

−1L)β

− (A2d + A3M + A1Da
−1) = 0, (12)

The above equation is rewritten as

ξ1β
3
+ ξ2β

2
+ ξ3β + ξ4 = 0, (13)

where

ξ1 = L3, ξ3 = A3MLβ + A2S + A1Da−1L,
ξ4 = A2d + A3M + A1Da−1, ξ2 = 3 − A2SL.

(14)

All possible roots of the above Equation (13) are given as

β1 =

−
ξ2
3ξ1

− (21/3(−ξ22 + 3ξ1ξ3))

3ξ1

(︃
z +

√︂
4(−ξ22 + 3ξ1ξ3)

3
+ (z)2

)︃1/3

+
1

3 21/3ξ1

(︃
z +

√︂
4(−ξ22 + 3ξ1ξ3)

3
+ (z)2

)︃1/3

,

β2 =

−
ξ2
3ξ1

+

(︂
(1 + i

√
3)(−ξ22 + 3ξ1ξ3)

)︂
3 ξ121/3

(︃
z +

√︂
4(−ξ22 + 3ξ1ξ3)

3
+ (z)2

)︃1/3

−
1

6ξ121/3
(1 + i

√
3)

(︃
z +

√︂
4(−ξ22 + 3ξ1ξ3)

3
+ (z)2

)︃1/3

,

β3 =

−
ξ2
3ξ1

+

(︂
(1 + i

√
3)(−ξ22 + 3ξ1ξ3)

)︂
3 ξ121/3

(︃
z +

√︂
4(−ξ22 + 3ξ1ξ3)

3
+ (z)2

)︃1/3

+
1

6ξ121/3
(1 + i

√
3)

(︃
z +

√︂
4(−ξ22 + 3ξ1ξ3)

3
+ (z)2

)︃1/3

(15)

where

z = (−2ξ32 + 9ξ1ξ2ξ3 − 27ξ21 ξ4).
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2.4. Exact solution of the temperature equation

We chose variable t to solve Equation (9) as follows (Mansourian, 
Dinarvand, and Pop 2022; Dukhan, Al-Rammahi, and Suleiman 
2013; Li and Xuan 2009):

t = −e−βη , (16)

by using Equation (16), the energy equation is calculated as

t
∂2θ

∂t2
+ (1 − ξ5S − ξ5t)

∂θ

∂t
+ ξ5

Ni1
t

θ(η) = −ξ5Ec1t (17)

where

ξ5 = −
A4S

χ1β2(1 + Lβ)
, Ni1 =

Ni

A5β(1 + Lβ)
,

Ec1 = Ec

(︃
−A1d2

ξ5(1 + Lβ)2
−

A3Md2

ξ5β2(1 + Lβ)2

)︃
. (18)

Modified B. Cs are Dukhan, Al-Rammahi, and Suleiman (2013), Li 
and Xuan (2009), Hayat, Shafiq, and Alsaedi (2014) and Pramanik 
(2014).

θ(t = −1) = 1, θ(t = 0) = 0. (20)

Equations (17) and (20) solved as

θ(t) = (1 − B3)(−t)B2
L[2 − B2, B1, ξ5t]
L[2 − B2, B1,−ξ5]

+ B3t
2, (21)

L[a, b, z] is the generalised Laguerre polynomials; B1, B2, and B3
are as follows:

B1 =

√︂
ξ5

2S2 + 4ξ5Ni1, B2 =
ξ5S + B1

2
, and

B3 =
ξ5Ec1

ξ5(Ni1 + 2S) − 4
, (22)

Here, the wall temperature gradient is calculated as

θ ′(0) = β

(︃
B3(B2 − 2) − B2

+
ξ5(1 − B3)

(B1 + 1)
L[1 − B2, B1 + 1,−ξ5]
L[2 − B2, B1,−ξ5]

)︃
. (23)

2.5. Analytical approach and methodology algorithm

The main steps to get an analytical solution are as follows: 

• The considered Equations (2) and (3) are converted to nonlin-
ear ODEs with the help of similarity transformations.

• The formulated nonlinear differential Equations (8) and (9) 
with boundary restrictions (10) are elucidated by the Analyti-
cal approach.

• Equation (11) was obtained by calculating the boundary con-
dition Equation (10).

• Using Equation (10), we calculated the solution for Equation 
(8), by differentiating the solution f (η)and gained cubic poly-
nomials (12) having three roots.

• By using a variable t = −e−βη solved the temperature equa-
tions and obtained Equation (17). Later solved by using a 
Laguerrel polynomial, which obtained the solutions for tem-
perature.

2.6. Physical quantities or engineering quantities

Skin friction and Nusselt numbers can be calculated as follows 
(Dukhan, Al-Rammahi, and Suleiman 2013, Li and Xuan 2009, 
Hayat, Shafiq, and Alsaedi 2014; Pramanik 2014):

Cf =
2τw

ρhnfu2w
⇒ Cf

√
Rex
2

= −
A1
A2

f ′ ′(0), (23)

Nu =
xqw

κf (Tw − T∞)
⇒

Nu
√
Rex

= −A4θ
′(0), (24)

Rex =
a x2
νf

 denotes the local Reynolds number. Wall shear stress 
τw = µhnf

(︂
∂u
∂y

)︂
y=0

, heat flux of the surface qw = −κhnf

(︂
∂T
∂y

)︂
y=0

.

2.7. Solution for entropy generation

The considered entropy equation is defined as follows Shojaeian 
and Koşar (2014), Singh et al. (2010), Srinivasacharya and Hima 
Bindu (2016), Sarma and Mondal (2018), Huminic and Huminic 
(2020) and Shah et al. (2019):

Sg =
κf

T2∞

[︃
A4 +

16σ ∗ T3∞
3k ∗ κf

]︃(︃
∂T

∂y

)︃2

+
µhnf

T∞

(︃
∂u

∂y

)︃2

+
σhnf

T∞

(uB0)
2
+

µhnf

T∞K∗
u2, (25)

Energy loss via heat transfer ⇒
κf

T2∞

[︃
A4 +

16σ ∗ T3∞
3k ∗ κf

]︃(︃
∂T

∂y

)︃2

,

Energy loss via fluid friction ⇒
µhnf

T∞

(︃
∂u

∂y

)︃2

,

Energy loss via Joule heating and porosity

⇒
σhnf

T∞

(uB0)2 +
µhnf

T∞K∗
u2,

(26)

By solving the above equation, we obtain

Ng = (A4 + Nr)δ(θ ′)2 + Br[A1(f ′ ′)
2
+ A3M(f ′)2 + A1Da

−1(f ′)2],
(27)

where Br = Ec × Pr, δ =
Tw−T∞

T∞
. 

• Dynamic viscosity given as

µhnf

µf
=

1

(1 − φ1)
2.5(1 − φ2)

2.5 ,

• Density of the hybrid nanofluid quantity as follows:

ρhnf

ρf
= (1 − φ2)

(︃
1 − φ1 + φ1

(︃
ρs1
ρf

)︃)︃
+ φ2

(︃
ρs2
ρf

)︃
,

• The electrical conductivities are given by

σhnf

σf
=

σs2 + 2σbf + 2φ2(σs2 − σf )

σs2 + 2σbf − φ2(σs2 − σf )

where

σbf

σf
=

σs1 + 2σf + 2φ1(σs1 − σf )

σs1 + 2σf − φ1(σs1 − σf )
,
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Table 2. Comparison of the −f ′′(0)values with the previous study by varying M
and φ1 = φ2 = 3 = Da−1

= d = L = S = 0.

M Yih (1999) Present results
0.0 −1.0000 −1.00000
0.5 −1.2247 −1.22412
1.0 −1.4142 −1.41414
1.5 −1.5811 −1.58122
2.0 −1.7321 −1.73299

• Thermal capacitance of the hybrid nanofluid quantity as fol-
lows:

(ρCp)hnf
(ρCp)f

= (1 − φ2) ×

(︃
1 − φ1 + φ1

(︃
(ρCP)s1
(ρCP)f

)︃)︃
+ φ2

(︃
(ρCP)s2
(ρCP)f

)︃
,

• Thermal conductivity of hybrid nanofluid quantity as follows:

κhnf

κf
=

κs2 + 2κbf + 2φ2(κs2 − κf )

κs2 + 2κbf − φ2(κs2 − κf )

where

κbf

κf
=

κs1 + 2κf + 2φ1(κs1 − κf )

κs1 + 2κf − φ1(κs1 − κf )
,

Table 2 depicts the comparison of the present values of the 
−f ′′(0)with those of Yih (1999) for various numbers of the mag-
netic parameter. The comparison reveals that the two sets of 
results are in very close agreement. The maximum percentage 
error is about 0.05%, which is a clear indication of the high level 
of accuracy, validity, and dependability of the present analytical 
formulation and solution method.

3. Results and discussion

The present research examines the force of the Lorentz force 
and viscosity ratio on ferrohybrid nanofluid motion across an 
expanding sheet with entropy generation. Fe3O4 and CuO 
nanoparticles are mixed in a base fluid to form a ferrohybrid 
nanofluid. The considered PDEs are changed to ODEs via suit-
able similarity variables, the radiation effect is considered in the 
energy equation and solved using Laguerrel polynomial, and 
also calculated the entropy generation. Several physical param-
eters, such as Brinkman number, magnetic field, porosity, radi-
ation, heat source/sink, and Eckert number, are calculated and 
explained through graphs; thermophysical properties are given 
in Table 1.

Figure 2(a,b) portrays the impact of mass transpiration 
on both velocity and temperature profiles. Graphs taken for 
expanding surface, the physical explanation is that suction at 
the boundary causes the fluid to be drawn closer to the sheet, 
reducing the boundary-layer thickness and increasing the shear, 
which in turn decreases the velocity. The suction brings the fluid 
at ambient conditions closer to the sheet, reducing boundary-
layer thickness. By sucking more air at the surface, the veloc-
ity boundary layer becomes thinner since fluid particles are 
attracted to the sheet, thus restricting the velocity profile. Con-
sequently, this withdrawal of the boundary-layer fluid improves 
the momentum damping and flow stabilisation.

Figure 2. Mass transpiration impact on (a) velocity and (b) temperature.

Figure 3(a,b) portrays the influence of the Da−1 on both 
velocity and skin friction profiles. Graphs are taken for stretch-
ing surface; the physical significance is that higher inverse Darcy 
numbers correspond to greater permeability of the porous 
medium, which allows for lower fluid velocities at the same pres-
sure gradient, and increasing the Da−1 increases the skin friction. 
Enhancing the porosity parameter means the porous medium 
being less permeable contributes more resistance to the fluid 
motion. This extra drag force cuts down the velocity profile by 
the boundary layer losing momentum. So, the wall shear stress 
goes up, and the skin friction gets increased.

Figure 4(a,b) represents the impact of the viscosity ratio on 
both velocity and skin friction profiles. Graphs are taken for 
stretching surface; the physical explanation is that the viscos-
ity ratio is a dimensionless parameter that denotes the ratio of 
heat generated by dissipation to energy transported by molec-
ular conduction. It has an important effect on the velocity of the 
fluid. The influence of improving the viscosity ratio is to decrease 
the velocity profile; the higher its choices reduce the conduc-
tion of heat produced, the greater the increase in energy. This 
indicates that a higher viscosity ratio tends to a decrease in the 
velocity profile, and higher Brinkman numbers result in higher 
skin friction.

Figure 5(a,b) portrays the impact of the velocity slip on both 
velocity and skin friction profiles. Graphs are taken for stretching 
surface; an increase in the velocity slip parameter reduces the 
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Figure 3. (a) Influence of Da−1on velocity profile and (b) inverse Darcy number 
Impact on skin friction.

adhesion between the fluid and the stretching sheet, allowing 
partial relative motion at the wall. As a result, less momentum is 
transferred from the sheet to the fluid, tends to a reduction in 
the velocity regime. The diminished momentum exchange also 
lowers the wall shear stress, thereby decreasing the skin friction 
coefficient. Physically, slip reduces viscous drag by relaxing the 
classical no-slip constraint. The slip phenomenon occurs when 
the velocity of the fluid and the sheet are not the same, which 
reduces the fluid motion and thus decreases the skin friction and 
velocity.

Figure 6 represents the influence of the stretching term of 
the velocity profile. As the stretching parameter increases, the 
velocity of the nanofluid upsurges. This is because the stretch-
ing enhances the nanofluid velocity, which reduces the viscous 
effects on the flow. An increase in the term d intensifies the 
sheet velocity, which enhances the movement from the sheet 
to the fluid. This stronger stretching action accelerates the fluid 
particles near the wall, thereby increasing the velocity within 
the boundary layer. Physically, higher stretching rates thin the 
momentum boundary layer and promote stronger flow align-
ment along the sheet due to increased shear forcing.

Figure 7(a–e) represents the impact of the magnetic field on 
velocity, energy, skin friction, Nusselt number, and Eg profiles. 
Graphs are taken for stretching surface; the physical explanation 
is that the MHD develops a Lorentz force that restricts the fluid 
flow; the Lorentz force produced by the MHD restricts the fluid 

Figure 4. Viscosity ratio impact on (a) velocity and (b) skin friction.

flow, which can reduce the convective energy transfer and affect 
the temperature profiles; in the presence of a MHD, the concen-
tration of magnetite particles turns the friction surface increases, 
which can lead to higher skin friction; stronger magnetic field 
leads to greater flow mixing, which can enhance the energy 
transfer and increase the Nusselt number; upsurging magnetic 
felid decreases the entropy generation magnetic field leads to 
higher shear stresses and flow mixing, which in turn increases 
irreversibility and entropy production.

Figure 8(a,b) depicts the impact of the heat source on tem-
perature and Nusselt number. Graphs are taken for stretching 
surface, the physical explanation is that the Nusselt number 
term is a non-dimensional quantity that relates the convec-
tive energy transfer to the conductive energy transfer. The heat 
source generates more heat energy, causing the fluid tempera-
ture to increase and consequently suppress the Nusselt number. 
Raising the heat source leads to more internal thermal energy 
being added to the fluid, and as a result, the temperature in 
the boundary layer improves. When this internal heat is gener-
ated, it decreases the temperature gradient at the wall and thus 
lowers the heat exchange rate. In fact, the heat source can be 
seen as an energy supply per unit volume that creates a thicker 
thermal boundary layer and enhances thermal diffusion in the 
ferrohybrid nanofluid.

Figure 9(a,b) portrays the impact of the radiation on temper-
ature and Nusselt number. Plots are taken for stretching surface; 
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Figure 5. (a) Slip parameter impact on velocity and (b) velocity slip impact on skin 
friction.

Figure 6. Influence of d on velocity profile.

the physical explanation is that radiation is the fundamental 
mechanism of energy transfer, along with conduction and con-
vection. It allows energy to be transferred through electromag-
netic waves, even in the absence of a medium. Radiation has 
an increasing effect on the temperature distribution and surface 
energy of the fluid and decreases the Nusselt number. When 
the radiation term gets higher, more energy will come to the 
fluid in the form of radiative heat flux; that is, the energy is sup-
plied to the thermal field. This increase in radiative energy raises 
the energy distribution and also the boundary layer thickness. 

From a physical viewpoint, a higher radiation level will lower the 
local temperature gradient at the wall since the energy is trans-
ported more efficiently by the radiative waves; thus, the fluid 
temperature rises as a whole.

Figure 10(a,b) portrays the impact of the Ec on tempera-
ture and entropy generation. Graphs are taken for stretching 
surface; the physical explanation is that the Eckert term is a 
non-dimensional term that represents the division of the kinetic 
energy of the fluid to the enthalpy driving force for heat trans-
fer, as the Eckert number improves it indicates that the viscous 
dissipation effects become more significant, which enhance the 
temperature of the fluid flow, higher Eckert numbers correspond 
to stronger heat dissipation effects, which contribute to greater 
irreversibility and entropy production.

Figure 11(a) represents the impact of the Br on Eg, and 
Figure 11(b) represents the porosity impact on entropy gener-
ation; the physical explanation is that increasing the Br increases 
the entropy generation, increasing Br causes friction between 
fluid layers in the boundary-layer area, resulting in increased 
heat output. A higher Br value increases the friction force and 
generates additional energy inside the system, resulting in the 
rate of entropy formation appearing to grow. The porosity 
parameter is the main factor that affects entropy in the ferro-
hybrid nanofluid flow. When the Da−1 increases, it means that 
the permeability is decreasing. Consequently, the flow resis-
tance is increased, and the viscous friction within the boundary 
layer becomes stronger. Therefore, fluid friction irreversibility 
is raised, and thus, entropy production goes up. On a physical 
basis, lower permeability raises the dissipation of velocity and 
the conversion of internal energy, which means that there are 
more thermodynamic losses in the system.

Figure 12(a–e) represents the streamlined graphs of fluid 
flow; graphs are taken for different choices of the MHD, viscosity 
ratio, and inverse Darcy number. Streamline graphs are used to 
visualise the flow of fluids. They represent the path that a parti-
cle will follow in a steady flow field, where each tangent to the 
curve at any point is parallel to the velocity vector of the flow 
at that point. By analysing streamline patterns, we can deter-
mine whether the movement is laminar or turbulent, predict 
pressure drop in pipes, and optimise equipment design involv-
ing fluid flow, like aircraft wings, automotive bodies, or even 
cardiovascular systems.

4. Conclusion

The current article examines the influence of MHD and viscos-
ity ratio on ferrohybrid nanofluid flow across expanding sur-
faces with entropy analysis. Fe3O4 and CuO nanoparticles are 
mixed in a base fluid to form a ferrohybrid nanofluid. The con-
sidered PDEs are changed to ODEs via suitable similarity conver-
sions, radiation, and heat generation included in the tempera-
ture equation and solved using Laguerrel polynomial, and also 
calculated the entropy generation. Several physical terms, such 
as Brinkman number, MHD, inverse Darcy number, Radiation, 
Heat source/sink, Eckert number parameters, are calculated and 
explained through graphs; thermophysical properties are stated 
in Table 1. The findings of the current study are stated as follows: 



10  S.M. SACHHIN ET AL.

Figure 7. Magnetic field impact on (a) velocity and (b) skin friction. (c) temperature, (d) Nusselt number and (e) entropy generation.

• Increasing the mass transpiration decreases the velocity pro-
file and increases the temperature.

• Increasing the inverse Darcy number decreases the velocity 
and upsurges the skin friction.

• Increasing the magnetic field decreases the entropy gener-
ation and upsurges the skin friction and thermal boundary 
layer of the fluid motion.

• Increasing the viscosity ratio decreases the velocity and 
upsurges the skin friction.

• Increasing the velocity slip decreases the velocity and skin 
friction.

• Increasing the heat source term decreases the Nusselt num-

ber.

• Increasing the Eckert raises the temperature and entropy 
generation.

• Increasing the radiation term upsurges the temperature of 
the fluid flow and decreases the Nusselt number.



INTERNATIONAL JOURNAL OF AMBIENT ENERGY  11

Figure 8. Influence of heat source on (a) temperature and (b) Nusselt number.

Figure 9. (a) Radiation impact on temperature and (b) influence of radiation on 
Nusselt number.

Figure 10. Ec impact on (a) temperature and (b) entropy generation.

Figure 11. (a) Brinkman number impact on entropy generation and (b) inverse 
Darcy number impact on entropy generation.
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Figure 12. (a) Streamline for M = 0.1, (b) M = 5, (c) Da−1
=  0.1, (d) Da−1

=  5, (e) 3 =  0.1, and (f ) 3 =  5.

The current study has many useful applications in polymer extru-
sion processes and cooling systems, and medical and industrial 
applications. The present problem can be extended by adding 
thermal jump and additional nanoparticles, effects of microp-
olar, and Williamson fluids over various boundaries such as 
convergent/divergent channels, Riga plate, cone, wedge and 
inclined surface.
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