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A B S T R A C T   

The goal of current research is to determine the laminar boundary layer problem for the two-dimensional flow of 
ternary dusty nanoparticles through a porous stretching/shrinking sheet in the presence of radiation and mass 
transpiration. Generalized partial differential equations are converted to nonlinear ordinary differential equa
tions after demonstrating an appropriate similarity transformation. Exact solutions are subsequently provided for 
the resulting system of equations. The development of ternary dusty nanofluids has significantly improved the 
heat transmission process for manufacturing and industrial applications, as well as in nanotechnology research. 
The influence of the various interesting parameters on the flow and heat transfer is analyzed and discussed in 
detail through plotted graphs. It was found that the basic similarity equations admit two phases for both 
stretching/shrinking surfaces. Graphs are used to illustrate the findings of this work. We found that the velocity 
fields increase with an increase in the inverse Darcy number value for the case stretching sheet while opposite 
effects can be observed in the shrinking case. Moreover, the magnitude of particle interaction parameter en
hances as the solution domain raises. The findings disclose that the performance of ternary nanofluid phase heat 
transfer is improved compared to dusty phase performance.   

1. Introduction 

Recently, numerous areas of engineering and technology have 
greatly benefited from the study of dusty fluid flow. The findings on 
dusty flows are beneficial in the research of air pollution, vehicle 
emissions of smoke and other pollutants, industrial effluent emissions, 
combustion, paint sparing, capillary blood flow, and other problems. 
Dust particles impact on a gas’s ability to sustain consistency in laminar 
flow is investigated by Saffaman et al. [1]. Initially discussed the 
movement of a boundary layer over a persistent, thick surface that was 
moving steadily, as described by Sakiadis et al. [2]. Michel et al. [3] 
analyzed a dusty gas flow with uniformly distributed dust particles that 
was covering the edge of a solid plane, there is a semi-infinite space. 
Crane et al. [4] developed a closed-form effective approach by extending 
the Sakiadis problem to a stretching surface. 

In order to build ternary nanofluids, three different kinds of nano
particles with various chemical and physical properties are immersed in 

a base fluid, and these are the nanosized particles. Such nanoparticles 
have been demonstrated to effectively develop the base fluid’s thermal 
conductivity and heat transfer capabilities. Earlier, Chaoi et al. [5] 
verified the theory that nanoscale particles should be suspended in base 
fluids to increase their thermal conductivity. Additionally, the influence 
of radiation on the magnetohydrodynamic flow of couple stress fluids, 
nanofluids, casson hybrid nanofluids, and CNTs-water dependent 
nanofluids was extensively studied by Mahabaleshwar et al. [6–9]. In 
terms of frequency of occurrence, metallic nanoparticles like metal 
nitride, metallic carbide, metallic oxides, carbon-based materials 
(graphite, MWCNTs, CNTs), metal oxides (Al2O3, CuO, Fe2O3), and (Cu, 
Ag), were the most common forms of nanoparticles. Furthermore, the 
structure, size, shape, and solid volume fractions of the nanofluids are all 
important aspects in optimizing the conductivity of hybrid nanofluids. 

The mathematical models of Buongiorno et al. [10] and Tiwari et al. 
[11] are commonly used for the characterization of boundary layer flow 
in nanofluids. Ternary hybrid nanofluid flows are exposed to magnetic 
moments as well as a heat source and sink on a hot wall, is investigated 
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by Animasaun et al. [12]. Heat transfer in ternary nanoparticles 
(TiO2–SiO2–Al2O3–H2O) flowing along a stretched surface is theoreti
cally examined by Manjunatha et al. [13]. Focusing on the impacts of 
relative velocity and heat transfer of nanoparticles of three different 
configurations on the transportation induced by wall stretching is 
analyzed by Animasaun et al. [14]. Effects of mass transpiration and 
radiation on it, as well as through a nonlinear stretching sheet, HNF flow 
with mass transfer occurs in permeable media, is described by Anush 
et al. [15]. Recently, Hatami et al. [16,17] worked analytically and 
numerically on the flow of non-Newtonian fluid, micropolar fluid, and 
transmission of heat in porous medium as well as vertical flat plates. In 
their research, Siddheshwar et al. [18,19], looked at the flow of mag
netohydrodynamic viscoelastic fluid and the transmission of heat across 
stretched surfaces and permeable media. He also discussed the charac
teristics of radiation and heat sources. Modelling the BL flow of a 
2-phase dusty fluid across a stretched/contractible sheet has been 
depicted by Turkyilmazoglu et al. [20]. Naramgari et al. [21] looked 
into the MHD flow of a dusty nanofluid with a volume proportion of dust 
particles across a stretched surface. A porous stretched sheet is passed by 
boundary layer streams of an immiscible conductive fluid, is studied by 
Vinaykumar et al. [22]. Gao et al. [23] investigated the statistical ac
tivity of the scaling dispersion rate transmission of the reaction pro
gression parameter and its modelling within the setting of the Reynolds 
averaged Navier-Stokes simulation. 

For instance, Obaidi et al. [24,25] investigated the impact of various 
twisted tape insert configurations on fluid flow characteristics, pressure 
drop, thermohydraulic performance, and thermal transfer improve
ments in the 3D circular tube. Other valuable references on thermal flow 
structure and performance heat transfer in three-dimensional circular 
tube/pipe can be found in Refs. [26–31]. The researcher [32,33] works 
on hydromagnetic Williamson fluid flow and Forchheimer sisko nano
fluid flow through a radiative surface. Recently, Souayeh et al. [34] 
depicted the flow of a dusty ternary nanofluid over a stretching sheet. 
Roy et al. [35] address the properties of the flow and heat transfer of a 
dusty hybrid nanofluid flow across an unstable shrinking sheet in the 

presence of a magnetic field. Noorzehan et al. [36] analyses the in
fluences of the suction parameter and the fluid-particle interaction 
parameter on the boundary layer of the dusty fluid towards the 
stretching sheet. 

Although there appear quite a large number of studies on the 
considered problem published in the open literature, some of them as 
per cited above, none deals with an analytical approach nor a proper 
analysis has been fulfilled taking into account the mass flow addition 
into the boundary layer flow resulted from a two-phase dusty fluid flow 
model. The governing PDEs are converted into nonlinear ODEs. 
Analytical method is employed to find the solutions of momentum and 
temperature equation. In current paper, the effects of several physical 
characteristics, including the mass transpiration parameter, the fluid 
interaction temperature parameter, Eckert number, Prandtl number, 
sold volume fraction and radiation parameters are also studied. 

The novelty of the current paper is, therefore to investigate the 
boundary layer flow of two-phase dusty ternary nanofluid model over 
porous stretching/shrinking sheet when mass transfer is present. 
Extracting exact analytical unique/multiple solutions is the main target. 
It is proved that the two-phase flow and heat can be represented via 
simple but ingeniously smart formulae from which knowledge can be 
gained for the momentum and thermal layer behaviors in both phases, 
and hence exact information on the momentum and thermal boundary 
layer can be obtained. Moreover, the findings of the current study must 
be described in the context of water that is carrying spherical silver 
nanoparticles, cylinder-shaped single-walled CNT particles, and 
platelet-shaped graphene nanoparticles. The current work has numerous 
industrial applications and argues with the work of [20,39]. The pre
sented solutions not only are of significance to the practical applications 
but they also serve to the further research in the ongoing topic involving 
more complex physical phenomena, as inferred from the aforemen
tioned, more recent articles in the field. We should mention priorly that 
Mathematica software is used to generate the presented results. 

Nomenclature 

List of Symbols Descriptions S⋅I. Units 
A1,A2,A3,A4 Constants, (− ) 
b Constant, (− ) 
c Constant, (− ) 
Cp Specific heat, (JK g− 1K− 1) 
d Stretching/shrinking parameter, (− ) 
Da Darcy number (− ) 
K1 Drag coefaficient, (− ) 
k Permeability, (NA− 2) 
k∗ Mean absorption coefficient, (− ) 
m Mass, (Kg) 
Nr Radiation parameter, (− ) 
qr Heat flux, (Wm− 2) 
Pr Prandtl number (− ) 
T Fluid temperature, (K) 
Tp Dusty fluid temperature, (K) 
T∞ Ambient temperature, (K) 
u,v Velocities along x and y-directions, (m/s) 
up,vp Dusty fluid velocity components, (m/s) 
Vc Mass transpiration, (− ) 
x Horizontal axis, (c/ m) 
y Vertical axis, (c/ m) 

Greek symbols 
β Fluid particle interaction variable, (− ) 

φ Fluid nanoparticle volume fraction ratio, (− ) 
φ1 Silver nanoparticle volume fraction, (− ) 
φ2 SWCNTs nanoparticle volume fraction, (− ) 
φ3 Graphene nanoparticle volume fraction, (− ) 
ρ Density (Kg/m3) 
σ∗ Stefan-Boltzmann constant, (Wm− 2K− 4) 
νtnf Kinematic viscosity of ternary nanofluid, (m2s) 
ρtnf Density o the ternary nanofluid, (Kgm− 3) 
κtnf Thermal conductivity of ternary nanofluid, (Wm− 1 K− 1) 
κbf Thermal conductivity of base fluid, (Wm− 1 K− 1) 
(ρCp) Heat capacitance of fluid, (JK g− 1K− 1) 
η Dimensionless variable, (− ) 
θ Temperature similarity variable for fluid, (− ) 
Φ Temperature similarity variable for dusty fluid, (− ) 
Λ Mass number (− ) 

Subscripts 
bf Base fluid, (− ) 
nf Nanofluid, (− ) 
tnf Ternary nanofluid, (− ) 

Abbreviations 
PDEs Partial differential equations, (− ) 
ODEs Ordinary differential equations, (− ) 
BL Boundary layer (− ) 
RANS Reynolds averaged Navier-Stokes, (− )  
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2. Mathematical model and solution 

Consider steady, two dimensional and incompressible viscous 
laminar flow of dusty ternary nanofluid over a porous stretching/ 
shrinking sheet. Presume sheet direction is horizontal with the x-axis 
and y-axis is the direction normal to the stretching sheet as see in Fig. 1 
he stretching/shrinking sheet is parallel to the y = 0 plane. And its ve
locity is assumed as uw(x) = cx, c > 0, for stretching sheet case and c < 0 
for shrinking sheet. The ternary hybrid nanofluid embodies three kinds 
of nanoparticles i.e. silver, SWCNT, and Graphene with diverse nano
particle shapes of spherical, cylindrical, and platelet, respectively. 

2.1. Governing equations 

The following essential equations govern the fluids boundary layer 
flow [20,21,39,57] as a follow. 

2.1.1. Fluid phase 

∂u
∂x

+
∂v
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

= νtnf
∂2u
∂y2 +

K1N
ρtnf

(
up − u

)
−

νtnf

k
u, (2)  

2.1.2. Dusty fluid phase 

∂up

∂x
+

∂vp

∂y
= 0, (3)  

up
∂up

∂x
+ vp

∂up

∂y
=

K1

m
(
u − up

)
, (4)  

u
∂T
∂x

+ v
∂T
∂y

=
κtnf(

ρCp
)

tnf

∂2T
∂y2 +

ρpcm
(
ρCp
)

tnf τT

(
Tp − T

)
+

ρp

τv
(
ρCp
)

tnf

(
up − u

)2

−
1

(
ρCp
)

tnf

∂qr

∂y
, (5)  

up
∂Tp

∂x
+ vp

∂Tp

∂y
= −

ρpCm
(
Tp − T

)

τT
, (6) 

Boundary conditions include fluid and dusty particles [20,21,39] are 

u = uw(x) = cx, v = vw, T = Tw(x) = T∞ + bx2 at y = 0
u→0, up→0, vp→v,T→T∞,Tp→T∞ at y = ∞

}

, (7) 

where (u, v) and (up, vp) represents the velocity components of fluid 
and dusty fluid phases along (x, y) directions respectively. The fluid as 
well as dusty fluids are both at a temperature of T and Tp, ternary 
nanofluid kinematic viscosity is vtnf , the density of the fluid is ρ, in a 
given volume, the quantity of nanoparticles is N, coefficient of drag or 
resistance of stokes is K1, dust particle mass is to be m, thermal con
ductivity of fluid is ktnf , dynamic viscosity of the ternary nanofluid is μtnf , 
ρtnf is the ternary nanofluids effective density, dust particles and ternary 
nanofluids specific heat coefficients are cp and cm, heat equilibrium 
denotes as τT, and relaxation time parameter of the dust fluid is τv = m

K1
. 

(ρCp) is the ternary Nanofluids heat capacitance, and k is the perme
ability of the fluid flow. 

3. Similarity transformation 

The following similarity transformations are introduced to transform 
the governing PDEs into a set of ODEs [20,21,39]. 

u = |c| xf ′

(η), v = −

̅̅̅̅̅̅̅̅̅

|c|νf

√

f (η), η =

̅̅̅̅̅
|c|
νf

√

y,

up = |c| xF ′

(η), νp = −

̅̅̅̅̅̅̅̅̅

νf |c|
√

F(η),

θ =
T − T∞

Tw − T∞
,Φ =

Tp − T∞

Tw − T∞
.

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (8)  

here η is the similarity variable, f and F are the stream functions for fluid 
and dusty fluid. c > 0 is constant with wall mass transfer velocity is vw =

−
̅̅̅̅̅̅̅̅̅
vf |c|

√
Vc.. 

Employing the Rosseland approximation, the value of radiative heat 

Fig. 1. Diagramatic representation of the fluid flow.  
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flux [37–43,55] is stated as 

qr = −
4σ∗

3k∗
∂T4

∂y
, (9)  

where k∗ and σ∗ stand for the mean absorption coefficient and Stefan 
–Boltzman constant, respectively. If the temperature difference inside 
the flow is sufficiently small, we can express the form using the Taylor 
expansion and ignore the higher order terms as a linear function of 
temperature. 

T4 ≅ 4T3
∞ − 3T4

∞, (10)  

from Eqn. (9) and Eqn. (10) we have following form 

∂qr

∂y
= −

16σ∗T3
∞

3k∗
∂2T
∂y2 , (11)  

now Eqn. (5) and Eqn. (6) rewritten as follows 

u
∂T
∂x

+ v
∂T
∂y

=
ktnf(
ρCp
)

∂2T
∂y2 +

ρpcm

τT
(
ρCp
)
(
Tp − T

)
+

ρp

τv
(
ρCp
)
(
up − u

)2

+
16σ∗T3

∞

3k∗
∂2T
∂y2 , (12)  

up
∂Tp

∂x
+ vp

∂Tp

∂y
= −

(
Tp − T

)

τT
+

16σ∗T3
∞

3k∗
∂2T
∂y2 , (13) 

According to a few researchers [44,45] advised, the ternary nano
fluid quantities of viscosity as well as thermal conductivity are, 

μtnf =
μηf1 φ1 + μηf2 φ2 + μηf3 φ3

φ
, ktnf =

knf1 φ1 + knf2 φ2 + knf3 φ3

φ
, (14) 

Due to the fact that the structure of the nanoparticles not only affect 
the density as well as heat capacity in ternary nanofluids, heat capaci
tance and density quantities are [46,56]. 

ρtnf =(1 − φ1 − φ2 − φ3)ρbf +φ1ρsp1
+φ2ρsp2

+ φ3ρsp3
, (15) 

Kalidasan et al. [47] specified thermal capacity of ternary nanofluid 
quantities are follow 
(
ρCp
)

tnf =(1 − φ1 − φ2 − φ3)
(
ρCp
)

bf +φ1
(
ρCp
)

sp1
+φ2

(
ρCp
)

sp2

+ φ3
(
ρCp
)

sp3
, (16)  

with φ = φ1 + φ2 + φ3, . 
φ1 is the spherical silver nanoparticles volume, the cylindrical 

SWCNTs nanoparticle volume is to be φ2, platelet graphene nano
particles volume is represented by φ3. 

Viscosity and thermal conductivity values for spherical nanoparticles 
[56] are 

μtnf1

μbf
= 1+ 2.5φ+ 6.2φ2,

κtnf1

κbf
=

(
κsp1 + 2κbf − 2φ

(
κbf − κsp1

)

κsp1 + 2κbf + φ
(
κbf − κsp1

)

)

, (17) 

Thermal conductivity and viscosity values for cylindrical nano
particles [52] are 

μtnf2

μbf
= 1+ 13.5φ+ 904.4φ2,

ktnf2

kbf
=

(
ksp2 + 3.9kbf − 3.9φ

(
kbf − ksp2

)

k2sp2 + 3.9kbf + φ
(
kbf − ksp2

)

)

,

(18)  

for platelet nanoparticles, viscosity and thermal quantities [52] are 

μtnf3

μbf
= 1+ 37.1φ+ 612.6φ2,

ktnf3

kbf
=

(
ksp3 + 4.7kbf − 4.7φ

(
kbf − ksp3

)

k2sp3 + 4.7kbf + φ
(
kbf − ksp3

)

)

,

(19) 

Eqn. (1) is fulfilled and equations for the two-phase fluid flow with 

heat transfer that have been transformed are: 

A1

φ
d3f
dη3 +A2

(

f
d2f
dη2 −

(
df
dη

)2
)

+Λβ
(

dF
dη −

df
dη

)

+
A1

φ
Da− 1df

dη= 0, (20)  

(
dF
dη

)2

− f
d2f
dη2 + β

(
dF
dη −

df
dη

)

= 0, (21)  

(
A3

φ
+Nr

)
d2θ
dη2 +Pr A4

(

f
dθ
dη − 2

df
dη θ

)

+ΛβT γ Pr(Φ − θ)

+ΛβT γ Pr Ec

(
dF
dη −

df
dη

)2

= 0,
(22)  

Nr
d2f
dη2 +Pr Λγ

(

F
dΦ
dη − 2

dF
dη Φ

)

− βT Pr Λγ(Φ − θ) = 0, (23) 

with transformed boundary conditions are 

f = Vc,
∂f
∂η = d, θ(η) = 1, at η = 0,

df
dη→0,

dF
∂η →0,F = f , θ→0,Φ→0 as η→∞.

⎫
⎪⎪⎬

⎪⎪⎭

, (24) 

where 

A1 =
μtnf

μf
,A2 =

ρtnf

ρf
,A3 =

κtnf

κf
,A4 =

(
ρCp
)

tnf(
ρCp
)

f

.

in a mass number of dust particles are present is determined by Λ =
ρp
ρ , with the particle phase density represented as ρp = Nm, β = 1

|c|τv 
is the 

fluid-particle interaction variable with velocity dependence, parameter 
of the prandtl number is to be Pr = vρCp

k , suction/injection parameter is 
Vc, particular heat coefficient is γ = cm

cp
, βT = 1

|c|τT 
is the temperature fluid- 

interaction component, in additionally the value of Eckert number is 
Ec = c2

bcp
,Da− 1 =

νf
K|c| is the inverse Darcy number, Nr =

16σ∗T3
∞

3κκf 
is the radi

ation parameter respectively. Moreover, d is set to such an extent that 
d = 1 represents the stretching sheet and d = − 1 represents the 
shrinking sheet. 

4. Solution of momentum equation for dusty and fluid flow 
phase 

The exponential form solution provides the accurate analytical so
lution to eqns. (20) and (21) applied to the governing boundary condi
tions [20,39]. 

f (η)=Vc + d
{

1 − exp(− λη)
λ

}

,F(η)=Vc + d
{

1 − α exp(− λη)
λ

}

, (25) 

It is necessary for it to correspond to the actual boundary limitations 
(24), in that λ should be strictly positive. whereas for, α denotes the 
stretching speed of the dust particles, no such limitation is required. It is 
currently unknown what the real values are for both λ and α. Conse
quently, the relationship is produced by the momentum equation for the 
fluid phase, 

A1

φ
λ2 − VcλA2 − A2d +Λβ(α − 1)

A1

φ
Da− 1 = 0, (26) 

momentum equation for the dust phase fluid as follows 

β − Vcλα − dα − βα = 0, (27) 

by solving Eqn. (21) which gives as follows 

α=
β

β + Vcλ + d
, (28) 

substituting the value of Eqn. (28) in Eqn. (26) which gives the 
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algebraic equation of degree three. 

Aλ3 +Bλ2 − cλ − e = 0, (29) 

roots of the above algebraic equations are given below 

where 

A =
A1

φ
,B =

A1

φ
d +

A1

φ
β − A2Vc

2,

c = 2A2Vcd + A2Vcβ + ΛβVc +
A1

φ
VcDa− 1,

e = A2dβ + A2d2 + Λβd +
A1

φ
dDa− 1 +

A1

φ
βDa− 1,

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, (33) 

moreover, using the formulae, the wall shears can be quickly esti
mated once the values of λ and α have been established, 
(

d2f
dη2

)

η=0
= − dλ,

(
d2F
dη2

)

η=0
= − dαλ,

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (34)  

5. Thermal regions of fluid and dusty phases 

The fluid phase temperature fields and the dusty fluids temperature 
fields are given a specific form [20,39]. 

θ(η)= exp[− 2λη],Φ(η)=φ exp[− 2λη], (35)  

where for the dusty fluid, the predicted wall temperature is Φ. These can 
be substituted into the energy equations in (22) and (23) to produce the 
polynomial equations 

− 2D Pr A4 − 2
(

Pr VcA4 − 2λ
(

A3

φ
+Nr

))

λ+ d2EcΛ(− 1 + α)2

+Λβγ Pr(− 1+φ)= 0,
(36)  

Nr4λ2 − 2 Pr ΛγVcφλ − 2 Pr Λγφd − βT Pr Λγφ + βT Pr Λγ = 0, (37) 

After simplifying Eqn. (37) we have the following value of φ, 

that is φ=
Nr4λ2 + βT Pr Λγ

βT Pr Λγ + 2 Pr ΛγVcλ + 2 Pr Λγdλ
, (38) 

In order to compute the During the fluid as well as dust regimes, the 
efficiency of heat exchange, which is stated as 

−

(
dθ
dη

)

η

= 0
= 2λ,

−

(
dΦ
dη

)

η=0
= 2φλ,

(39)  

6. Results and discussion 

In the present work, it is studied how in the existence of porous 
stretching/shrinking surface has an effect on flow of unique/various 
two-phase dusty fluids and thermal situations. The governing equations 
are converted into ordinary differential equations using appropriate 
dimensionless variables, and the analytical solutions to these equations 
are then obtained. Additionally, look into the graphical influence of 
certain essential factors on the temperature distribution and velocity, 
few particular nanoparticles select to describe the present results (see 
Table 1). 

Table 1 
Properties of base fluid and nano particles numerical values [48–54,5354, 
58–60].  

Properties H2O Silver (Ag) SWCNTs Graphene 

ρ(kgm− 3) 997.1 10500 2600 2200 
κ(wm− 1k− 1) 0.613 429 6000 5000 
Cp(JKg− 1K− 1) 4180 235 425 790  

λ1 = −
B
3A

−
21

3
(
− B2 − 3Ac

)

3A
(

− 2B3 + 27A2e +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− B2 − 3Ac

)√ 3
+
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2B2 − 9ABc + 27A2e
√ )2

)1
3
+

⎛

⎜
⎝
− 2B3 − 9ABc + 27A2e +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− B2 − 3Ac

)√ 3
+
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2B2 − 9ABc + 27A2e
√ )

3 ∗ 21
3A

⎞

⎟
⎠,

(30)  

λ2 = −
B
3A

+
(1 + i)

(
− B2 − 3Ac

)

3 ∗ 21
3A
(

− 2B3 − 9ABc + 27A2e +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− B2 − 3Ac

)√ 3
+
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2B2 − 9ABc + 27A2e
√ )2

)1
3
−

(1 − i)

⎛

⎜
⎝
− 2B3 − 9ABc + 27A2e +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− B2 − 3Ac

)√ 3
+
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2B2 − 9ABc + 27A2e
√ )2

3 ∗ 21
3A

⎞

⎟
⎠,

(31)  

λ3 = −
B
3A

+
(1 − i)

(
− B2 − 3Ac

)

3 ∗ 21
3A
(

− 2B3 − 9ABc + 27A2e +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− B2 − 3Ac

)√ 3
+
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2B2 − 9ABc + 27A2e
√ )2

)1
3
−

(1 + i)

⎛

⎜
⎝
− 2B3 − 9ABc + 27A2e +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− B2 − 3Ac

)√ 3
+
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2B2 − 9ABc + 27A2e
√ )2

3 ∗ 21
3A

⎞

⎟
⎠,

(32)   
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Fig. 2. Variations in the fluid particle interaction parameter β = 0, 0.5,1, 2,3,
4. are influenced by the range roots of the λ against mass transpiration along (a) 
Da− 1 = 0 (b) Da− 1 = 5 and (c) Da− 1 = 10. 

Fig. 3. Variations in the fluid particle interaction parameter β = 0, 0.5,1,2, 3,
4. are influenced by the range roots of the λ against mass transpiration with (a) 
Da− 1 = 0 (b) Da− 1 = 0.5 and (c) Da− 1 = 1. 
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Fig. 2(a)-(c) illustrate the solution domains for the exponent λ against 
mass transpiration Vc values, when the stretching surface is taken into 
account with Λ = 0 and Λ = 2. at different values of Darcy number 
parameters Da− 1 = 0, 5, 10. varying the values of fluid interaction 
parameter β. It appears that the exponent is a uniformly increasing 
function of Vc for all the given parameters, and also that the rising is 
further enhanced with Λ, and Da− 1 increase. 

When a surface is shrinking, Fig. 3(a)–(d) displays the solution 
domain λ as a function of mass transpiration Vc in case of a shrinking 
surface. For varying interaction parameter β with Darcy number at 
various values Da− 1 = 0, 0.5, 1, with dust particle mass concentration 
Λ = 0 and Λ = 2. Despite the fact that both a rise and a decline can be 
seen in the wall suction velocities, the assessments of comparable ve
locities are uniformly improving. 

The effect of the stretched surface regarding the phase velocity of 
both nanofluids and dust fluid as seen through Fig. 4. In the mass flow 
suction case, thickness of the momentum boundary layer is simulta
neously diminished, resulting via decreased velocity of the ternary 
nanofluid as well as dust phase; hence there is only one solution is 
obtained. 

According to Fig. 5(b)-(c), the fluid phase’s velocity in Branch 1 is 
higher than the dusty fluids velocity, although in Branch 2, the ternary 
nanofluid phase velocity is less than dusty phase. The Darcy number 
value is enhanced as the velocity profile becomes linear. 

Fig. 6(a)–(c) Illustrates How the stretching surface unique/distinc
tive two-phase temperature fields derived from Eqn. (13) will be have. 

Fig. 7(a-c) shows how the shrinking surface affected both the fluid 
and dusty fluid velocity distribution. In Fig. 7(a), the suction case is 
depicted. Fig. 7(a), It has been shown that as the suction improved, the 
fluid and the dusty velocity profiles rise. Unfortunately, since the Darcy 
number acts to diminish the increase of the boundary layer, the physical 
reality of this behavior is in discussion, as observed in Fig. 7(a) as 
observed Fig. 6(b) and (c), the second branches for fluid injection do not 
always respond to physical assumptions. Branch 2 solutions are sensitive 
to hydrodynamic disturbances due to their thicker boundary layers. 

Fig. 8(a)–(d) shows the fluid and dust particle temperature fields in 
two phases as determined by Eqn. (13) which deals with a shrinking 
surface. It’s also interesting to observe that all parameter values in the 
figures show points of coincidence; these points exist whenever α = 1, 
when the velocities of the fluid as well as the dusty are equal. 

This paper addresses the transfer of momentum and energy of a two- 
phase dusty ternary nanofluid flow over a porous stretching/shrinking 
sheet. For a viscous incompressible flow, the governing equations 
associated with the momentum and thermal fields are presented under 
the steady conditions as stated in the previous literature [20,39]. After 
applying the proper similarity transformations, a set of nonlinear ordi
nary differential equations is obtained representing the flow of fluid and 
dust phases as well as temperature field of fluid and dust phases. 
Assuming a solution of exponential type, the exact solution for the 
equations is devised, which manifests the main novelty of the paper as 
compared to the state of-art. Besides, we take into account the mass flow 
addition into the boundary layer together with the form of the shrinking 
surface. The graphs depict the velocity and the temperature. For the 
stretching sheet, the analysis is shown to lead to a unique solution if 
mass flow suction is considered. When the flow mass is added to the 
boundary layer, however, the mathematical analysis leads to multiple 
solutions has been observed. The study concludes with the following 
results:  

• A dual solution is found to be a shrinking sheet.  
• The strength of the particle interaction parameter increases with 

increasing the solution domain thickness.  
• The velocity profile for two phases declines as Darcy number rises.  
• The interaction of particle and fluid will increase as due to various 

values of Darcy number. 

Fig. 4. Impact of velocity profile fη of fluid and velocity profile Fη of particles 
for the stretching surface. 

Fig. 5. Impact of velocity of fluid (a) fη and (b) Fη velocities of the particles for 
the dual-solution stretching surface. 
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• It depends mostly on the set of physical characteristics being taken 
into account as to whether branch 1 or branch 2 solutions are more 
cooled during a cooling procedure.  

• If mass flow suction is taken into account, it is shown that the 
analysis produces a unique solution. 

Fig. 6. Temperature profile for stretching surface. (a) unique solution of 
Φ and θ for Λ = 1,β = 2,Vc = 2,and Da− 1 = 0. (b) two different solutions of θ 
when Λ = 1,β = 2,Vc = − 2,and Da− 1 = 0. (c) two different solutions of Φ for 
Λ = 1, β = 2,Vc = − 2, and Da− 1 = 0 with other variables are βT = 2, Nr = 0.1, 
Pr = 2. 

Fig. 7. Velocity profile fη with velocity profile of the particles Fη for the 
shrinking sheet, (a) fη to suction instance, (b)–(c) fη and Fη forinjection instance. 
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A number of preceding studies served as the limiting case for the 
current investigation:  

i. lim
qr→0,
φ→0.

{Our results}→ {Results of Turkyilmazoglu et al. [20]}.  

ii. In the presence of inclined MHD, and solid volume fraction φ3 = 0, 
{Our results} → {Results of Sneha et al. [39]}. 

Additionally, in a prospective future work, the particle phase slip 
velocity mechanism could be extended from the current analytical so
lutions to more particular cases like non-Newtonian fluid. 

7. Validation 

The research reveals the effect of radiation on dusty ternary nano
fluid flow over a porous stretching/shrinking sheet with mass transpi

Fig. 8. Shrinking surface’s response to temperature distributions the dual solutions of (a) and (b) for Λ = 1,β = 1,Vc = 2 and Da− 1 = 0. (c) and (d) Two different 
solution of θ and Φ for Λ = 1, β = 1,Vc = − 2 and Da− 1 = 0. With βT = 2, γ = 1, and Da− 1 = 2.. 7. Concluding remarks. 

Table 2 
Comparision of the current research and relevant studies by other authors.  

Related Works by Other Authors Fluids Value of λ 

Turkyilmazoglu [20] Non-Newtonian 
f(η) = s+ D

1 − e− λη

λ
,F(η) = s+ D

1 − Λe− λη

λ 
Where 

Λ =
β

D + β + sλ
. 

Sneha [39] Non-Newtonian 
f(η) = Vc + D

1 − e− λη

λ
,F(η) = Vc + D

1 − αe− λη

λ 
Where 

α =
βv

D + βv + Vcλ
. 

Pr 
Present 
Present work Non-NewtonianPp Prese 

Present work Non-Newtonian 
f(η) = Vc + d

{1 − exp(− λη)
λ

}

,F(η) = Vc + d
{1 − α exp(− λη)

λ

}

Where 

α =
β

β + Vcλ + d
.
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ration. In the absences of magnetic field M = 0, and solid volume 
fraction φ3 = 0 leads to the results of Sneha et al. [39]. In the presence of 
magnetic field M = 0 and absences of Da− 1 = 0, and φ = 0 the results 
leads to Turkyilmazoglu et al. [20]. The Comparision of the results are 
given in Table 2. 
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