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Abstract—The hybrid nanofluid is extensively used in manufacturing for industrial uses
because of its exceptional property of enhancing the heat transfer process. The purpose of
the present work is to find novel explanations for the behavior of thermal radiation and inclined
magnetohydrodynamics effects on the convective viscoelastic flow of water Al2O3–Cu hybrid
nanofluids over an accelerating permeable surface with mass transpiration. The viscoelastic
liquid concept is postulated with the benefit of hybrid nanofluids employing conventional flow
patterns that are impacted by the magnetic field. Thermophysical properties of Al2O3–Cu
and water are employed. Nonlinear PDE for momentum, temperature, and concentration are
converted into non-dimensional ODE by employing the proper similarity transformations. The
current study is reported to be in very good accordance with earlier research. The velocity field
and energy distributions were depicted graphically to show the influence and typical behaviors
of physical factors such as the viscoelastic parameter, the Richardson number, the radiation
number, etc. In industrial applications, the temperature distribution influenced by radiation
is quite important, specifically in accelerated plates where cooling the liquid is necessary to
achieve the desired outcome.

DOI: 10.1134/S1810232824040179

1. INTRODUCTION
Heat transfer, which is performed through heat transfer in single- as well as multiphase flow

scenarios, is one of the most essential manufacturing applications. Despite the fact that there have
been well-developed and incorporated theoretical models for heat transfer since the 1970s, there
has been a great deal of interest and effort put into innovative research in this area because of the
requisite need and strong demand for industrial uses that necessitate the enhancement and design
of heat exchangers. The rate of heat transfer has been improved in recent years through a variety
of means, one of which is improving the thermal conductivity. Choi [1] was a pioneer in developing
nanofluid as well as its capacity to sustain nanoscale particles in the base fluid because they have
improved thermal conductivity and a larger efficiency of convective heat transfer. Nanoparticles are a
remarkable accomplishment for a variety of industrial purposes, including microelectronics, hybrid-
powered engines, household refrigerators, chillers, and even highly functional military specialist
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equipment. However, a novel nanofluid known as hybrid nanofluid is being researched, and the
rate of heat transport should be increased. While conventional nanofluids only possess a unique
nanoparticle that dissolves in the base fluid, hybrid nanofluids are upgraded nanofluids that contain
two different nanoparticles.

Hybrid nanofluid provides improved thermophysical properties, increasing heat transmission
efficiency. Researchers who have started to investigate HNF in solar radiation have found a new
dawn in hybrid nanofluids due to their thermal properties. Numerous fields of study [2, 3] have
greatly benefited from the examination of mathematical modeling’s outputs of natural phenomena.
Studies on thermal absorption or the production of HNF are extensive, and numerous researchers
have worked to understand this interesting behavior. Over the past decade, the number of studies on
nanofluids has grown significantly, in research by Sarkar et al. [4] studied that the hybrid nanofluids
thermal performance is better addressed by using the appropriate hybridization approach. The role
of Cu/H2O HNF in the permeable stretched sheet was the subject of research by Devi et al. [5].

Mahabaleshwar et al. [6–10] studied on the flow of HNF past a stretching/shrinking surface in
permeable media along the influence of radiations and magnetohydrodynamic slip along temperature
and concentration conditions. Illustrations of mixed convection flows include the flow changes in
the ocean and atmosphere, wind-swept solar receivers, electrical equipment refrigerated by fans,
and other thermal changes in the atmospheric circulation. Researchers have widely pondered
about what flows over an extending surface: boundary layer heat and mass convections due to
consistently but differing heat as well as mass across borders. [11, 12] developed the exact solutions
for magnetohydrodynamic viscoelastic flow of mixed convection liquid due to a porous stretched
sheet. By using a vertically porous stretchable plate enclosed in a porous material.

A quantitative approach to the H2O-based nanofluid flow impacted by an applied Lorentz force
was used by Ferdows et al. [13]. Waini et al. [14] revealed a hybrid nanofluid is used to model the
coupled convection flow and heat along a vertical plane that is gradually expanding or contracting. A
numerical analysis is conducted to determine how viscous dissipation and thermophoretic influence
radiative combined convection, which incorporates HNF, around an inclined porous sliding flat disk
with force field was discussed by Khan et al. [15]. Casson fluid flowing in magnetohydrodynamic
mixed convection over a prolonged surface, although Hall as well as thermal radiation impacts are
present, assessment is accomplished by Ashraf et al. [16].

Viscoelastic fluid is an example of a non-Newtonian liquid subclasses. Due to its numerous uses
in air container, production of petroleum along with the manufacture of complicated multistage
commodities like dyes, inks, as well as ceramic pastes. Researchers [17–20] recently conducted
significant study to investigate the viscoelastic fluid flow in response to an external magnetic force
with heat source/sink while taking into account a variety of flow conditions. This study was inspired
by potential industrial uses.

2. DEVELOPMENT OF PROBLEM

In the present study, the steady laminar 2D thermally radiated mixed convection inclined
magnetohydrodynamic hybrid nanofluid Al2O3–Cu flow across a porous stretching surface. Here x-
axis is directed and y- axis upward direction to sheet. Temperature and concentration are takes the
constant values Tw and Cw, constant values T∞ and C∞. The schematic representation of the flow
problem is shown in Fig. 1.

The governing equations are [11, 21]
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= 0, (1)
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Fig. 1. Schematic representation of flow problem.
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, (4)

where k0 be the viscoelastic factor. Permeability is denoted as K, dynamic viscosity or absolute
viscosity is μhnf , ρhnf is the density, electrical conductivity of hybrid nanofluid is defined as σhnf ,
the thermal conductivity is represented to be κhnf , and (ρCp)hnf is the HNFs specific heat with
other physical parameter mentioned in the nomenclature.

The current study considers the following boundary constraints are

u = Uw (x) = ax, v = vc, T = Tw (x) = T∞ + bx, C = Cw (x) = C∞ + cx at y = 0,

u→ 0,
∂u

∂y
→ 0, T → T∞, C → C∞ at y →∞. (5)

Velocity of mass flux is vc together with for suction vc > 0 for suction and vc < 0 for injection.
Additionally, fluid temperature is denoted as T , T∞ be the ambient temperature of the fluid.
Further a, b with c are constants.
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Let’s assume the similarity transformations to simplified the governed equations to non-
dimensional ordinary differential equations as

u = axf ′ (η) , v = −√avff (η) , η =

√
a

vf
y,

θ (η) =
T − T∞
Tw − T∞ , ϕ (η) =

C − C∞
Cw − C∞

. (6)

Here wall concentration is Cw, with concentration gradient as denoted as C∞, vf is the kinematic
viscosity of the base fluid.

Radiative heat flux qr is represented using Roselands approximation [22–25].

qr = −4σ∗

3k∗
∂T 4

∂y
, (7)

where σ∗ and k∗ are Stefan–Boltzmann, and absorption factors. we elaborate T 4 in Taylor’s series
about T∞ we get.

T 4 = T 4
∞ + 4T 3

∞ (T − T∞) + 6T 2
∞ (T − T∞)2 + . . . (8)

Ignoring higher order components following the first degree (T − T∞), we may suppose

T 4 ≈ 3T 4
∞ + 4T 3

∞T. (9)

Differentiate Eq. (7) in relation to y with substitute Eq. (9) we get

∂qr
∂y

= −16T 3∞σ∗

3k∗
∂2T

∂y2
. (10)

Using Eq. (10) in Eq. (3) we obtain
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Employing the Eq. (6), Eqs. (2), (3) and boundary condition (5) are modified to the following
ODEs:
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Table 1. Thermophysical properties of HNFs [26–30]

Properties of Hybrid nanofluid

Density

ρhnf = (1− φ2) [(1− φ1) ρf + ρs1] + φs2

Heat capacity

(ρCp)hnf = (1− φ1)
[
(1− φ1) (ρCp)f + φ1 (ρCp)s1

]
+ φ2 (ρCp)s2

Dynamic viscosity

μhnf =
μf

(1− φ1)2.5 (1− φ2)2.5
Thermal conductivity

κhnf =
κf (κs2 + 2κbf + 2φ2 (κs2 − κf ))

(κs2 + 2κbf − (κs2 − κf)) , where κbf =
κf (κs1 + κf + 2φ1 (κs1 − κf ))

(κs1 + 2κf − (κs1 − κf))
Electrical conductivity

σhnf =
σs2 + 2σnf − 2φ2 (σnf − σs2)
σs2 + 2σnf + 2φ2 (σnf − σs2) ∗ σf , where σnf =

σs1 + 2σf − 2φ1 (σf − σs1)
σs1 + 2σf + φ1 (σf − σs1) ∗ σf

Table 2. Thermophysical properties [26, 31–33]

Properties Al2O3 Cu Base fluid (water)

ρ (kg/m3) 3970 8933 997.1

Cp (J/kgK) 765 385 4179

κ (W/mK) 40 401 0.613

σ (s/m) 3.69× 107 5.96× 107 0.05

where A1 =
μhnf

μf
, A2 =

ρhnf

ρf
, A3 =

σhnf

σf
, A4 =

κhnf

κf
, and A5 =

(ρCp)hnf

(ρCp)f
. Also Da−1 =

νf
Ka is

the Darcy number, Hartmann number is defined as Q =
σfB

2
0

ρfa
, Λ = Grx

Re2x
denotes Richardson

number, whereas Grx = gβT (Tw−T∞)x3

νf
known as local Grashof number with Rex = uw(x)x

νf
being

local Reynolds number. K1 =
k0a
νf

be the viscoelastic parameter, and K1 > 0 denotes the Walter’s

liquid B and commonly known as second order fluid. N = βcCw−C∞
βT Tw−T∞ is represented as the

concentration buoyancy parameter, moreover characteristics of Prandtl number is denoted by Pr =
κf

(ρCp)fνf
, Dufour number is Df = DmKT

νfCsCp

Cw−C∞
Tw−T∞ . Soret number is estimated as Sr = DmKT

νTm
Tw−T∞
Cw−C∞ ,

additionally, Le = α
Dm

to be Lewis number and Nr =
16σ∗T 3∞
3k∗κf

is the radiation parameter.

With proper subjected to the boundary constraints,

(
df

dη

)
η=0

= 1, f (η)η=0 = Vc, θ (η)η=0 = 1, ϕ (η)η=0 = 1,

(
df

dη

)
η→∞

= 0, θ (η)η→∞ → 0, ϕ (η)η→∞ → 0. (15)
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3. ANALYTICAL SOLUTION FOR THE PROBLEM MOMENTUM
An exact solution to Eqs. (12)–(14) with associated dimensionless boundary conditions (15) is

given by the similarity transformation

f (η) = Vc +
1− e−βη

β
, (16)

with derivative of Eq. (16) written as

∂f

∂η
= e−βη = θ (η) = ϕ (η) , (17)

now substitute Eqs. (16), (17) in Eqs. (12)–(14). We have

(
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−K1

)
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(
1 +K1β

2
)
+

{
Λ (1 +N)−

(
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β2 + Pr
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Dfβ

2 − Vcβ − 1
)
= 0, (19)

β2 − Le{Pr−PrVc − Srβ2
}
= 0. (20)

In order to rearranged Eqs. (18), (19), we obtained modified equation can be written as in terms
of β, where β is the real root of the following biquadratic polynomial equation:

(
A4

A5
+
Nr

A5

)
K1β

2 +

{(
A4

A5
+
Nr

A5

)
−

(
A1

A2
−K1

)
Pr

}
β2

+

{
Λ (1 +N)−

(
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A2
Da−1 +

A3

A4
Q sin2 τ

)}
Pr = 0. (21)

The above equation we rewritten as

ξ1K1β
4 + ξ2β

2 + ΓPr = 0, (22)

where ξ1 =
(
A4
A5

+ Nr
A5

)
, ξ2 =

(
A4
A5

+ Nr
A5

)
−

(
A1
A2
−K1

)
Pr, and

Γ = Λ (1 +N)−
(
A1

A2
Da−1 +

A3

A2
Q sin2 τ

)
,

Eq. (22) gives four real roots, consequently, the four solutions are

β1,2 = ±

√
− ξ2
ξ1K1

−
√
ξ22−4ξ1K1 PrΓ

ξ1K√
2

,

β3,4 = ±

√
− ξ2
ξ1K1

+

√
ξ22−4ξ1K1 PrΓ

ξ1K√
2

. (23)

In order to solve Eqs. (19), (20), we have the value of the Prandtl number
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Pr =
Le

{
Sr −

(
A4
A5

+ Nr
A5

)}
+ 1

LeDf
, (24)

particularly important to observe that Eq. (24) imposes limitation on the Prandtl number, which
is always pragmatic. With other perspective, there are wide range of parameters Le, Sr, and Df

for a given value of Pr.

4. INTERPRETATION OF RESULT

The behavior of inclined MHD mixed convection flow for viscoelastic hybrid nanoliquid impacted
by thermal radiation and mass transpiration is investigated. Al2O3–Cu solid nanoparticles, together
H2O considered to be base liquid. The base fluid dissolves the solid particles, yielding the
hybrid nanoparticle. We illustrate Dufour as well as Soret consequences non-Newtonian liquid
movement caused by an accelerated surface. Equations (12)–(14) are solved analytically. The
pictorial results of dimensionless parameters are displayed in this part. The current work findings
are verified with the existing results by considering φ = 0, indicates the absence of nanoparticles as
well as φ �= 0, indicates the presence of nanofluid. Graphical depictions were utilized to analyze the
impacts of the pertinent parameters, namely, radiation parameter, Richardson number, Hartmann
number, Mass transpiration parameter, and viscoelastic parameter etc. Thermophysical properties
and numerical quantities of HNFs are mentioned in Tables 1 and 2.

Figures 2a, b show how different profiles are affected by thermal radiation parameters for second
grade fluid with τ = 90◦ and τ = 45◦. The greater values of Nrrepresent thermal performance to
thermal conduction through thermal radiation, while the lower value of Nr indicate heat conduction
superiority. The domains of dynamical, thermodynamic, as well as diffusive boundary layers are
quantitatively strengthened while Nr values grow. Actually, this may state as thermal diffusivity
as well as the thermal radiation impact are similar. Figure 2a illustrates the effect of Nr upon
momentum boundary layer flow of 2nd grade fluid over dual scenarios of concerning slants 90◦ and
45◦ by selecting appropriate constant values. These graphs demonstrate that the domain is pushed
away from the sheet via expanding Nr. The Walters liquid B has a similar result. Figure 2b depicts
the effects of Nr upon momentum, energy, also concentration kind of 2nd grade fluid over dual
circumstances of inclined slants 90◦ and 45◦. From these figures we concluded that convergence of
fluid flow better as compared to absences of nanoparticles.

Figures 3a, b explain how the Richardson number (Λ) affects various features of 2nd grade fluid
as couple circumstances of slants 90◦ and 45◦, whereas other physical characteristics are assumed to
be constant. Because Λ > 0 in these graphs, the buoyant force pushing on the accelerated sheet and
promoting the fluid flow results inside the free convection flow. As a result, the convection factor
has expanded, since boundary wall width should be governing over through the flow velocity, the
flow field will be diminished. An effect on various profiles opposing to that of the above is identified
for the decision Λ ≤ 0. Therefore, the impact of Λ is the contrary of the consequence of Nr.

The significance of Hartmann number Q on axial velocity, temperature as well as concentration
profiles is portrayed in Fig. 4 for two instances of an aligned angles 90◦ and 45◦. With ongoing
Qnumber growth, velocity temperature, and concentration distribution develops. The conclusion
is shown in the picture, which indicates the result of the uniform transverse magnetic field. This
assumption came from the fact that the injected uniform transverse MHD generates a resultant
force like the Lorentz force, which results in an opposite response in the movement, enhancing the
movement of profiles. The increase in the magnetic field Q allows the nanoparticles to conduct more
heat, and hence an increase in velocity.

Figures 5–8 evaluate the impact of the mass transpiration component Vc as well as solution
domain β upon stream zone besides additional physical factors held fixed for Walter’s liquid B/2nd
grade fluid with keeping the other parameter values at constant. Figures 5, 7 depict the consequences
of second-grade fluid (positive K1), although Figs. 6, 8 illustrate the effects of Walters’ liquid B
(negative K1). Such graphs clearly show that for K1 = 0, the stream and energy will each have
a singular solution for all of the components, while solutions turn plenty for K1 < 0 (complicated
solution). Additionally, but such consequences vanish above the critical values specified by Eq. (23).
Hence, it may be deduced that a range of solutions are possible with the suitable selection of the
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Fig. 2. An impact of Nr on ∂f
∂η

, θ (η), ϕ (η) for (a) τ = 90◦ and (b) τ = 45◦.
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Fig. 3. An influence of Λ on ∂f
∂η

, θ (η), ϕ (η) for (a) τ = 90◦ and (b) τ = 45◦.
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Fig. 4. An influence of Qon ∂f
∂η

, θ (η), ϕ (η) for (a) τ = 90◦ and (b) τ = 45◦.
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Fig. 5. Solution domain for (a) Vc against Γ and (b) β against Γ.
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Fig. 6. Solution domain for (a) Vc against Γ and (b) β against Γ.
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Fig. 7. Solution domain for (a) Vc against Γ and (b) β against Γ (for second order liquid with B).
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Fig. 8. Solution domain for (a) Vc against Γ and (b) β against Γ (for Walter’s liquid B).
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regulating physical parameters. Maintaining Pr as well as Nr steady, has the reverse effect on the
flow pattern as the rapid development in the viscoelastic component does. The graphs of may
display significant phenomena of β against Γ = Λ (1 +N)−

(
A1
A2
Da−1 + A3

A2
Q sin2 τ

)
.

5. CONCLUSIONS
In the present work, an effect of inclined MHD and radiation on mixed convective flow of

viscoelastic flow past accelerating permeable surface with mass transpiration is explored analytically,
the analytical solutions are received for the transformed equations. Analytical results for various
values of physical application terms have been graphically portrayed and thoroughly analyzed.
The present findings have been confirmed with the earlier reported studies [11, 25]. Following
organization of the analytical solutions of relevant domains and optimization that takes into account
3D complexity, the key concepts can be stated as follows.
• As value of radiation upsurges slightly, the width of the velocity, as well as concentration

boundary is enhanced.
• Richardson number increases, the thickness of the momentum, temperature with concentration

boundary layer declines.
• Hartmann number improved with an enhancing the thickness of the momentum, temperature

with concentration boundary layer.
Limiting case of the current study:
• lim

τ=90◦, ϕ=0, Nr=0
{Results of our work} → {Results of Turkyilmazoglu [11]},

• lim
ϕ=0

{Results of our work} → {Results of Mahabaleshwar [21]}.

ABBREVIATIONS AND NOTATION
a—rate of acceleration (–)
b—constant (–)
B0—magnetic field (Tesla)
c—constant (–)
Cs—susceptibility concentration (m3/kg)
Cp—heat capacity (JK−1Kg−1)

Da−1—inverse Darcy number (–)
Dm—diffusion of mass parameter (m2/s)
Df—Dufour number (–)
f—similarity function (–)
Grx—local Grashof number (–)
g—gravity acceleration (m/s2)
KT—ratio of thermal diffusion (m2/s)
k∗—coefficient of mean absorption (cm−1)
k0—constant of viscoelastic (–)
K1—component of viscoelastic (–)
Le—Lewis number (–)
N—Buoyancy quantity (–)
Nr—radiation parameter (–)
Pr—prandtl number (–)
Q—Hartman number (–)
Rex—Reynolds local number (–)
Rm—magnetic Reynolds number (–)
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Sr—Soret number (–)
T—temperature of fluid (K)
Tm—mean fluid temperature (K)
Uw—accelerated velocity (m/s)
Vc—mass transpiration parameter (–)
vw—mass flux velocity (m/s)
x—horizontal axis (–)
y—vertical axis (–)

Greek Symbols

β—constant (–)
βT—thermal volume expansion parameter (–)
βc—diffusive volume expansion coefficient (–)
η—similarity variable (–)
ϕ—concentration (–)
θ—temperature (–)
νm—magnetic permeability (N/A2)

ρf—density (Kg·m−3)

σf—base fluid electrical conductivity (S/m)
σ∗—coefficient of Stefan–Boltzmann (–)
τ—inclined magnetic field (Tesla)
Γ—porous magneto-convection concentration parameter (–)

Subscripts

hnf—hybrid nanofluid (–)
w—wall situation (–)
∞—outside of the sheet (–)

Abbreviations

ODEs—ordinary differential equations (–)
PDEs—partial differential equations (–)
MHD—magnetohydrodynamic (–)
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