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Abstract

We investigate the dynamic magnetic response of planar ferromagnetic nanostructures with wire-
ring morphology using micromagnetic simulations. By systematically varying the inner ring diameter
and thickness, we analyze how geometric confinement governs the accessibility of stable and
metastable magnetic states and shapes the spin-wave spectra. The equilibrium configurations are
found to depend strongly on the relaxation pathway, giving rise to bistability for intermediate ring
diameters. Dynamic susceptibility calculations under microwave excitation reveal distinct resonance
spectra associated with low- and high-energy magnetic states, which we classify in terms of two
energy-evolution paths. Spatial Fourier analysis of the out-of-plane magnetization identifies wire-
like, ring-localized, and hybrid spin-wave modes, whose localization and spectral complexity are
controlled by geometry. Our results demonstrate that planar wire-ring nanostructures offer a
versatile platform for tailoring spin-wave excitations through geometric design, with potential
implications for reconfigurable magnonic and spintronic devices.

1. Introduction

In recent decades, significant progress has been achieved in the understanding of both static and dynamic
magnetic properties of nanoscale systems with planar geometries [ 1-4]. This advance has been driven by the
development of lithographic techniques that enable the fabrication of ferromagnetic nanostructures with
complex shapes, allowing precise control over magnetization configurations, domain-wall dynamics, and spin-
wave excitations [5, 6]. Among these systems, planar ferromagnetic nanowires have attracted considerable
attention because they can effectively act as conduits for the controlled propagation of domain walls [7]. Asa
result, they constitute the basis for a wide range of proposed applications, including magnetic logic devices [8],
sensors [9], and more recently, concepts for magnetic memory technologies [10, 11].

To further manipulate domain-wall motion and magnetization reversal processes, a variety of geometric
modifications have been introduced in planar nanowires, such as triangular [ 12, 13], rectangular [ 14], or asym-
metric notches [15, 16], anti-notches [17], nucleation pads [18], and patterned constrictions [7, 19]. These
features generate controlled pinning landscapes that allow domain walls to be nucleated, trapped, or released in
apredictable manner. An alternative and particularly versatile strategy consists of integrating a nanoring within
the nanowire, giving rise to planar nanostructures with wire-ring morphology [20, 21]. In these systems, the
closed topology of the ring introduces additional geometric degrees of freedom—most notably the inner
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diameter and wall thickness of the ring—which strongly influence the magnetic energy landscape and enable
enhanced control of magnetization processes.

Recent studies have highlighted the central role of geometry in determining the static and dynamic magn-
etic properties of nanoscale systems. Variations in shape [22] and curvature can significantly influence the sta-
bility of magnetic configurations, including quasi-uniform and vortex states, as well as the localization and
frequency of spin-wave modes. In particular, different geometries such as nanowires [23], curved nanos-
tructures [24], and coupled systems [3] provide distinct mechanisms for controlling magnetization dynamics
and resonance spectra.

However, most of these geometries are limited to either open or closed magnetic pathways, restricting the
diversity of accessible magnetic states and dynamic responses. In this context, hybrid geometries that combine
multiple topological features offer a promising route to achieve enhanced control over magnetic configurations
and their associated spin-wave excitations.

In this context, planar wire-ring nanostructures represent a particularly versatile class of hybrid systems
that combine open and closed magnetic pathways. They have been shown to support a rich variety of magnetic
behaviors. Depending on the ring geometry, magnetization reversal may proceed through domain-wall nuclea-
tion and propagation along the nanowire, or through vortex formation within the ring region, leading to dis-
tinct hysteresis signatures and metastable states [20, 21, 25]. Moreover, by combining different magnetic
materials in the wire and ring sections, it is possible to control the chirality of vortex domain walls as they
traverse the ring, highlighting the potential of these systems for domain-wall-based logic [26] and memory
applications [27].

While the static magnetic behavior and magnetization reversal mechanisms of planar wire-ring nanos-
tructures have been widely investigated, their high-frequency dynamic response remains far less explored. In
particular, the presence of multiple accessible magnetic states suggests that different relaxation pathways may
lead to distinct ferromagnetic resonance spectra, an aspect that is crucial for magnonic applications but has not
been systematically addressed.

The experimental realization of the proposed geometry is compatible with established top-down nanofab-
rication techniques. Electron-beam lithography (EBL) combined with metal deposition and lift-off or ion mil-
ling has been widely used to fabricate magnetic nanostructures with lateral dimensions below 50 nm [28]. In
particular, lithographically defined magnetic nanorings have been experimentally demonstrated [29], indicat-
ing that the geometrical parameters considered here (50 nm wire width, 100 nm ring diameter, and thicknesses
between 1 and 25 nm) lie within current fabrication capabilities.

Moreover, the characteristic magnetic length scales of the configurations studied here are well within the
resolution limits of existing magnetic imaging techniques. Synchrotron-based x-ray magnetic circular dichro-
ism (XM CD) microscopies, such as X-PEEM and scanning transmission x-ray microscopy (STXM), routinely
achieve spatial resolutions in the 20-30 nm range [30-32], which are sufficient to resolve the magnetic config-
urations predicted in this work. Therefore, both fabrication and experimental observation of the proposed
system are feasible with current state-of-the-art techniques.

In this work, we investigate the dynamic magnetic response of planar wire-ring nanostructures using
micromagnetic simulations, focusing on the role of geometric parameters and relaxation pathways in deter-
mining the accessible magnetic states and their associated spin-wave spectra. By correlating equilibrium config-
urations with dynamic susceptibility and spatial mode profiles, we demonstrate how geometry enables
controlled tailoring of spin-wave excitations.

2.Model and methodology

We investigate the dynamic magnetic properties for non-interacting planar nanostructures with a wire-ring
morphology using the MuMax3 software [33] which solved the Landau-Lifshitz-Gilbert (LLG). The effective
magnetic field includes exchange, Zeeman, and long-range magnetostatic (dipolar) interactions. As shown in
figure 1 this planar nanostructure has a thickness h, which varies between 1 and 25 nm and is composed of three
structures: the first is a planar nanowire with length x; = 250 nm and width y; = 50 nm. The second structure is
ananoring that has an outer diameter D = 100 nm and an inner diameter d variable, which in our particular
case, we have varied d between 0 nm and 90 nm. The third structure is another planar nanowire with lengths

X, = 150 nm and x3 = 100 nm.

All of the simulations utilized a 1 nm mesh to accurately represent the geometry and to be below the char-
acteristic exchange length of the material (in the case of Permalloy it is 5.08 nm), and employed standard magn-
etic parameters for Permalloy [34], including saturation magnetization of M, = 800 x 10> Am ™' and exchange
stiffness of A =13 x 10~ '*Jm™'. Magnetocrystalline anisotropy was set to K,, = 0 Jm >, consistent with the
soft-magnetic approximation commonly adopted for Permalloy, where crystalline anisotropy is negligible. All
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Figure 1. (a) Schematic representation of the planar ferromagnetic nanostructure with wire-ring geometry, showing the main
geometric parameters. (b) Initial magnetization configurations considered before relaxation: State I with quasi-uniform
magnetization along the x direction, State II with quasi-uniform magnetization along the y direction, and State III combining a
vortex-like state in the ring with a longitudinally magnetized nanowire. The color scale represents the normalized magnetization
component M, /M.

micromagnetic simulations were performed under ideal conditions (uniform material parameters, smooth
boundaries, and T = 0 K) in order to determine the intrinsic geometry-driven energy landscape of the system.
In experimental realizations, structural disorder can be interpreted as spatial variations of material parameters
(e.g., saturation magnetization, exchange stiffness, or anisotropy), while edge roughness primarily introduces
additional pinning and quantitative shifts in switching thresholds. Finite temperature is expected to reduce
effective energy barriers and modify critical fields.

These effects generally lead to quantitative variations in stability ranges and transition fields rather than
suppressing geometry-stabilized local energy minima, except in cases where the system lies extremely close to a
critical transition boundary. Therefore, the bistable regimes identified here are expected to remain qualitatively
robust under realistic experimental conditions.

Moreover, multistability and stimulus-driven transitions between distinct magnetic states are well estab-
lished experimentally in confined nanostructures. Field- and current-induced switching between vortex,
onion, and other topologically distinct configurations has been demonstrated in magnetic nanorings and rela-
ted systems [35—37], supporting the physical relevance of multiple local energy minima in nanoscale
magnetism.

To analyze the frequency spectra of the excited system, we employed the Ringdown method [38, 39], which
consists of two main steps: (i) First, the minimum energy configuration was obtained under zero external field,
using a damping parameter of a = 0.5. The simulation was halted when the torque on all magnetic moments
fell below 10~ * T [40]. Next, a 100-nanosecond time minimization step was performed to further attenuate
residual spin waves. Energy minimization was performed starting from three initial magnetic configurations:
State I, a ferromagnetic state aligned almost entirely along the x-direction; State II, a ferromagnetic state
aligned almost entirely along the y-direction; and State III, a hybrid configuration combining a vortex state in
the ring with a ferromagnetic state in the nanowire aligned almost entirely along the x-direction. These initial
configurations were chosen to probe different regions of the magnetic energy landscape that are commonly
accessed during experimental magnetization reversal processes in wire-ring systems [20, 21]. The magnetiza-
tion profiles are depicted in figure 1(b) respectively.

Throughout this work, we refer to two distinct relaxation pathways. Path I corresponds to relaxation pro-
cesses that converge to the lowest-energy magnetic configuration, whereas Path I leads to metastable higher-
energy states stabilized by geometric confinement. These paths emerge naturally from the energy landscape of
the wire-ring geometry and depend on the initial magnetic configuration.

Subsequently, a sinc magnetic pulse field h(¢) = ho sin[27f  (t — to)] Z wasapplied [41,42]. Here, the
amplitude was set at hy = 1 mT, with a cut-off frequency of f= 20 GHz. The excitation amplitude was chosen
sufficiently small to ensure a linear dynamic response and to avoid inducing irreversible changes in the magn-
etic configuration. The spatial profile of the z-component of the magnetization was saved every 10 ps for a total
simulation time of 100 ns, and the frequency resolution was 0.01GHz. In this process, alower damping con-
stant oo = 0.008 was used [43, 44], a typical value for permalloy providing better resolution of the spin wave
modes. Using the Fast Fourier Transform (FFT), both the excitation field i(¢) and the magnetization M(¥) were
transformed to the frequency domain [i(w), M(w)]. The nature of the spin wave modes was determined by
numerical calculations of the spatial distributions of the amplitudes of the resonances. For this purpose, we
determined the time of the Fourier image of each magnetic moment m(r;j,w,) = DFTt (m(r;j, t,,)) (obtained
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Figure 2. (a) Phase diagram as a function of the inner ring diameter d (nm) and the thickness # (nm), indicating the number of
accessible equilibrium magnetic states after relaxation. Orange denotes a single possible state, while light blue indicates bistability.
(b) Representative relaxed magnetic configurations for h = 15 nm at selected values of d, showing that Path I and Path II converge to
the same low-energy state for small and large d, whereas at intermediate d they lead to distinct low- and high-energy configurations.
The color scale represents M,/ M.

from Mumax3 simulations), where DFTt is the Fourier transform. The subscripts ijk correspond to each cell’s
spatial coordinates x, y, and z, while the subscript n denotes the frequency position of the power spectrum.

3. Results and analysis

The equilibrium magnetic states are determined after the relaxation process described above, starting from
different initial configurations (States I, II, and III). The resulting magnetic behavior is summarized in the
phase diagram shown in figure 2(a), presented as a function of the inner ring diameter d (nm) and the thickness
h (nm). The color coding indicates the number of accessible magnetic states after relaxation: orange denotes a
single possible final state, whereas light blue indicates bistability, corresponding to the coexistence of two
distinct final states depending on the initial condition.

Figure 2(b) shows representative relaxed magnetic configurations (normalized magnetization component
M, /M) calculated for h = 15 nm at selected values of d, explicitly illustrating the role of different relaxation
pathways. In all cases, and for both Path I and Path II, the magnetic moments located in the wire segments (i.e.,
regions xy, X,, and x3) are predominantly aligned along the longitudinal axis of the nanostructure, as a con-
sequence of the strong shape anisotropy imposed by the elongated wire geometry. For large inner diameters,
relaxation along Path I and Path ITleads to the same low-energy configuration, indicating a unique equilibrium
state that is independent of the initial condition. In contrast, for intermediate values of d, the system exhibits
bistability: relaxation along Path I results in a low-energy state in which the central ring hosts an onion-like
configuration, with magnetic moments following the curved trajectory, whereas Path II drives the system
toward a distinct high-energy configuration characterized by a vortex state in the ring, where the magnetization
undergoes curling around the ring circumference. For very small inner diameters, both relaxation paths again
converge to the same low-energy state, reflecting the dominance of geometric confinement over the relaxation
dynamics.

To further elucidate the energetic origin of the different relaxation pathways, figure S1 in the Supplemen-
tary Material presents the total final energy as a function of the inner diameter d for several thickness values ,
considering all three initial states. These energy curves confirm that the bistable regions identified in the phase
diagram correspond to ranges of d where relaxation along Path I and Path IIleads to two energetically distinct
local minima. Outside these regions, the energy landscape is characterized by a single global minimum, such
that both paths converge to the same equilibrium configuration regardless of the initial state.

In addition, figures S2 and S3 in the Supplementary Material present representative relaxed magnetic con-
figurations for the extreme thickness values h = 1 nm and h = 25 nm, respectively, at selected inner diameters d.
These results demonstrate that the qualitative features identified for 1 = 15 nm specifically, the convergence of
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Figure 3. Dynamic susceptibility spectra of planar wire-ring nanostructures with a thickness of 1 = 15 nm for varying inner ring
diameters d. The spectra illustrate two distinct energy-evolution trajectories: (a) Path I and (b) Path II. In all configurations, the
magnetic field pulse is applied perpendicular to the nanostructure plane. Dashed vertical lines demarcate the low-, intermediate-,
and high-frequency regimes.

Path I and Path II to a unique low-energy state for small and large d, and the emergence of bistability at inter-
mediate inner diameters-remain robust over a broad range of thicknesses.

After establishing the stable and metastable magnetic configurations as a function of the inner ring dia-
meter d and thickness i, we investigate the dynamic magnetic response of the system under an out-of-plane
magnetic field pulse applied along the z direction, following the procedure described in the Model and Metho-
dology section. The resulting dynamic magnetic susceptibility spectra for planar wire-ring nanostructures with
h=15nm and varying d are presented in figure 3, where panels (a) and (b) correspond to Path I and Path II,
respectively, and the dashed vertical lines separate the spectra into low-, intermediate-, and high-frequency
regimes to facilitate the interpretation of the collective behavior of the resonant frequencies.

For Path I [figure 3(a)], the dynamic susceptibility spectra exhibit a well-defined set of resonant modes that
are largely preserved over the entire range of inner diameters. A single resonance is observed in the low-fre-
quency regime, together with a second isolated mode in the intermediate-frequency region. In contrast, the
high-frequency regime displays a more complex modal structure, with up to eight distinct resonant modes
appearing between approximately 10 and 15 GHz.

As the inner diameter decreases, the low-frequency mode remains essentially unchanged, indicating a weak
sensitivity to geometric confinement. The intermediate-frequency mode, however, exhibits a non-monotonic
behavior, characterized by small frequency shifts and amplitude variations that reflect a redistribution of the
dynamic magnetization. In the high-frequency regime, the resonant modes undergo a weak and nearly mono-
tonic downward frequency shift while preserving their relative spectral ordering and comparable intensities.

For Path I1 [figure 3(b)], the dynamic susceptibility spectra preserve the overall modal organization
observed for Path I, with one dominant resonance in the low-frequency regime, a single well-defined mode in
the intermediate-frequency range, and a complex structure in the high-frequency regime. Asin Path I, up to
eight resonant modes are observed between approximately 10 and 16 GHz, indicating that the total number of
accessible spin-wave modes is largely insensitive to the relaxation path.

Despite these similarities, clear differences emerge in the detailed spectral evolution. Compared to Path I,
the intermediate-frequency mode in Path IT exhibits larger frequency shifts and more pronounced variations in
amplitude as the inner diameter decreases, revealing a stronger sensitivity to the underlying magnetic config-
uration. In the high-frequency regime, although the resonant modes follow a similar weak downward fre-
quency shift with decreasing inner diameter, Path II displays broader resonances and noticeable changes in the
relative peak intensities among neighboring modes.
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Figure 4. Dynamic susceptibility spectra of planar wire-ring nanostructures with thickness h=15 nm for different inner ring
diameters d. Panels correspond to (a) d = 5 nm, (b) d = 50 nm following Path I, (c) d = 90 nm, and (d) d = 50 nm following Path II.
In all cases, the magnetic field pulse is applied perpendicular to the nanostructure plane. Dashed vertical lines delineate the low-,
intermediate-, and high-frequency regimes. The horizontal dashed blue line indicates the cutoff threshold used to identify resonant
modes, which are highlighted by red circles.

To evaluate the robustness of the higher-energy configuration against thermal activation, additional simu-
lations including thermal fluctuations at T = 300 K were performed for h = 15 nm within the bistable diameter
range (d = 10-80 nm). Figure S4 in the Supplementary Material compares the dynamic susceptibility spectra
obtained at T = 0 Kand T = 300 K for the high energy configuration. Although thermal fluctuations introduce
stochastic noise and moderate spectral broadening, the resonance positions and overall modal structure
remain clearly preserved.

Figure 4 provides a detailed view of the dynamic magnetic susceptibility spectra for selected inner ring
diameters d at a fixed thickness i = 15 nm, highlighting the identification of individual resonant modes across
different frequency regimes. The cutoff threshold, defined as 4% of the amplitude of the highest-intensity reso-
nance among all analyzed spectra, was used to ensure a consistent and simplified identification of the dominant
modes. This threshold is indicated by the horizontal dashed blue line, while the identified resonant peaks are
highlighted by red circles.

For small inner diameters [figure 4(a), d = 5 nm] and large inner diameters [figure 4(¢c), d = 90 nm], the
spectra are associated with a unique low-energy magnetic configuration, resulting in a well-defined and repro-
ducible set of resonant modes dominated by the high-frequency regime. In contrast, for the intermediate dia-
meter d = 50 nm, the dynamic magnetic susceptibility depends strongly on the relaxation pathway. As shown in
figure 4(b), relaxation along Path I yields a spectrum with fewer intense high-frequency resonances and a more
regular modal structure. Conversely, relaxation along Path II [figure 4(d)] leads to a richer high-frequency
spectrum with additional resonant peaks and enhanced intensities, reflecting the metastable, higher-energy
magnetic configuration.

Considering that edge roughness in experimentally fabricated nanostructures may introduce additional
pinning and contribute to resonance line-width broadening, we assessed the robustness of our results through
simulations with increased in-plane discretization. As shown in figure S5 in the Supplementary Material, only
moderate peak broadening and slight frequency shifts are observed, and the vortex state remains stable across
all tested conditions.

To elucidate the origin of the resonant peaks identified in figure 4 and to gain deeper insight into the role of
geometric confinement, figure 5 presents the spatial profiles of the excited spin-wave modes extracted from the
Fourier transform of the out-of-plane magnetization component M,. For the small inner diameter case (d =5
nm), seven distinct resonant modes are identified within the analyzed frequency range, each characterized by a
unique spatial distribution of the dynamic magnetization.
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Figure 5. Spatial profiles of the excited spin-wave modes obtained after applying a small microwave magnetic field pulse
perpendicular to the nanostructure plane. Columns correspond to different inner ring diameters and energy-evolution paths: (a)
d=>5nm, (b)d=50nm (PathI), (c) d =90 nm, and (d) d = 50 nm (Path II). Rows display representative resonant modes at the
indicated frequencies. The color scale represents the normalized amplitude of the FFT of the out-of-plane magnetization component
M, where red (blue) indicates higher (near-zero) spin-wave amplitude. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.).

The lowest-frequency mode, at approximately 2.07 GHz, is weakly excited and exhibits magnetization
oscillations localized at the left edge of the nanowire, along the longitudinal segment x;. The mode at 6.40 GHz
displays a strong localization of the dynamic oscillations within the ring region, with an almost symmetric
amplitude distribution around the ring, indicating a ring-confined spin-wave mode. In the high-frequency
regime (approximately 10-16 GHz), the resonant modes are predominantly extended along the nanowire,
forming standing-wave patterns characterized by multiple antinodes distributed along the wire length. Nota-
bly, the modes at 12.38 GHz and 13.05 GHz exhibit localized excitation at the right edge of the nanostructure
(right edge of the longitudinal segment x3), while the central wire region simultaneously supports standing-
wave-like oscillations [3, 45-47].

For the intermediate inner diameter case (d = 50 nm), the spatial profiles of the resonant modes exhibit a
strong dependence on the relaxation pathway, reflecting the bistable nature of the magnetic configuration.
Along Path I, the dominant modes are relatively delocalized along the nanowire, forming standing-wave pat-
terns with well-defined nodes and antinodes, while the contribution of the ring region to the overall dynamic
response remains weak and becomes noticeable only at specific frequencies, such as 8.57 GHz, 13.20 GHz,
13.48 GHz, and 13.95 GHz. These modes closely resemble those observed for small inner diameters, consistent
with the stabilization of a low-energy magnetic configuration.

In contrast, along Path II, the spatial profiles reveal a markedly different behavior. Several resonant modes
exhibit pronounced localization around the ring, accompanied by asymmetric intensity distributions and
enhanced dynamic oscillations near the wire-ring junctions, as observed, for instance, at 7.91 GHz and
11.52 GHz. At higher frequencies, the modes display a mixed character, combining ring-localized oscillations
with standing-wave patterns extending along the nanowire.

In the high-frequency regime, spanning approximately 10 to 13.1 GHz, the resonant modes are mainly
extended along the nanowire and form well-defined standing-wave patterns characterized by multiple anti-
nodes distributed along its length. Several modes, including those at 10.63, 11.03, and 11.35 GHz, exhibita
systematic increase in the number of nodes as the frequency rises, which is consistent with higher-order spin-
wave excitations imposed by geometric confinement [3, 47, 48]. The mode at 11.54GHz shows enhanced inten-
sity localized near the left side of the nanowire, while modes at higher frequencies, between 12.23 and
13.08 GHz, present a more homogeneous spatial distribution with only weak modulation around the ring
[49, 50]. These differences can also be interpreted in terms of the demagnetizing field, shown in figure S6 in the
Supplementary Material. From the analysis of these results, it is evident that for d = 50 nm the stray field
associated with Path II exhibits a multipolar-like structure, arising from the presence of a vortex state hosted in
the central ring. This multipolar character is absent in the d = 50 nm configuration obtained along Path I,
where the ring remains in an onion-like state. The distinct spatial distributions of the demagnetizing field in the
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two cases lead to different internal field landscapes, which in turn account for the emergence and redistribution
of resonant spin-wave modes observed for Path I and Path II.

The geometric transition between the wire and the ring introduces a localized modification of the effective
magnetic field, including the demagnetizing contribution, which may in principle influence spin-wave reflec-
tion and transmission in a propagative regime. However, the present work focuses on the intrinsic eigenmodes
of the coupled wire—ring system, obtained from full micromagnetic simulations in which the dipolar field is
computed self-consistently. Therefore, the reported hybrid modes inherently incorporate the effects of the
junction, while a quantitative analysis of magnonic transport, reflection coefficients, or impedance mismatch
lies beyond the scope of this study.

For the large inner diameter case (d = 90 nm), the spatial profiles of the resonant modes indicate the pre-
sence of a unique and stable low-energy magnetic configuration. The lowest-frequency mode, at approximately
2.03 GHz, exhibits localized oscillations at the left edge of the nanowire, characteristic of an edge-like excita-
tion. At6.70 GHz, the dynamic magnetization becomes weakly confined around the ring region, revealing a
low-order ring-assisted mode.

In the high-frequency regime, spanning approximately 10 to 13.1 GHz, the resonant modes are mainly
extended along the nanowire and form well-defined standing-wave patterns characterized by multiple anti-
nodes distributed along its length. Several modes, including those at 10.63, 11.03, and 11.35 GHz, exhibita
systematic increase in the number of nodes as the frequency rises, which is consistent with higher-order spin-
wave excitations imposed by geometric confinement [3, 47, 48]. The mode at 11.54GHz shows enhanced inten-
sity localized near the left side of the nanowire, while modes at higher frequencies, between 12.23 and
13.08 GHz, present a more homogeneous spatial distribution with only weak modulation around the
ring [49, 50].

4., Conclusions

In this work, we have presented a comprehensive micromagnetic investigation of the static and dynamic
magnetic properties of planar ferromagnetic nanostructures with wire-ring morphology. By systematically
varying the inner ring diameter and thickness, we have shown that geometric confinement plays a decisive role
in shaping both the equilibrium magnetic configurations and the associated spin-wave response.

Our results demonstrate the existence of distinct relaxation pathways leading either to a unique low-energy
magnetic state or to bistable regimes in which low- and high-energy configurations coexist for intermediate
inner ring diameters. This bistability is robust over a wide range of thicknesses and originates from the geo-
metric constraints imposed by the wire-ring architecture. Importantly, the different equilibrium states are
characterized by markedly different internal field landscapes, as evidenced by the distinct spatial distributions
of the demagnetizing field.

The dynamic susceptibility analysis reveals that, although the total number of accessible resonant modes
remains largely unchanged, the relaxation pathway strongly influences the spectral distribution, intensity, and
spatial localization of the spin-wave modes. Spatial Fourier analysis identifies a rich variety of excitations,
including edge-localized modes, ring-confined resonances, extended standing-wave modes along the nano-
wire, and hybrid modes arising from the coupling between wire and ring regions. These features highlight the
strong correlation between magnetic state, internal field topology, and dynamic response.

Overall, our findings establish planar wire-ring nanostructures as a versatile and reconfigurable platform
for controlling spin-wave excitations through geometric design and magnetic state selection. The demon-
strated sensitivity of the spin-wave spectra to relaxation pathways provides a promising route toward state-
selective and geometry-driven functionality in future magnonic and spintronic devices based on complex pla-
nar nanogeometries.
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