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A B S T R A C T

The thermodynamic and magnetic properties of quantum-dot structures subjected to an applied
magnetic field were studied, including the longitudinal optical–phonon interaction and the
Rashba spin–orbit effect. The Schrödinger equation was solved to determine the energy levels.
The partition function was evaluated by summing the accessible energy levels and was then
utilized to calculate the thermomagnetic functions. In this paper, we present magnetic properties
by considering three interacting polarons. Our results indicated that at 𝐵 = 0𝑇 , the susceptibility
exhibits diamagnetic behavior for all values of the Rashba spin–orbit parameter. However,
the magnetic susceptibility increases with an applied magnetic field, and the system exhibits
paramagnetic behavior under moderate magnetic fields. However, in situations with and
without the polaron effect, the susceptibility is saturated at 0(𝑚𝑒𝑉 ∕𝑇 2) under large magnetic
fields. In this study, we showed that the Rashba spin–orbit interaction (SOI) strengthens
the cutoff magnetic field 𝐵𝑐 (the B value at which the magnetic nature of the dot changes
from diamagnetic to paramagnetic). Rashba SOIs reduce the mean energy of the system,
including polaronic interactions. Under the polaron effect, the heat capacity curve shifts to
lower temperatures. A quantitative description of the magnetocaloric effect (𝛥𝑆) as a function
of the Wigner and Rashba spin–orbit parameters is presented.

. Introduction

In artificially created quantum heterostructures known as quantum dots (QDs), electron motion is restricted to the three spatial
imensions. The energy levels and densities of states of QDs resemble those of atoms and molecules, which are often referred to as
rtificial atoms/molecules [1]. The past two decades have seen rapid developments in fabrication techniques that have revolutionized
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the physics and engineering of QDs to a level where QDs with almost any desired shape can be grown. Applications in areas such
as solar cells [2–5], the development of new laser sources [6,7], and new types of photodetectors [8] have increased the amount
of research attention on QDs. As reported previously, the discrete energy-level structure and high values of the transition matrix
elements between different levels make them strong candidates for manipulating the structural and responsive properties of QDs [9].

For application-related devices, spin manipulation plays a dominant role in the study of QDs in external magnetic fields. Studies
n topological insulators and Weyl fermions are related to spin effects because they are useful in spin Hall-effect analyses, which
ay provide a tool for spintronic device fabrication [10,11]. The main focus of such studies is spin–orbit interactions (SOIs). Rashba

nd Dresselhaus are the two main types of SOIs, and they have equal strengths and effects. Spintronic devices are the result of
anipulating the electronic spin. SOIs have revealed intriguing changes in various properties; for example, the addition of SOIs

ignificantly affects the magnetic and thermodynamic properties (specific heat, entropy, Helmholtz free energy, etc.). Researchers
ave demonstrated that spin–orbit effects are highly potent with regard to thermomagnetic properties [12–18]. Recently, we studied
he effects of SOIs on the thermomagnetic properties of two electrons in two-dimensional (2D) systems [19]. We showed that Rashba
OIs (RSOIs) increase the cutoff magnetic field 𝐵𝑐 (the B value at which the QD’s magnetic nature changes from diamagnetic to

paramagnetic) with an increase in temperature. In addition, we demonstrate that the polaron effect and RSOIs reduce the mean
energy of the system. The SOI has been widely observed in studies on quantum heterostructures over the past two decades. The
primary reason for this renewed interest is the fact that in the presence of SOIs, the magneto-optical, magnetocaloric, and even
thermoelectric properties of nanostructures can be tuned to the desired level of accuracy [14]. Most studies have focused on a single
electron and two electrons in QDs where the confinement is a parabolic or semi-parabolic confining potential. These potentials have
attracted attention for two reasons: the analytical solution for most systems under parabolic confinement is readily available, and
even for a two-electron system, the center of mass and the relative coordinates can be easily separated, and the problem is reduced
to a relative motion equation [20,21]. The mathematical treatment becomes more challenging as the number of interacting electrons
increases. Only a few studies have been conducted with three electrons [16,22,23].

Systems with a controlled number of electrons injected into QDs are attracting increasing attention. It has been shown that
the number of electrons can influence the SOI and RSOI, which allows regulation of the spin in magnetotransport processes.
This technique has exciting prospects for the production of spintronic devices. Potential applications include nonvolatile memory
systems [24–28], quantum computing [29], and other spintronic devices [30].

In general, semiconductors have polar or ionic characteristics that influence the physical properties of electrons. This intrinsic
polarization induces an electron-longitude-optical (LO) phonon interaction called a polaron. Although these interactions are weaker
than electron–electron Coulomb interactions, they are similar to SOIs. The importance of these effects on the electronic properties
of QDs in the presence of a magnetic field has been extensively investigated. Generally, the Fröhlich formalism is a good framework
for studying polaron effects. Within this formalism, two approaches are widely used to solve the Schrödinger equation with phonon
terms: the Landau–Pekar [31] or Lee–Low Pines transformations [32]. Huangfu and Yan studied the effects of the magnetic field
on the binding energy of a hydrogenic impurity by considering the interactions between electrons and phonons [33]. Melnikov and
Fowler [34,35] studied the effects of electron–LO–phonon interactions on the electronic properties of a spherical QD embedded in
a nonpolar matrix. Feddi et al. studied the polaron effect on doped spherical QDs under magnetic and electric fields [36–38]. The
results of these studies indicated that the energy spectrum, magnetic effect, and polarizability depend strongly on the polaron effect
in the weak- and strong-confinement regimes.

The objective of this study was to investigate the thermal and magnetic characteristics of three-electron GaAs QDs in the presence
of an external magnetic field, with consideration of the influence of SOIs. The interplay between the magnetization of a material
and an applied magnetic field has recently been a subject of considerable interest. In addition, a material search was conducted
to examine magnetocaloric effects (MCEs). The MCE, which is often referred to as adiabatic temperature change, causes magnetic
materials to heat or cool as a result of changing magnetic fields [39–41]. It is shown that a sudden temperature change (𝛥𝑇𝑎𝑑) and
change in entropy (𝛥𝑆𝑚) are correlated with the magnetization (M) of the magnetic material, as well as with the heat capacity.
Although all magnetic materials are expected to exhibit the MCE, it has not been fully explored in the current literature. The
remainder of this paper is organized as follows: Section 1 presents a detailed theoretical model, followed by detailed results and
discussions in Section 2, Finally, a brief conclusion is illustrated for the findings of the results.

2. Theoretical formulation

In this section, we present the theoretical approach for determining the thermal and magnetic properties of GaAs in QD systems,
with consideration of the electron–LO–phonon interactions. Within the Boltzmann–Gibbs statistical framework, all thermodynamic
and magnetic properties are calculated using the canonical partition function defined by 𝑍𝑐 =

∑

𝜈 𝑒𝑥𝑝
(

−𝛽𝐸𝜈
)

, where 𝛽 = 1∕𝑘𝐵𝑇𝑎,
𝑘𝐵 is the Boltzmann constant, and 𝑇𝑎 represents the temperature in Kelvin (𝐾). Importantly, the summation applies to all system
energy levels, 𝐸𝜈 is obtained by solving the Schrödinger equation ̂|𝜈⟩ = 𝐸𝜈 |𝜈⟩. The mean energy of the system is calculated using
the following formula:

⟨𝐸⟩ = 𝑘
𝐵
𝑇 2
𝑎
𝜕ln𝑍𝑐
𝜕𝑇𝑎

. (1)

The heat capacity, which provides information regarding the quantity of energy stored in the system, is evaluated as follows:

𝐶𝑣 = −𝑘 𝛽2
(

𝜕⟨𝐸⟩
)

. (2)
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The entropy expression, which is one of the most essential thermodynamic quantities, describes the disorder of a system. It is
calculated using the following formula:

𝑆 = 𝑘
𝐵
𝛽(⟨𝐸⟩ − 𝐹𝐻 ), (3)

where 𝐹𝐻 = −𝑘𝐵𝑇𝑎 ln𝑍𝑐 represents the Helmholtz free energy, which constitutes the stability criterion.
From the statistical expressions, the magnetization 𝑀 can be calculated as

𝑀 = −1
𝑍𝑐

∑

𝜈

𝜕𝐸𝜈
𝜕𝐵

𝑒𝑥𝑝
(

−𝛽𝐸𝜈
)

. (4)

Magnetic susceptibility 𝜒 = 𝜕𝑀
𝜕𝐵 can be used to determine the degree of magnetization of a material subjected to an applied

magnetic field (B). This indicates that the material has diamagnetic (𝜒 ≺ 0) or paramagnetic (𝜒 ≻ 0) characteristics.
The MCE is the response of the magnetic moments of a magnetic material to the action of an external magnetic field at a particular

emperature [42]. Under a varying magnetic field, the MCE provides information on the properties of a magnetic material that can
hange its temperature or exchange heat with the thermal reservoir. The two quantities used to characterize the MCE are the
agnetocaloric potential 𝛥𝑆 and temperature change 𝛥𝑇𝑎. Thus, to calculate the magnetic entropy change 𝛥𝑆, the entropy is first

evaluated in the presence and absence of a magnetic field. The quantity 𝛥𝑆 for an isothermal process is given as [41]

𝛥𝑆 = 𝑆(𝐵 ≠ 0, 𝑇𝑎) − 𝑆(𝐵 = 0, 𝑇𝑎). (5)

These thermodynamic quantities require knowledge of the energy spectrum of the system. First, we determined the energy of
hree interacting electrons confined in a QD with an applied perpendicular magnetic field ⃖⃖⃗𝐵 = (0, 0, 𝐵), which is described in the
ymmetric gauge by ⃖⃖⃗𝐴 = 1

2 (
⃖⃖⃗𝐵 × 𝑟⃗). Taking into account the effect of the RSOI, the energy of the three correlated polarons is a

solution to the Schrödinger equation ̂|𝜈⟩ = 𝐸𝜈 |𝜈⟩. In the effective mass approximation, considering the Zeeman and RSOI effects,
the Hamiltonian can be expressed as

̂ = ̂𝑒𝑙 + 𝑉𝑐 + ̂𝑆𝑂
𝑅 + ̂𝑧 + ̂𝑝𝑜𝑙 , (6)

Here, the first term represents the Hamiltonian of the three interacting electrons in a QD under the confinement potential, which
is supposed to be parabolic and is given by

̂𝑒𝑙 =
1

2𝑚∗
𝑒

3
∑

𝑗=1

(

⃖⃗𝑝𝑗 +
𝑒⃖⃖⃗𝐴𝑗
𝑐

)2

+ 1
2
𝑚∗
𝑒𝜔

2
0

3
∑

𝑗=1,𝑖<𝑗

|

|

|

𝑟⃗𝑗 − 𝑟⃗𝑖
|

|

|

2
, (7)

where 𝑚∗
𝑒 represents the effective mass of the electron, 𝑒 represents the electron charge, 𝑐 represents the speed of light in vacuum,

⃖⃖⃖⃗𝑝𝑗 represents the momentum of the electron (𝑗), and ℏ𝜔0 represents the energy scale of the parabolic confinement.
The second term of Eq. (6) represents the electron–electron interaction, which is defined as

𝑉𝑐 =
3
∑

𝑗=1

𝑗−1
∑

𝑖=1

𝑒2

𝜀∞
|

|

|

𝑟⃗𝑗 − 𝑟⃗𝑖
|

|

|

, (8)

where 𝜀∞ is the high-frequency dielectric constant.
The Rashba spin–orbit Hamiltonian is given by the third term in Eq. (6), which is expressed as follows:

̂𝑆𝑂
𝑅 =

𝛼𝑅
ℏ

3
∑

𝑗=1

[

𝜎𝑗 ×

(

𝑝𝑗 +
𝑒𝐴̂𝑗
𝑐

)]

=
𝛼𝑅
ℏ

3
∑

𝑖=1

[

𝜎̂𝑥,𝑖(𝑝̂𝑦,𝑖 +
𝑒𝐴̂𝑦,𝑖
𝑐

) − 𝜎̂𝑦,𝑖(𝑝̂𝑥,𝑖 +
𝑒𝐴̂𝑥,𝑖
𝑐

)

]

, (9)

here 𝜎̂ = (𝜎𝑥, 𝜎𝑦, 𝜎𝑧) are the Pauli matrices and 𝛼𝑅 denotes the Rashba coupling constant.
In Eq. (6), the fourth term denotes the Zeeman effect.

̂𝑧 =
1
2
𝑔∗𝐵𝜇𝐵

3
∑

𝑗=1
𝜎̂𝑧,𝑗 , (10)

here 𝜇𝐵 = 𝑒ℏ
2𝑚0𝑐

denotes the Bohr magneton, and 𝑔∗ is the Lande factor of the electron.
The rightmost term in Eq. (6) is the kinetic operator of the phonon and the electron–LO–phonon coupling, which is described in

the framework of the Fröhlich approach [43]. This approach is explained using a simple image. Indeed, in a polar semiconductor,
when an electron in the conduction band moves in a material characterized by its Coulomb field, ionic polarization is produced
around it, which influences the electronic movement. Under these conditions, the particle must acquire polarization during
movement. This quasiparticle, which is formed by an electron and the induced polarization charge, is called a polaron. In the
Fröhlich approach, the optical modes have the same frequency. The dielectric is treated as a continuous medium, and the electrons
move with a quadratic dispersion. Using this approach, the last terms in Eq. (6) can be expressed as

̂𝑝𝑜𝑙 =
∑

ℏ𝜔𝐿𝑂 𝑎̂
+
𝑞
𝑎̂𝑞 +

∑

3
∑

[

𝑎𝑞⃗𝑉𝑞⃗ exp(𝑖⃖⃗𝑞 ⃖⃖⃗𝑟𝑗 ) +𝐻.𝑐
]

. (11)
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Here, 𝜔𝐿𝑂 represents the LO-phonon frequency, 𝑎̂+
𝑞
(𝑎̂𝑞) denotes the phonon’s creation (annihilation) operator with a 3𝐷 wave

vector 𝑞 = (𝑞∥, 𝑞𝑧) in the optical branch, and 𝑉𝑞⃗ is the coefficient of electron–LO–phonon coupling, which is given by the following
formula [43]:

𝑉𝑞⃗ =
[

2𝜋𝑒2
𝑉

ℏ𝜔𝐿𝑂
𝑞2

(

1
𝜀∞

− 1
𝜀0

)]1∕2
, (12)

where 𝑉 represents the volume of the crystal.
Recall that in (𝐼𝐼𝐼 − 𝐼𝑉 ) semiconductors characterized by weak electron–phonon coupling, interactions with phonons can be

onsidered through a polaronic mass depending on the electron–LO–phonon coupling 𝛼𝐿𝑂. According to the Feynman approximation
for weak electron–LO–phonon coupling [44],

𝑚∗
𝑝 = 𝑚∗

𝑒 (1 +
𝛼𝐿𝑂
6

). (13)

with

𝛼𝐿𝑂 = 𝑒2

2ℏ𝜔𝐿𝑂

(2𝑚∗
𝑒𝜔𝐿𝑂
ℏ

)1∕2 (
1
𝜀∞

− 1
𝜀0

)

. (14)

To solve the Schrödinger equation ̂|𝜈⟩ = 𝐸𝜈 |𝜈⟩, we first introduce the Jacobi coordinates as follows [45]:
⃖⃖⃗𝑅 =

𝑟1 + 𝑟2 + 𝑟3
3

, ⃖⃗𝜌 =
𝑟1 − 𝑟2
√

2
and ⃖⃗𝜆 =

𝑟1 + 𝑟2 − 2𝑟3
√

6
for the coordinates and 𝑚∗

𝑒 = 𝑚∗
𝜌 = 𝑚∗

𝜆 and 𝑀𝑒 = 3𝑚∗
𝑒 for the masses.

hus, the Hamiltonian of Eq. (6) becomes

̂ = ̂0 + 𝑉𝑐 + ̂𝑝𝑜𝑙 . (15)

he three parts of the previous Hamiltonian are the total Hamiltonian of the non-interacting electrons obtained after motion
eparation, the Coulomb potential, and the Hamiltonian representing the electron–LO–phonon coupling. These terms are defined as
ollows:

̂0 =
𝑝2𝜌
2𝑚∗

𝜌
+

𝑝2𝜆
2𝑚∗

𝜆
+ 1

2
𝑚∗
𝑒𝛺

2(𝜌2 + 𝜆2) +
𝑃 2
𝑅

2𝑀𝑒
+ 1

8
𝑀𝑒𝜔

2
𝑐𝑅

2 + 1
2
𝜔𝑐

3
∑

𝑗=1
𝐿(𝑗)
𝑧 +

𝛼𝑅
ℏ

(

0 12

21 0

)

+ 3
2
𝑔∗𝜇𝐵𝐵

(

1 0

0 −1

)

, (16)

𝑉𝑐 =
𝑒2𝜂

𝜀∞
√

𝜌2 + 𝜆2
, (17)

where 𝛺2 = 𝜔2𝑐
4 +3𝜔2

0 with 𝜔𝑐 =
𝑒𝐵
𝑚∗
𝑒 𝑐

represents the Larmor frequency, 𝐿𝑧 = 𝑚ℏ(𝑚′ℏ) denotes the angular momentum’s z-component
in the center of mass (CM) part (relative part), 𝑚 and 𝑚′ denote the CM and relative part’s angular momentum quantum numbers,
respectively, which can take the values 0,±1,±2..., and 𝜂 =

[
√

1+𝛼2

𝛼
√

2
+

√

2(1+𝛼2)
√

3+𝛼
+

√

2(1+𝛼2)
√

3−𝛼

]

.

with, 𝛼 = 𝜌
𝜆 , and 12, and 21 are developed from the Rashba operator term’s matrix element, which is given as

⎧

⎪

⎪

⎨

⎪

⎪

⎩

12 = ℏ
[

𝜕
𝜕𝑅𝑥

− 𝑖 𝜕
𝜕𝑅𝑦

]

+ 𝑒𝐵(𝑅𝑥 − 𝑖𝑅𝑦)

21 = ℏ
[

− 𝜕
𝜕𝑅𝑥

− 𝑖 𝜕
𝜕𝑅𝑦

]

+ 𝑒𝐵(𝑅𝑥 + 𝑖𝑅𝑦)
(18)

Given the conditions described above, the Hamiltonian is separated into two independent parts, i.e., ̂ = ̂𝑟𝑒𝑙 + ̂𝐶𝑀 , and the
energy spectrum of the system is expressed as 𝐸 = 𝐸𝑟𝑒𝑙 + 𝐸𝐶𝑀 . The Schödinger equation describing the relative motion is defined
as follows (see Appendix):

𝑑2𝑈𝑛′ ,𝑚′ (𝜉)
𝑑𝜉2

−

⎡

⎢

⎢

⎢

⎢

⎣

𝛽2𝜉2 +
2𝑒2𝜂

𝜀ℏ𝜔0

√

ℏ
𝑚∗
𝑝𝜔0

𝜉
+

𝓁(𝓁 + 2) + 3
4

𝜉2

⎤

⎥

⎥

⎥

⎥

⎦

𝑈𝑛′ ,𝑚′ (𝜉) =
(

𝑚′𝜔𝑐
𝜔0

− 𝜀𝑛′ ,𝑚′

)

𝑈𝑛′ ,𝑚′ (𝜉) (19)

here 𝛽2 = 3 + 𝜔2𝑐
4𝜔20

, 𝜉2 =
𝑚∗
𝑝𝜔0
ℏ (𝜌2 + 𝜆2), 𝜀𝑛′ ,𝑚′ = 2𝐸𝑟𝑒𝑙

ℏ𝜔0
and 𝑛′, 𝓁, and 𝑚′ are three quantum numbers.

Eq. (19) can be solved using a previously reported method [16,46,47]. The relative motion energy of the system, which is
xpressed in units of ℏ𝜔0

2 , is

𝜀𝑛′ ,𝑚′ = 2
(

𝑛′ + 1
2

)

√

1
2
𝑑2𝑉𝑒𝑓𝑓 (𝜉)

𝑑𝜉2
∕𝜉=𝜉0 + 𝑉𝑒𝑓𝑓 (𝜉)∕𝜉=𝜉0 +

𝑚′𝜔𝑐
𝜔0

, (20)

Here, 𝑉𝑒𝑓𝑓 (𝜉) = 𝛽2𝜉2 +
2𝑅′

𝑊
𝜉 +

𝓁(𝓁+2)+ 3
4

𝜉2
, with 𝑅′

𝑊 = 𝑒2𝜂
𝜀ℏ𝜔0𝑙0

being the Wigner parameter, which represents the relative strength of

the Coulombic repulsion between two electrons separated by a distance of 𝑙0 =
√

ℏ
𝑚∗
𝑒𝜔0

and twice the electron’s zero-point kinetic
nergy moving into harmonic confinement.
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Table 1
The 𝐺𝑎𝐴𝑠 material parameters used in this study were extracted from [23,48,49].

Material 𝑚∗
𝑒

𝑚0
𝐸𝑔 (eV) 𝜖0 𝜖∞ 𝑅′

𝑊 ℏ𝜔𝐿𝑂(meV) ℏ𝜔𝑇𝑂(meV) 𝛼𝑅(meV × nm)

𝐺𝑎𝐴𝑠 0.067 1.42 12.53 10,90 (1–10) 36,7 33,29 (1–5.4)

For center-of-mass motion, the time-independent Schrödinger equation is expressed as follows:

− ℏ2

2𝑀𝑒

[

𝜕2

𝜕𝑅2
𝑥
+ 𝜕2

𝜕𝑅2
𝑦

]

𝛹𝑛(𝑅,𝛷) +
1
2
𝑀𝑒𝛺

2𝑅2𝛹𝑛(𝑅,𝛷) +
1
2
𝜔𝑐𝐿𝑍𝛹𝑛(𝑅,𝛷)

+
𝛼𝑅
ℏ

(

0 𝐻12

𝐻21 0

)

𝛹𝑛(𝑅,𝛷) +
3
2
𝑔∗𝜇𝐵𝐵

(

1 0

0 −1

)

𝛹𝑛(𝑅,𝛷) = 𝐸𝐶𝑀𝛹𝑛(𝑅,𝛷). (21)

By selecting 𝑅𝑥 = 𝑅𝑐𝑜𝑠𝛷, 𝑅𝑦 = 𝑅𝑠𝑖𝑛𝛷, 𝑅2 = 𝑅2
𝑥 + 𝑅

2
𝑦, and 𝛷 = arctan

( 𝑅𝑦
𝑅𝑥

)

, the following expressions for 12 and 21 given in
q. (18) can be obtained:

⎧

⎪

⎨

⎪

⎩

12 = ℏ𝑒−𝑖𝛷
[

𝜕
𝜕𝑅 − 𝑖

𝑅
𝜕
𝜕𝛷 + 𝑒𝐵𝑅

𝑐

]

21 = ℏ𝑒+𝑖𝛷
[

− 𝜕
𝜕𝑅 − 𝑖

𝑅
𝜕
𝜕𝛷 + 𝑒𝐵𝑅

𝑐

] (22)

y considering the wave function as the product of independent angular and radial terms, we obtain

𝛹𝑛,𝑚(𝑅,𝛷) =

{

𝑈𝑛(𝑅)𝑒𝑖𝑚𝛷

𝑉𝑛(𝑅)𝑒𝑖(𝑚+1)𝛷
(23)

Under these conditions, the Hamiltonian takes the following form [19]:

⎧

⎪

⎨

⎪

⎩

(

𝜕2

𝜕𝑅2 + 1
𝑅

𝜕
𝜕𝑅 + 𝑘2 − 𝑚2

𝑅2

)

𝑈𝑛(𝑅) −
𝑀𝑒𝜔2𝑐𝑅

2

4ℏ2 𝑈𝑛(𝑅) −
2𝑀𝑒𝛼
ℏ2

(

𝜕
𝜕𝑅 + 𝑚+1

𝑅

)

𝑉𝑛(𝑅) −
2𝑀𝑒𝛼𝑅𝐵𝑒

ℏ3
𝑉𝑛(𝑅) = 0

(

𝜕2

𝜕𝑅2 + 1
𝑅

𝜕
𝜕𝑅 + 𝑞2 − (𝑚+1)2

𝑅2

)

𝑉𝑛(𝑅) −
𝑀𝑒𝜔2𝑐𝑅

2

4ℏ2 𝑉𝑛(𝑅) −
2𝑀𝑒𝛼
ℏ2

(

− 𝜕
𝜕𝑅 + 𝑚

𝑅

)

𝑈𝑛(𝑅) −
2𝑀𝑒𝛼𝑅𝐵𝑒

ℏ3
𝑈𝑛(𝑅) = 0

⎫

⎪

⎬

⎪

⎭

(24)

here 𝑛 and 𝑚 represent the principal and magnetic quantum numbers, respectively, of the different CM states, 𝑘2 = −𝑀𝑒𝑚𝜔𝑐
ℏ −

3𝑀𝑒𝑔∗𝜇𝐵𝐵
ℏ2

+ 2𝑀𝑒
ℏ2
𝐸𝐶𝑀 , and 𝑞2 = −𝑀𝑒(𝑚+1)𝜔𝑐

ℏ + 3𝑀𝑒𝑔∗𝜇𝐵𝐵
ℏ2

+ 2𝑀𝑒
ℏ2
𝐸𝐶𝑀 .

To solve Eq. (24), we use the following wave functions for the CM, which is expressed as a linear combination of Bessel functions:

{

𝑈𝑛(𝑅) = 𝐴𝐽𝑚(𝑘𝑅) + 𝐵𝐽𝑚(𝑞𝑅)

𝑉𝑛(𝑅) = 𝐴𝐽𝑚+1(𝑘𝑅) + 𝐵𝐽𝑚+1(𝑞𝑅)
(25)

We only consider the fundamental state of the CM motion, which corresponds to 𝑛 = 1 and 𝑚 = 0. Then, the energy eigenvalues
𝐸𝐶𝑀 can be calculated via the numerical solution of the above differential equations 𝐻̂𝐶𝑀𝛹𝑛(𝑅,𝛷) = 𝐸𝐶𝑀𝛹𝑛(𝑅,𝛷).

. Numerical results and discussion

Our numerical calculations are applied to the GaAs QDs. Table 1 presents all the physical parameters used in this study, taken
rom the references cited herein. To determine the relative strengths of the SOI and confinement, the following two length scales

re used: 𝑙𝑠 =
√

ℏ2
2𝑚∗

𝑒𝛼𝑅
and 𝑙0 =

√

ℏ
𝑚∗
𝑒𝜔0

, where 𝑙𝑠 represents the length corresponding to the SOI, and 𝑙0 represents the characteristic
length of the confinement potential.

We focused primarily on the three-electron GaAs QD. The approach mentioned in the Theoretical Formulation section was used
to determine the energy levels of the three-electron QD in an applied magnetic field with the RSOI. As discussed in the previous
section, the energy corresponding to a three-electron system is given as 𝐸 = 𝐸𝐶𝑀 + 𝐸𝑟𝑒𝑙, where the 𝐸𝐶𝑀 expression includes the
RSOI term. It is well known that the levels’ degeneracy is lifted because of 𝛼𝑅. Zeeman splitting occurs even in the absence of the
SOI, and the results are not shown here; however, they are analogous to those found in [9,18], and the level splitting in our case
is significantly more pronounced.

From the numerical calculations performed in this study, which are presented in Table 2, the temperature (𝑇𝑎) and magnetic
field (𝐵) affect the saturation of the summation in the expression 𝑍𝑐 . At 𝑇𝑎 = 100 K, 𝑍𝑐 is saturated from the 12th level for 𝐵 = 15 T
and at the 22nd level for 𝐵 = 10 T. In contrast, for 𝐵 = 5 T, it reaches saturation at the 26th level. However, saturation was reached
toward the end of more states for 𝑇𝑎 = 300 K. We infer that, 𝑍𝑐 is saturated at the 140th, 190th, and 198th levels for 𝐵 = 15 T,
𝐵 = 10 T, and 𝐵 = 5 T, respectively.

In Fig. 1, the effective potential is plotted as a function of 𝜉 with different values of the Wigner parameter (𝑅′
𝑊 = 0, 1, 5, and 10).

The figure illustrates the dependence of the effective potential on the Wigner parameter. With an increase in the Wigner parameter,
394
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Table 2
Partition function with varying magnetic fields and energy levels at 𝑇𝑎 = 100 K and
𝑇𝑎 = 300 K.
𝐵(𝑇 ) 5 10 15

𝑍𝑐 at 𝑇𝑎 = 100 K

𝑁 = 12 3.840192736E−5 7.181002597E−6 7.537266032E−7
22 3.867508285E−5 7.211805687E−6 7.537266032E−7
26 3.867512407E−5 7.211805687E−6 7.537266032E−7
29 3.867512407E−5 7.211805687E−6 7.537266032E−7

𝑍𝑐 at 𝑇𝑎 = 300 K

𝑁 = 140 0.1528546460 8.265973191E−2 3.609030166E−2
190 0.1535412371 8.294744409E−2 3.609030166E−2
198 0.1535412379 8.294744409E−2 3.609030166E−2
200 0.1535412379 8.294744409E−2 3.609030166E−2

Fig. 1. Plot of the effective potential with respect to 𝜉 for different values of the Wigner parameter (𝑅′
𝑊 = 0, 1, 5, and 10).

he minimum effective potential shifts to larger values of 𝜉. However, the effective potential converges to almost the same value for
ll the Wigner parameter values.

Magnetic susceptibility (𝜒) is a crucial parameter that defines the degree of magnetization of the system. It also defines the
iamagnetic or paramagnetic characteristics of a material. Its determination allowed us to determine possible magnetic transitions.

Fig. 2 shows the magnetic susceptibility (𝜒) of the GaAs QD with respect to the magnetic field strength, which is given by the
atio 𝜔𝑐∕𝜔0 at 𝑇𝑎 = 1 K. To study the effects of the RSOI, the results for two cases with and without the RSOI were examined,
s shown in Fig. 2a. It is well known that the susceptibility is always negative if the RSOI is neglected (𝛼𝑅 = 0) (shown in the
nset of Fig. 2a), and it is positive in the case where the RSOI is nonzero (𝛼𝑅 = 1, 2, and 5.4 meV nm). This implies that the RSOI
einforces the susceptibility. Interestingly, at 𝜔𝑐∕𝜔0 = 0 (𝐵 = 0 T), the figure shows diamagnetic behavior (𝜒 ≺ 0) for each value
f the RSOI (𝛼𝑅 = 1, 2, and 5.4 meV nm) in both cases, i.e., with and without consideration of electron–LO–phonon interactions.
owever, considering the configuration where electron–LO–phonon interactions are nonzero, the susceptibility is far higher than

hat in the case where this interaction is ignored. In both cases, the susceptibility increases with the magnetic field strength, and
he system exhibits paramagnetic behavior (𝜒 ≻ 0) at an intermediate magnetic field strength. In addition, it can be said that the
usceptibility is saturated at 0(𝑒𝑉 ∕𝑇 2) under strong magnetic fields. It was also observed that RSOI shifted the curves to stronger
agnetic fields. As shown in Fig. 2b, (𝜒) with respect to 𝜔𝑐∕𝜔0 was studied in the case where the RSOI was neglected for various
igner parameter values (𝑅′

𝑊 = 0, 1, 5, and 10). Interestingly, the susceptibility is negative (diamagnetic behavior) for all values of
he Wigner parameter. The figure also shows that 𝑅′

𝑊 increases 𝜒 .
The magnetization 𝑀 given by Eq. (4) refers to the ability of the sample to maintain induced magnetism when a magnetic field
395
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Fig. 2. Susceptibility as a function of 𝜔𝑐∕𝜔0 (a) with four values of the RSOI, i.e., 𝛼𝑅 = 0, 1, 2, and 5.4 meV nm, at 𝑅′
𝑊 = 5 (the solid and dotted lines correspond

o the cases with and without the polaron effect, respectively) and (b) for various Wigner parameter values: 𝑅′
𝑊 = 0, 1, 5, and 10. All the curves are plotted for

honons at 𝑇𝑎 = 1 K.

Fig. 3. Plot of the magnetization for GaAs vs. 𝜔𝑐∕𝜔0 (a) with three values of the RSOI, i.e., 𝛼𝑅 = 1, 2, and 5.4 meV nm, at 𝑅′
𝑊 = 5 (the solid and dotted lines

orrespond to the cases with and without the polaron effect, respectively) and (b) for various Wigner parameter values 𝑅′
𝑊 = 0, 1, 5, and 10. All the curves are

lotted for phonons at 𝑇𝑎 = 1 K.

The variation in magnetization 𝑀 with respect to the frequency ratio 𝜔𝑐
𝜔0

is shown in Fig. 3. The solid and dotted lines correspond
to the cases with and without the polaron effect, respectively. To study the effect of the RSOI, the magnetization (𝑀) for various

′
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values of the RSOI (𝛼𝑅 = 1, 2, and 5.4 meV nm) at 𝑅𝑊 = 5 was examined, as shown in Fig. 3a. In both cases, i.e., with and without
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Fig. 4. Mean energy of the GaAs QD vs. the temperature (a) with and without phonons for various Wigner parameter values (𝑅′
𝑊 , 1, 5, and 10) at 𝛼𝑅 = 5.4 meV nm

and 𝐵 = 0.5 T and (b) without and with the RSOI for four values of the magnetic field, i.e., 𝐵 = 0.5, 5, 10, and 15 T, at 𝑅′
𝑊 = 5.

lectron–phonon interactions, there are essentially two regions: the first is located at 𝜔𝑐
𝜔0
≲ 0.1 (𝐵 ≲ 0.19 T). When the magnetic field

strength increases, the magnetization tends to decrease. The second region is located at 𝜔𝑐
𝜔0
≳ 0.1 (𝐵 ≳ 0.19 T), and the magnetization

increases with the magnetic field strength. We also notice that for a given 𝐵, the system marks the reinforcement of magnetization
with a decreasing RSOI value.

Interestingly, these results indicate that the magnetization generally decreases toward a minimum afterward, fluctuates, and
then increases until a saturation value is reached. Following this definition, the slope of the magnetization is described by the
susceptibility 𝜒 = 𝑑𝑀

𝑑𝐵 in the (𝑀,𝐵) diagram, as shown in Fig. 3a. The magnetization diminishes before the minimum is reached
( 𝑑𝑀𝑑𝐵 ≺ 0), implying that the system has diamagnetic behavior (𝜒 ≺ 0). From this minimum, the magnetization starts to increase and
xhibits a positive slope ( 𝑑𝑀𝑑𝐵 ≻ 0), which implies that the system has paramagnetic behavior (𝜒 ≻ 0).

As shown in Fig. 3b, the magnetization (𝑀) vs. 𝜔𝑐∕𝜔0 graph in the case where the RSOI is not considered for various Wigner
arameter values (𝑅′

𝑊 = 0, 1, 5, and 10) was studied in the presence of electron–LO–phonon interactions. The first observation made
ere is that the magnetization has a negative value, and for a given temperature value (𝑇𝑎 = 1𝐾), the magnitude of magnetization

(𝑀) decreases when the magnetic field strength increases, which signifies the diamagnetic character of the material (𝜒 ≺ 0). The
igure also shows that as the magnetic field and 𝑅′

𝑊 increase, 𝑀 increases. Additionally, at a very low 𝐵, 𝑀 is independent of 𝑅′
𝑊 .

his agrees with the results of [13,16,19,50].
By using the partition function 𝑍𝑐 with respect to the temperature and magnetic field strength, the thermodynamic properties

f this system are discussed, taking into account electron–LO–phonon coupling. The variation in the mean energy of the GaAs QD
s a function of the temperature is shown in Fig. 4. As the temperature increases, the mean energy of the system increases. This is
ecause the kinetic energy of the system becomes more important as the temperature increases.

Similarly, to better understand the 𝑅′
𝑊 effect on the mean energy, we examined the variation in the mean energy for GaAs with

espect to the temperature for various Wigner parameter values (𝑅′
𝑊 = 0, 1, 5, and 10) in two cases with and without electron–LO–

honon interaction at 𝛼𝑅 = 5.4 meV nm and 𝐵 = 0.5 T, as shown in Fig. 4a. The mean energy increases with the interaction strength
from 𝑅′

𝑊 = 0 to 𝑅′
𝑊 = 10). It can be posited that the electron–LO–phonon interactions reduce the mean energy of the system.

The variation in the mean energy as a function of the temperature with different magnetic field strengths (𝐵 = 0.5, 5, 10, and
5 T) at 𝑅′

𝑊 = 5 is shown in Fig. 4b. With an increase in the magnetic field strength, the mean energy of the system increases. The
SOI reduces the mean energy of the system.

Fig. 5a presents a plot of the heat capacity 𝐶𝑉 with respect to the temperature, incorporating the effect of the Wigner parameter
t 𝛼𝑅 = 5.4 meV nm and 𝐵 = 0.5 T and taking into account the electron–LO–phonon coupling. As shown, for high temperatures
𝑇𝑎 ≻ 125𝐾), the heat capacity of the QD is saturated and is increased significantly by increasing the interaction strength (from
′
𝑊 = 0 to 𝑅′

𝑊 = 10). At all temperatures, the effect of the electron–LO–phonon interactions on the heat capacity is evident.
Fig. 5b displays the variation in the heat capacity of the GaAs QD as a function of the temperature for different magnetic field

trengths 𝐵 = 0.5, 5, 10, and 15 T at 𝛼𝑅 = 5.4 meV nm and 𝑅′
𝑊 = 5. At low temperatures, an increase in the magnetic field strength

educed 𝐶 ; however, at higher temperatures, the magnetic field increased the heat capacity.
397
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Fig. 5. Heat capacity of the GaAs QD vs. the temperature (a) with and without phonons for various Wigner parameter values, i.e., 𝑅′
𝑊 = 0, 1, 5, and 10, at

𝛼𝑅 = 5.4 meV nm and 𝐵 = 0.5 T and (b) for four values of the magnetic field, i.e., 𝐵 = 0.5, 5, 10, and 15 T, at 𝛼𝑅 = 5.4 meV nm and 𝑅′
𝑊 = 5.

Fig. 6. (a) Plot of entropy for GaAs vs. the temperature with and without phonons for various Wigner parameter values (𝑅′
𝑊 = 0, 1, 5, and 10) at 𝐵 = 0.5 T. (b)

ariation in the entropy as a function of the temperature for three interacting electrons (solid lines) and non-interacting electrons (dashed lines) for different
agnetic field strengths (𝐵 = 5, 10, and 15 T). The inset shows the Rashba effect on the entropy (the red line corresponds to 𝛼𝑅 = 5.4 meV nm, and the black

ine corresponds to 𝛼𝑅 = 0 meV nm). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The variation in the entropy (𝑆) as a function of temperature is shown in Fig. 6. This function, which describes the system
isorder, is zero at very low temperatures, according to the laws of thermodynamics. Entropy increases with temperature because
398
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Fig. 7. Helmholtz free energy of the GaAs QD vs. the temperature (a) with and without phonons for various Wigner parameter values, i.e., 𝑅′
𝑊 , 1, 5, and 10, at

𝛼𝑅 = 5.4 meV nm and 𝐵 = 0.5 T and (b) with and without the RSOI for various magnetic field strengths, i.e., 𝐵 = 0.5, 5, 10, and 15 T, at 𝑅′
𝑊 = 5.

he occupancy probabilities of the levels change, and the disorder of the system becomes important as a result of thermal agitation.
ig. 6a shows the variation in entropy for GaAs with respect to the temperature for various Wigner parameter values (𝑅′

𝑊 = 0, 1, 5,
nd 10) and for 𝐵 = 0.5 T. With an increase in 𝑅′

𝑊 (from 𝑅′
𝑊 = 0 to 𝑅′

𝑊 = 10), the entropy decreases, and the effect of the
lectron–LO–phonon effect on the entropy is significant at high temperatures.

Fig. 6b shows the variation in the entropy as a function of the temperature for three interacting electrons (solid lines) and non-
nteracting electrons (dashed lines) for different magnetic field strengths (𝐵 = 5, 10, and 15 T). The inset shows the Rashba effect on
he entropy (the red line corresponds to 𝛼𝑅 = 5.4 meV nm, and the black line corresponds to 𝛼𝑅 = 0 meV nm). Our results indicate
hat at low temperatures, the magnetic field has a weak effect on the entropy. In contrast, at high temperatures, when the disorder
f the system becomes important, the application of a magnetic field can align the electron spins, reducing the entropy. To complete
ur discussion, we analyzed the effect of the RSOI on the entropy of the system. The windows in Fig. 6b show the entropy variations
n both cases: with and without the RSOI. The entropy of the system increases when the RSOI is stronger, and the same behavior
as reported by Malik et al. [14]. Our computational approach shows that when 𝑇𝑎 approaches zero, the RSOI does not affect the
ntropy, in accordance with the laws of thermodynamics. To clarify the effect of the Coulombic interaction on the system stability,
e examined the variation in the entropy as a function of temperature for three interacting and three non-interacting electrons

onfined in the QD, as shown in Fig. 6b. We compared the behaviors for three different magnetic field strengths (𝐵 = 5, 10, and
5 T) and considered the RSOI. The entropy of the non-interacting electrons is less pronounced than that of the interacting system,
mplying that the electrostatic repulsive interactions destabilize the three-electron system.

The Helmholtz free energy contains information regarding the useful work of a system provider. It is defined as the energy
ecessary to create a system with constant volume and temperature, which provides the stability criterion. Fig. 7 illustrates the
ariation in the Helmholtz free energy of the GaAs QD with respect to the temperature. In all the curves shown in Fig. 7, the
elmholtz free energy decreases as the temperature increases, which causes the entropy to increase; thus, the Helmholtz free
nergy decreases. Fig. 7a shows the variation in the Helmholtz free energy of the GaAs QD with respect to the temperature, taking
nto consideration the effects of the interaction strength (𝑅′

𝑊 ) and electron–LO–phonon interaction. The results indicate that the
elmholtz free energy strongly depends on the strength of the interaction. It is evident that 𝑅′

𝑊 increases the Helmholtz free energy.
hus, the interaction strength cannot be neglected. We also see that the electron–LO–phonon interactions reduce the Helmholtz free
nergy of the system.

In Fig. 7b, the variation in the Helmholtz free energy as a function of temperature with various magnetic field strengths,
.e., 𝐵 = 0.5, 5, 10, and 15 T, at 𝑅′

𝑊 = 5, taking into account the RSOI, is presented. According to the results, the Helmholtz free
nergy is more important for a higher confinement strength. Additionally, we see that the RSOI reduces the Helmholtz free energy
f the system.

Fig. 8 presents the variation in the entropy change (𝛥𝑆) as a function of the temperature. It shows the changes in the strength
′
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f the magnetic field from 𝐵𝑖 = 0.01 T to 𝐵𝑓 = 5 T. In Fig. 8a, the effect of the Wigner parameter 𝑅𝑊 on the entropy change (𝛥𝑆)
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Fig. 8. MCE with respect to the temperature (a) for various Wigner parameter values, i.e., 𝑅′
𝑊 , 1, 5, and 10 (all curves are plotted for phonons at 𝛼𝑅 = 5.4 meV nm)

nd (b) with and without the RSOI, considering the effects of electron–phonon interactions.

t 𝛼𝑅 = 5.4 meV nm is presented. The general behavior of the MCE shows that the entropy changes 𝛥𝑆 decrease toward a minimum
fterward, changes its variation, and starts to increase again with increasing temperature until it becomes saturated at a limit value.
he figure also shows that when the parameter 𝑅′

𝑊 increases, the minimum shifts to higher temperatures, and the entropy change
ncreases. Fig. 8b presents the variations in the entropy (𝛥𝑆) vs. the temperature with and without the RSOI, in the presence of the
lectron–LO–phonon interactions. As shown, at low temperatures, the entropy change has the same behavior for both cases (with
nd without RSOI); however, at higher temperatures, the effect of the RSOI on the entropy change is remarkable. Additionally,
lectron–phonon interactions reduce the entropy change of the system.

. Final remarks

We analyzed the magnetic and thermal properties of a three-electron QD. The significance of the present study can be evaluated
y considering all the potential electron interactions, including the electron–electron Coulomb interactions, the SOIs, and, most
mportantly, the electron–phonon interactions. The electron–LO–phonon interactions were assumed to have the same strength as
he Rashba or Dresselhaus SOI. These polaronic contributions significantly affect the magnetic and thermal properties of the QD.
n increase in the number of electrons in the QD increases the Coulomb repulsion terms in the Hamiltonian, and the Coulomb terms
ominate the dynamics. However, the polaron effects are still significant, as indicated by all the results. Additionally, polaron effects
ominate at low magnetic field strengths, as observed for magnetic susceptibility (Fig. 2a) and magnetization (Fig. 3a). The effect of
lectron–phonon coupling is far more significant for higher values of the RSOI at low magnetic field strengths. The results presented
erein are imperative for future experimental studies aimed at developing new devices for spintronics.
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ppendix

This section describes the procedure for calculating the energy levels and wave functions of the system. According to the Eqs. (16)
nd (17), the total Hamiltonian after the motion separation for the three interacting electrons is expressed as follows:

 =
𝑃 2
𝜌

2𝑚∗
𝜌
+
𝑃 2
𝜆

2𝑚∗
𝜆
+ 1

2
𝑚∗
𝑒𝛺

2(𝜌2 + 𝜆2) +
𝑃 2
𝑅

2𝑀𝑒
+ 1

8
𝑀𝑒𝜔

2
𝑐𝑅

2 + 1
2
𝜔𝑐

3
∑

𝑗=1
𝐿(𝑗)
𝑧 +

𝑒2𝜂

𝜀
√

𝜌2 + 𝜆2

+
𝛼𝑅
ℏ

(

0 𝐻12

𝐻21 0

)

+ 3
2
𝑔∗𝜇𝐵𝐵

(

1 0

0 −1

)

. (26)
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w

We use the hyperspherical coordinates characterized by the hyperradius 𝜁 and hyperangle 𝜅, which are defined as follows:

𝜁2 = 𝜌2 + 𝜆2, 𝜅 = arctan
( 𝜌
𝜆

)

(27)

Under these transformations, the first and second terms of Eq. (26) are expressed as follows:

𝑃 2
𝜌

2𝑚∗
𝜌
+
𝑃 2
𝜆

2𝑚∗
𝜆
= − ℏ2

2𝑚∗
𝑒

(

𝜕2

𝜕𝜁2
+ 3
𝜁
𝜕
𝜕𝜁

−
𝓁(𝓁 + 2)
𝜁2

)

. (28)

Therefore, the Hamiltonian describing the relative motion is defined as

𝑟𝑒𝑙 = − ℏ2

2𝑚∗
𝑒

(

𝜕2

𝜕𝜁2
+ 3
𝜁
𝜕
𝜕𝜁

−
𝓁(𝓁 + 2)
𝜁2

)

+ 1
2
𝑚∗
𝑒𝛺

2𝜁2 +
𝑒2𝜂
𝜀𝜁

+
𝑙𝑧
2
𝜔𝑐 (29)

With this approach, the Schrödinger equation that describes the relative motion is given as
[

− ℏ2

2𝑚∗
𝑒

(

𝜕2

𝜕𝜁2
+ 3
𝜁
𝜕
𝑑𝜁

−
𝓁(𝓁 + 2)
𝜁2

)

+ 1
2
𝑚∗
𝑒𝛺

2𝜁2 +
𝑒2𝜂
𝜀𝜁

+
𝑙𝑧
2
𝜔𝑐

]

𝜙𝑛′ ,𝑚′ (𝜁, 𝜅) = 𝐸𝑟𝑒𝑙𝜙𝑛′ ,𝑚′ (𝜁, 𝜅) (30)

where the hyperradial wavefunction is given by 𝜙𝑛′ ,𝑚′ (𝜁, 𝜅) = 𝑒𝑖𝑚′𝜅
√

2𝜋
𝑓𝑛′ ,𝑚′ (𝜁 )

We consider the following transformation [46]: 𝑓𝑛′ ,𝑚′ (𝜁 ) = 𝜁−
3
2 𝑈𝑛′ ,𝑚′ (𝜁 ). Then, Eq. (30) is reduced to the form

𝜕2𝑈𝑛′ ,𝑚′ (𝜁 )
𝜕𝜁2

+

[

2𝑚∗
𝑒

ℏ2
𝐸𝑟𝑒𝑙 −

(

𝑚∗2
𝑒 𝛺

2𝜁2

ℏ2
+
𝑚∗
𝑒𝑚

′ℏ
2

𝜔𝑐 +
2𝑚∗

𝑒

ℏ2
𝑒2𝜂
𝜀𝜁

+
𝓁(𝓁 + 2)
𝜁2

+ 3
4𝜁2

)]

𝑈𝑛′ , 𝑚′ (𝜁 ) = 0 (31)

When the independent variable 𝜉 =
√

𝑚∗
𝑒𝜔0
ℏ 𝜁 is changed, the above equation yields

𝜕2𝑈𝑛′ ,𝑚′ (𝜉)
𝑑𝜉2

−

⎡

⎢

⎢

⎢

⎣

𝛽2𝜉2 +
2𝑒2𝜂

𝜀ℏ𝜔0

√

ℏ
𝑚∗
𝑒𝜔0

𝜉
+

𝓁(𝓁 + 2) + 3
4

𝜉2

⎤

⎥

⎥

⎥

⎦

𝑈𝑛′ ,𝑚′ (𝜉) =
(

𝑚′𝜔𝑐
𝜔0

−
2𝐸𝑟𝑒𝑙
ℏ𝜔0

)

𝑈𝑛′ ,𝑚′ (𝜉) (32)

We set 𝜀𝑛′ ,𝑚′ = 2𝐸𝑟𝑒𝑙
ℏ,𝜔0

and 𝑅′

𝑊 = 𝑒2𝜂
𝜀ℏ𝜔0𝑙0

.
Thus, we obtain

𝜕2𝑈𝑛′ ,𝑚′ (𝜉)
𝑑𝜉2

−
⎡

⎢

⎢
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𝛽2𝜉2 +
2𝑅𝑊 𝜂
𝜉

+
𝓁(𝓁 + 2) + 3

4

𝜉2

⎤

⎥

⎥

⎦

𝑈𝑛′ ,𝑚′ (𝜉) =
(

𝑚′𝜔𝑐
𝜔0

− 𝜀𝑛′ ,𝑚′

)

𝑈𝑛′ ,𝑚′ (𝜉) (33)

In the previous equation, the effective potential is defined as follows:

𝑉𝑒𝑓𝑓 (𝜉) = 𝛽2𝜉2 +
2𝑅′

𝑊
𝜉

+
𝓁(𝓁 + 2) + 3

4

𝜉2
(34)

ith 𝑅′
𝑊 = 𝑅𝑊 𝜂

Furthermore, Taylor expansion of 𝑉𝑒𝑓𝑓 (𝜉) yields

𝑉𝑒𝑓𝑓 (𝜉) = 𝑉𝑒𝑓𝑓 (𝜉)∕𝜉=𝜉0 +
1
2
𝑑2𝑉𝑒𝑓𝑓 (𝜉)

𝑑𝜉2
∕𝜉=𝜉0 (𝜉 − 𝜉0)

2 (35)

𝜕2𝑈𝑛′ ,𝑚′ (𝜉)
𝜕𝜉2

−𝛺2
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(
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)

𝑈𝑛′ ,𝑚′ (𝜉) (36)

Here, 𝛺2
𝑚′ =

1
2
𝑑2𝑉𝑒𝑓𝑓 (𝜉)

𝑑𝜉2
∕𝜉=𝜉0 .

The well-known Schrödinger equation for a one-dimensional harmonic oscillator is given by

𝜕2𝜓(𝑥)
𝜕𝑥2

−
(

𝜇′𝜔′

ℏ

)2
𝑥2𝜓(𝑥) = −

2𝜇′𝜖′

ℏ2
𝜓(𝑥) (37)

whose energy eigenvalues are 𝜖′ =
(

𝑛′ + 1
2

)

ℏ𝜔′ .
A comparison between Eqs. (36) and (37) yields the following correspondence:
𝛺2
𝑚′ =

(

𝜇′𝜔′

ℏ

)2
and 𝑚′𝜔𝑐

𝜔0
− 𝜀𝑛′ ,𝑚′ + 𝑉𝑒𝑓𝑓 (𝜉)∕𝜉=𝜉0 = − 2𝜇′ 𝜖′

ℏ2
Therefore, the energy is finally given by

𝜀𝑛′ ,𝑚′ = 2
(

𝑛′ + 1)
√

1 𝑑2𝑉𝑒𝑓𝑓 (𝜉) ∕𝜉=𝜉0 + 𝑉𝑒𝑓𝑓 (𝜉)∕𝜉=𝜉0 +
𝑚′𝜔𝑐 (38)
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