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The Eckart potential is a well-known potential model with applications cutting across chemical physics and
related areas. It is often used to evaluate quantum mechanical tunneling corrections in order to obtain chemical
rate constants. To this end, this study focused on extensively examining the effects of perturbations on the
magnetic and thermal properties of the Eckart potential. In the presence of magnetic and Aharonov-Bohm fields
with Eckart potential, the Schrédinger equation is solved using the functional analysis approach (FAA). The
energy equation and wave function are obtained analytically. The energy equation is used to derive expressions
for the thermo-magnetic properties of the Eckart potential. An extensive analysis of the effect of these fields and
potential parameters on the wave function is presented. In several configurations of the analysis, we observe
that the system exhibits a diamagnetic behavior,and the specific heat capacity agree with the Dulong—Petit
law. The results of this study are valuable in areas such as molecular physics and condensed matter physics,
amongst others.

1. Introduction Eckart potential (EP) (detail is provided in the next section), which

is used to carry out many relativistic and non-relativistic quantum

In the past decades, many potential functions have been used to
model the interactions in a physical system [1-5]. Depending on the
nature of the interaction, these potential functions usually have differ-
ent forms [5-7]. The well-known harmonic oscillator has been applied
to study various physical systems over the years. However, recent
advances in research have shown that it has some inadequacies. Given
this, several improved models have been proposed, such as; Morse
potential, Eckart potential, Gaussian potential, etc [8-10]. In order to
study these interactions, usually the Schrédinger equation (SE) or any
other applicable relativistic equation is solved in the presence of these
interaction potentials using numerous mathematical models [3,11-15].
One of the potential models that have been explored extensively is the
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mechanical studies [16-30].

Johnston and Heicklen [31] computed the tunneling corrections
pertaining to the unsymmetrical Eckart potential within the parameter
ranges anticipated for typical chemical reactions occurring at ambi-
ent temperatures. Brown [32] showed in his seminal paper a novel
approach for the straightforward calculation of tunneling corrections
for unsymmetrical Eckart-type potential barriers. Brown [32] (and the
references therein) have pointed out that the Eckart potential function
is usually used to evaluate quantum mechanical tunneling corrections
to chemical rate constants. Considering all these studies, it is necessary
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to evaluate the temperature- and magnetism-related effects (Aharonov-
Bohm (AB) and magnetic fields) on thermal and magnetic properties of
the Eckart potential.

Numerous studies have demonstrated the importance of the role
played by effects such as; Rashba, Dresslhauss or Zeeman in modify-
ing the behavior of many quantum systems [33-37]. Amongst those
effects, eliminating degeneracy with magnetic field is one of the most
significant and most studied in literature [38]. The same statement
can be said about when a system is placed in the Aharonov-Bohm
(AB) field [38-42]. The study of the effects of those perturbations is
widely investigated in the literature [9,12,33,43-45]. In the presence
of Aharonov-Bohm and position-dependent external magnetic fields,
the paper published by Edet et al. [46] provided the solutions of
the position-dependent mass Schrodinger equation (PDMSE) for the
screened Kratzer potential.Edet and Ikot [47] team used the Hulten—
Kratzer potential (HKP) model to conduct a study on the N,, I,, CO, NO
and HCI diatomic molecules in the presence of AB and magnetic fields.
Continuing in the same direction as those two papers, the main goal of
this study is to examine the effects external field perturbation has on
the thermodynamic and magnetic properties of the Eckart potential.

The present study is focused on the solutions of 2D Schrédinger
equation taking into consideration perturbations, using the Eckart po-
tential as the interaction potential. This analytical solution will be
achieved using the functional analysis approach (FAA). To this end, the
eigensolutions (wave function and energy equation) will be obtained,
taking into account the effects of the perturbations. Using the obtained
energy, both thermal and magnetic properties will be evaluated.

The present study is structured as follows; Section 2 of the paper
outlines the solutions of the Schrédinger equation with the Eckart
potential. Section 3 will provide a detailed derivation of the partition
function, as well as an analysis and discussion of the magnetic and
thermal properties of the system. Section 4 of the document comprises
the presentation of conclusion and a discussion of potential future
developments.

2. Non-relativistic model and solutions

Assuming polar coordinates (r,¢), the Hamiltonian for a non-
relativistic system that is subject to the Eckart potential V' (r) and the
influence of an applied external magnetic field and AB flux can be
expressed as per various studies [42,47,48].

[ﬁﬁz + V(r)] w(r. @) = Ey(r, o), &)

where E is the energy eigenvalues, u represents the effective mass
of the system and V(r) = —v,V,(r) + v,V,(r) is the Eckart potential
with v; and v, are two adjustable potential parameters. Here, V,(r) =
e~ /(1 — e and V,(r) = V,(r)/(1 — e™*"), where «a is the screening
parameter and r is the inter-nuclear distance [16,17,49]. The following
is an investigation of the physical process under the effect of EP V (r).
Under such conditions, the momentum operator of the particle has
to change. To achieve that, we minimally couple a four-vector to the
momentum operator given by p = i2V + 2A. In order to take into
consideration both the AB flux and magnetic field together, the vector
total vector potential A is expressed as a superposition of two vector
potential terms as A= Zl r)+ ZQ(r) where Z, = Be™*%/(1 —e™*) and
A, = (1/27r)¢ ,3¢. Here, B represents the magnetic field, and ¢, is
the AB flux. The two vector potentials A 1(r) and /?z(r) also satisfied
VAA(r)=B and V.4,(r) = 0.
To solve of the stationary SE in Eq. (1), we make ansatz
1

v(r, @) = e P,y (1), @

2zr

Here, m is the magnetic quantum number. When the above ansatz is
inserted in Eq. (1), the radial equation takes the form of:

1 2
P+ h—’z’ [Epp = Vg 1 (1. 06, )] Pp(r) = 0, 3)
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Fig. 1. Plot of centrifugal term 1/r? (black curve) and its approximation /(1 —e™*")?
with r for different « values (a = 0.005 (green curve), 0.01 (blue curve), and 0.5 (red
curve)).

where the effective potential V, ;(r,w., ), is defined as follows:

h +
Ver () = =01 V1(r) + 0, V5(r) + —wc(r: ) Vi(r)
2
[la)c 5 hZ . l
+ 2 Vl(r)+m [(m+§) 4], 4

W, = ;—l: is the cyclotron frequency and & = %)B represents an integer

with the flux quantum ¢, = % . Since the presence of the centrifugal
term in the effective potential does not allow us to achieve an analytical
solution for Eq. (3), the use of the Greene and Aldrich approximation
scheme [46,47] that is only valid for small values of the screening
parameter becomes indispensable to bypass the centrifugal term.
1 o?

r_2 ~ m (5)
As shown in Fig. 1, it is explicitly clear that when « is large, say a = 0.5,
the approximation is not fit to approximate the barrier. On the other
hand, there is an obvious overlap and fit of the approximation and the
barrier when « is very small, say a = 0.005 and a = 0.01, as depicted in
Fig. 1. Now by introducing a new variable s = ¢™*", and rewriting the
Eq. (3) in terms of the s, one gets

d*P,(s) 1dP,(s) Ups?+Uis+1;
ds? * s ds s2(1 —s)?
where Uy =e—1p+ 13, U} =2e+1p— 17y —1p and U, = e + 74 with e =
2UE [(R2a?), 1y = 2uv, [(R?a?), T = 2uv,/(h2a?), T, = 2uw, (m + &)/ (ha),

73 = p’w?/(W%a?) and 7, = (m + &) — 1/4.

To solve Eq. (6), it is necessary to convert the equation into a form
that can be solved using a standard mathematical technique. For the
purpose of this study, the functional analysis method is employed. The
differential equation (Eq. (6)) has two regular singularities at s = 0 and
1 [50] so that it can be reduced to the hypergeometric equation by
substituting

P(s) = s (1 = 5) fn(S), %)

where 1 = (/e+7, and n = %+ \/i+rl+1'2+‘r3+'r4. Now, by

substituting Eq. (7) in Eq. (6), the hypergeometric differential equation
can be derived as follows:

P (5), (6)

s(L=3)f1 () [24+ 1+ 20+ 0+ 1/2)s] £1, ()= [(A+0) =Vl f(s) = 0.

(8)
Then the solutions of Eq. (8) are the hypergeometric functions
2 Fi(a,byc;s) , where a= A+n++/Uy, b=A+n—+/Uy, and c =24+ 1.

According to the hypergeometric function properties, this series f,,,,(s)
given in the above equation approaches infinity unless a = A+#n— 4/}
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Fig. 3. (a) Wave function of EP with r in the case of B =0 and ¢ # 0; (b) varying AB field and fixed Magnetic field for n = 0. (c) Wave function of EP with r with varying B

and fixed value of AB field for n = 0.

is a negative integer [50]. , F|(a, b;c;s) , From the above equation, we
can give more insight into the solutions. The boundary condition areas

are;

nm s s=| = O
Soum()s=0 ©)
fnm(s)lszl =0
The solutions of Eq. (7) are as follows:
P, (s) = s*(1 — )AL F, (/1+;1+ VU, 1= Uy 24+ l;s)
(10)

+5%B,F, (_,1+,,+,/U',_/1+;1—\/1/,—2/l+l;s)

where A and B are constant coefficients. The value of B is zero using
the 1st boundary condition in Eq. , B = 0. Now to consider the 2nd
boundary condition in Eq. , we expand the hypergeometric function
»Fi(a,b,c;s) near s = 1, this details are provided in Lebedev [51] and
Setare and Karimi [52]. Therefore, the radial wave function P(s) will
not be finite everywhere unless A + 5 — \/7 = —n (for n=0,1,2,..). The
functional analysis approach is also known as the factorization method.
Details of the method can be found in Ref. [53]. Therefore, we obtain
the radial wave function as follows:

Py(s) = N,,s*(1 = 5), Fy(a, b, c; 5) 1n

Here, N,,, is the normalization constant, and in the presence of AB and
magnetic fields, the energy eigenvalue E of the Eckart potential is given

by
12)

E =

hzaZT h2a? (Tl +T3—T4—(n+11)2>
4~ s

2u 8u n+n
The ground, first, and second excited state wave functions of the EP are
displayed in Figs. 2 and 3 as a function of r for different magnetic and
AB fields. As the quantum number increases, the nodes become more
distinct, and the same trend is observed for all the cases investigated.

3. Thermo-magnetic properties

The canonical partition function Z(f) provides a measure of the
thermally accessible states and is introduced to analyze the thermody-
namic and magnetic properties of the EP at a limited temperature 7. It

can be determined by summing up all energy states. The Boltzmann—
Gibbs distribution gives the expression for Z(f), which is given by [4,

54,55]
zp) = iﬂxe‘“‘" a3
n=0

where f = # and with k is the Boltzmann constant. Substituting
Eq. (12) in Eq. (13), we get

w2 \?
e oz (2722))

Zp= Y e
n=0

where the variable n represents the vibrational quantum number, which
takes on integer values from O to n,,, where n,, is the maximum
vibrational quantum number allowed. Here z, = h?a’z,/2u, z; =
7y + 73 — 74 and z, = h?a®/8u. By substituting the summation with an
integral in Eq. (14), we obtain:

2y -2 \
s o055
Z(p) :/ e dn.
0

If we define w as n + 5, we can express the integral in Eq. (15) in the
following manner:

z Zz
X ﬁ(l—zz+z2u)+Z3)
Zp) = / e\ do,

X
where x| = n, x, = ny, +n and z; = —2z,z; — z,. After solving the
integral presented in Eq. (16), we derive the partition function of the
EP under AB and magnetic fields, which is given by:

\fme 7P { P
~———{ 5|+ 2PErf [xlErf[\/—zzﬁ] - zfzzﬁ/xl] }
4y/=z,p

*Z{)ﬁ
+ —:/;e = {—52 — eV 12l Erf [szrf[\/Tzﬂ] -\ 7i2h/x } an
—

where £, = Erf [xlyzy/—zzﬂ] - \/22228/x, 5. The above equation is
the classical partition function, as it does not include any quantum

corrections, as noted in Eq. (17). In the subsequent subsection, we use
the partition function Eq. (17), Z(p), to derive all thermodynamic and

14)

(15)

(16

Z(p) =
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Fig. 4. Variation of Z(p) with respect to g, (a) with various magnetic and (b) with various AB fields.
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2\/7p (—1+ 5y + en12h(5) - 5y) + 5,,)

Box I.

magnetic properties of the EP subjected to magnetic and AB fields.
These properties include free energy, specific heat, entropy, mean
energy, magnetic susceptibility, magnetization, and persistent current.
We can calculate these thermodynamic functions of the EP using the
following expressions [13,42,46,55].

Fig. 4 illustrates the partition function Z(p) as a function of g for
various magnetic field values (B = 0, B = 1072 and B = 107'T) in
Fig. 4(a), and different AB field values (¢ = 0, & = 4, and & = 8)
in Fig. 4(b). The Fig. 4(a) shows that, the partition function remains
invariant when the magnetic field is zero. However, when a magnetic
field is introduced with a fixed AB field, Z(f) decreases as the temper-
ature rises. Fig. 4(b) illustrates Z(f) variation with temperature and
AB field while keeping the magnetic field constant. It is shown that as
temperature and AB field increase, the partition function also increases.

3.1. Thermodynamic functions

The magnetic and thermal properties of the Eckart potential are
examined under three scenarios: (1) investigating the behavior of all
the magnetic and thermal properties as magnetic field and temperature
change while the AB field is kept constant, (2) exploring the behavior
of all the magnetic and thermal properties as AB field and temperature
vary while the magnetic field is fixed, and (3) studying the magnetic
properties as magnetic and temperature field vary while the AB field is
fixed, and vice versa for both zero and finite values. temperatures.

Internal energy. The internal energy U(f) = of the system,
given that the volume is constant, can be expressed as in Box I [56,57]:

/_2
where £, , = Erfc [xl’z\/Tzﬂ] - %zzp and S, =1 -2z;8 i4z%zzﬂ.
Fig. 5 shows U(p) plotted againls'?: the temperature for different
magnetic field Fig. 5(a) and static AB field Fig. 5(b). U(f) depreciates
with rising temperature. The internal energy is high for low or absence
of B. The internal energy of the system is shown to decrease with
temperature and decrease with rising AB field in Fig. 5(b).

_dInzZ@
d

Free energy. The free energy associated with the Eckart potential is
defined as F(p) = —/li In Z(f), where Z(p) is the partition function [56,
57]. Fig. 6(a) depicts that when the magnetic field is absent and the
AB field is fixed, the free energy rises monotonically as the temperature
increases. However, in the presence of a magnetic field, the free energy
does not display a clear trend. Nevertheless, the free energy is higher
for lower magnetic fields. Fig. 6(b) illustrates the variation of the

free energy with increasing temperature and AB field. The free energy
exhibits a monotonically increasing trend with temperature, and the
AB field has a stronger impact on the free energy at lower values.
This finding is consistent with our previous observation regarding the
impact of the magnetic field on the free energy, as shown in Fig. 6(a).

Entropy. The entropy, denoted as S(f), is an essential thermodynamic
property that measures the level of disorder or randomness in the
system. Its value can be obtained using the formula S = InZ(f) —
ﬂw [56,57]. In Fig. 7(a), the entropy is plotted against varying f
and magnetic field while keeping the AB field constant. The plot reveals
that the entropy declines as the temperature rises, and the entropy
reduces for a higher magnetic field. Fig. 7(b) illustrates how the entropy
changes with increasing temperature and AB field, indicating that the
entropy declines as the AB field and temperature increase.

Heat capacity. The relation C(f) = ﬁzw defines the specific
. Ui

heat C(p) of the system, which tells us how much energy can be stored
per unit temperature increase [56,57]. In Fig. 8(a), the specific heat
capacity is plotted versus temperature for different magnetic field. The
figure clearly indicates that the specific heat capacity C(f) increases as
the temperature rises, which is consistent with the Dulong—Petit law [9,
55]. Additionally, Fig. 8(b) shows the change in C(#) with increasing
AB field and temperature. The specific heat capacity is observed to
increase with increasing temperature and AB field in Fig. 8(b), which
is in agreement with the Dulong—Petit law.

3.2. Magnetic properties at T # 0

This section presents a discussion on the various magnetic proper-
ties exhibited by the Eckart potential at non-zero temperatures.

Magnetization M (). The statistical relation can be utilized to extract
the magnetization M (p).

1 1 0
M == — —Z s 19
» /f(zw)) (aﬁ “”) 19

Fig. 9(a) displays the plot of magnetization M () as a function of
temperature for different B. The magnetization increases with increas-
ing temperature and decreases with increasing B. Magnetization versus
temperature for different AB field is shown in Fig. 9(b). The magneti-
zation rises with rising temperature and AB field. The magnetization
M(p) as a function of the magnetic field B is shown in Fig. 10(a).
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The magnetization decreases as B increases, and it is less affected zero temperature, but at finite temperatures, it shows a quasi-invariant
by temperature variations, with a monotonous increase observed at trend as the AB field varies. The magnetization is more sensitive to
zero temperature. Fig. 10(b) shows that M () rises with AB field at temperature variations.
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Magnetic susceptibility y(f). It is worth noting that the assessment
of the magnetization degree of a particular material subjected to a mag-
netic field (B) can be established through the magnetic susceptibility,
as follows:

x(B) = %_(,ﬁ) (20)
0B

Fig. 7(a) illustrates the relation between magnetic susceptibility and
temperature under different magnetic fields. The magnetic susceptibil-
ity increases and peaks at 0.2K~! and rises swiftly as the temperature
upsurges. In Fig. 11(b), y(B) versus temperature and the varying AB
field. Again, the susceptibility first peaks and the decreases with rising
temperature.

As shown in Fig. 12(a), the magnetic susceptibility at T # 0 is
insensitive to the presence of B and temperature variation. At T = 0, the
magnetic susceptibility decreases to a minimum in the neighborhood
of B = 1T and rises again as the magnetic rises. Again, in Fig. 12(b),
x(p) is insensitive to the varying AB field and temperature variation.

At T = 0, the susceptibility increase with rising AB field in a similar
way like what was observed earlier in the presence of different B.

Persistent current I(f). Finally the persistent current I(f) can be

calculated using the expression I(f) = —%.
AB

Fig. 13(a) displays the persistent current variation with B and
temperature. The persistent current increases in a quasi-monotonic be-
havior with increasing magnetic field and temperature. By inspection,
it can be inferred that the magnetic susceptibility, internal energy,
entropy, persistent current and specific heat capacity are not sensitivity
to the presence of B. The graph depicted in Fig. 13(b) displays a mono-
tonic decrease of the persistent current as the temperature increases.
The persistent current is more prominent at higher AB field values.

The plot in Fig. 14(a) demonstrates a continuous increase in the
persistent current as the magnetic field increases at zero temperature.
At T # 0, the persistent current increase with rising B but suddenly
drops at B = 60T for g = 0.8K™!. Fig. 14(b) shows the persistent current
against AB field with varying temperatures. At zero temperature, it is
shown that the persistent current rises in a monotonic pattern with
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increasing AB field. At T # 0, the persistent current drops linearly
with increasing AB field, and there exists a spacing between the rep-
resentative curves, indicating some level of sensitivity to the AB field
and temperature.

4. Conclusion

This study investigates the magnetic and thermal properties of
the Eckart potential in the presence of Aharonov-Bohm and mag-
netic fields. The FAA method is utilized to solve the Schrédinger
equation, resulting in an energy spectrum and wave function that is
approximate-analytic and expressed in hypergeometric functions. Ana-
lytic expressions for the thermo-magnetic properties are then derived
from the energy equation. Graphical analyses have been presented
to demonstrate the impact of perturbations on the thermo-magnetic
characteristics. Additionally, an analysis is conducted on the influence
of these fields on the wave functions. The present study emphasizes
the system’s high sensitivity to the magnetic field. The obtained an-
alytical expressions can be used to investigate other physical systems

by adjusting the potential parameters, thereby expanding the frontiers
of knowledge. The findings of this study have practical implications
in various fields, such as atomic physics, condensed matter physics,
chemical physics, and related disciplines.
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