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A B S T R A C T

Advancements in engineering fields regarding the Stefan blowing effects on Bingham fluids have captured sig
nificant attention from both scientists and industry. However, there is scarce literature on Bingham ternary 
nanofluids under radiation and porous media with mixed boundary conditions. This study examines the Stefan 
blowing effect and Schmidt number on bi-viscous Bingham ternary nanofluid. The main novelty in this work is 
the analytical study of the impact of radiation over such nanofluid flow (Cu, Ag, and TiO2 nanoparticles in sodium 
alginate) joint with the blowing effect, Schmidt numbers, and stretching/shrinking conditions. Results show that 
to increase the thermal radiation and Eckert number increased the temperature of the fluid flow, and when 
adding the ternary nanoparticles such effect was found to be strongly boosted. As the Eckert number increases, 
convection becomes more relevant, leading to an increase in temperature. Moreover, enhancing the volume 
fraction raises the temperature, enhancing the Schmidt number, which has strong relation to the temperature 
distribution of the nanofluid, Stefan blowing and concentration. Also, the Stefan blowing parameter was found to 
provide superior control over concentration in this ternary nanofluid, since the higher the blowing parameter, 
the more sensitive concentration is to the addition of the ternary nanoparticles.

1. Introduction

In the present study authors explored the effectiveness of ternary 
nanofluids containing titanium dioxide (TiO2), copper (Cu) and silver 
(Ag) tiny particles. These specific nanoparticles were chosen for their 
remarkable properties that enhance both the heat and flow behaviors of 
the nanofluid. Copper and silver are renowned for their exceptional 
thermal conductivity, which significantly improves heat transfer, while 
TiO2 provides a stable dispersion, further enhancing the nanofluid’s 
performance under diverse conditions. When compared to other nano
particles, this unique combination delivers a well-rounded improvement 
in both heat transfer efficiency and flow behavior, making it particularly 
effective in complex heat exchange systems. These nanoparticles are 
crucial for real-world applications such as cooling systems in electronics, 
energy-efficient industrial processes, and advanced thermal manage
ment in renewable energy technologies. Their ability to enhance heat 

transfer while maintaining stability under extreme thermal stresses 
makes them indispensable for optimizing system performance and effi
ciency across various industries. There is a vast literature on studies 
related to special performance of nanofluids. For instance, Sachhin et al. 
[1] explored the slip effect in a boundary layer nanofluid movement on 
porous sheet and found out that the slip effect reduces the momentum of 
the flow. Turkyilmazoglu [2] studied the Buongiorno model (aggrega
tion of factors such as inertia, magnetic effect, fluid drainage, and 
gravity in nanofluid modelling) with the suspension of nanoparticles 
over the asymmetric channel and found that the combined effects of 
thermophoresis and Brownian motion had strong impact on the Nusselt 
number. Gkounta et al. [3] explored the influence of nanoparticles on an 
interface with radiation on a printed circuit and showed that radiation 
had an important role in the enhancement of temperature. Siddheshwar 
et al. [4] discovered the Rayleigh–Bénard convection with nanofluid on 
minimal mode Lorenz models and determined that the Lorentz force 
reduces the momentum of the flow, and Granados-Ortiz et al. [5]
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focused on using a swirling Al2O3 nanofluid jet for heat transfer 
enhancement on a heated flat plate achieving important increase in the 
heat transfer when adding nanoparticles. These examples demonstrate 
that the use of nanofluids in engineering provides endless opportunities.

Radiation is a relevant aspect in thermal engineering, which has not 
been that studied in the nanofluid literature as deep as convection or 
conduction. Recently, radiation effects have drawn more attention from 
researchers in the nanofluid field, mostly because of the many industrial 
processes in which they are used for. For instance, Saleem et al. [6]
examined the thermal radiation and Darcy ratio impact on a Casson fluid 
flow across a permeable plate by using the Lie Scaling method and 
showed that the Casson parameter reduces the momentum of the flow. 
The study in Nazim et al. [7] examined the joule heating impact on the 
unsteady convective fluid movement across a vertically expanding sur
face with the impact of the Casson parameter to determine the 
enhancement in the temperature profile. Saleem et al. [8,9] examined 
the radiation influence of non-Newtonian fluid movements over the 
surfaces by utilizing the slip effects and pointed out the strong impact of 
radiation on the temperature profile. Last but not least, Xu et al. [10]
provided a very complete review of radiation with phase variation in 
nanofluids, revealing that radiation enhances the thermal boundary 
layer. Porous media has significant use in industrial processes, including 
solar energy technology, metal thinning, and glass making, which have 
all been shown to be significantly affected by the radiation effect. In this 
sense, by taking advantage of the Rosseland approximation, Saleem 
et al. [11,12] examined the thermal radiation impact on non-Newtonian 
fluid flows across enhanced porous media that have a reduction in the 
momentum of fluids. The investigation in Iqbal&Saleem [13] analysed 
the convective thermal energy transfer of non-Newtonian Casson fluid 
along a vertical channel and detected that the escalation in the Eckert 
number strongly influenced the increase in thermal transport, whereas 
the high Hartmann number retarded the flow velocity. Tufail et al. [14]
studied the chemical reaction influence on the magnetic Casson fluid 
movement across the permeable media and showed that the Casson 
parameter enhances the heat efficiency of the flow. Tufail et al. [15]
investigated the thermal slip impact on the Maxwell fluid movement 
across the porous shrinking surface by utilizing the Lie group method 

and pointed out that the Lie group method was better than numerical 
methods. The impact of Hartmann number, Prandtl, source-sink, radi
ation and thermal slip parameter on the temperature profile were ana
lysed as well. Also, Mahabaleshwar et al. [16] examined the radiation in 
the MHD of a nanofluid movement over permeable media in a laminar 
flow regime and found that the magnetic effect enhances the heat 
transfer considerably.

The Stefan blowing effect occurs when fluid is ejected from a surface 
into the surrounding flow, influencing the velocity and pressure distri
bution near the surface. This effect can enhance momentum transfer and 
influences heat and mass transfer rates by modifying the boundary layer 
structure. It is particularly important in applications involving non- 
Newtonian fluids or nanofluids, where the transport properties behave 
more complex. By controlling the flow behavior near the surface, the 
Stefan blowing effect can improve heat dissipation, concentration con
trol, and overall system efficiency in various engineering processes. Its 
understanding is crucial for optimizing performance in fields like heat 
exchangers and cooling systems, and it is being vastly studied, as 
evinced in the literature. In Mahabaleshwar et al. [17], it is described the 
impact of Schmidt numbers on Newtonian fluids and it was shown that 
the Schmidt number decays the concentration profiling. The work in 
Zohra et al. [18] studied a magnetic bio-convectional flow with aniso
tropic slip effects from a spinning cone, concluding that the skin friction 
can be increased by modifications in the magnetic field. Alamri et al. 
[19] analyzed the radiative plane of a convective slip-free Poiseuille 
nanofluid flow through porous media. Also, Anwar Beg et al. [20]
studied a nanofluid from a biomagnetic needle with energy conservation 
under Stefan blowing, where it was found that all physical quantities 
decreased when the Stefan blowing was increased and, on the contrary, 
there was an increase when rising the power law index parameter. 
Finally, it is worth noting the work by Rana et al. [21], where an 
investigation of the Lie group investigation of nanofluid slip movement 
with Stefan blowing impact was carried out, concluding that the diffu
sion parameter has a key role in retarding the skin friction. Similar as
pects were studied in Uddin et al. [22], where similarity equations 
solved via Chebyshev collocation were used for gyrotactic bioconvection 
with porous media.

Nomenclature

List of symbols Descriptions[SI unit]
a Stretching coefficient[s− 1]
A1,A2,A3,A4 Constants[-]
Ag Silver[-]
C Concentration[mol/m3]

Cu Copper[-]
Cp Specific heat coefficient[JK− 1Kg− 1]
d Stretching/shrinking parameter[-]
Da− 1 Inverse Darcy number[-]
D Mass diffusivity[m2s− 1]
Ec Eckert number[-]
f(η) Velocity function [-]
h, j, m, n Constants [-]
K Permeability of porous medium[m2]
Nr Radiation[-]
Pr Prandtl number[-]
qr Radiative heat flux[Wm− 2]
Sc Schmidt number[-]
Tw Surface Temperature[K]
T Fluid Temperature[K]
T∞ Ambient temperature[K]
TiO2 Titanium dioxide[-]

u,v velocities [ms− 1]
uw Velocity[ms− 1]
vw Wall velocity[ms− 1]
x, y Coordinates[m]
Greek symbols .
β Solution value[-]
λ Bingham parameter[-]
η Similarity variable[-]
Λ Stefan blowing parameter[-]
Λ Absorption coefficient[m− 1]

ψ Stream function[m2s− 1]
σ∗ Stephen Boltzmann constant

[
Wm− 2K− 4]

θ(η) Dimension less temperature[-]
φ(η) Dimension less concentration[-]
Abbreviation .
B. Cs Boundary conditions[-]
MHD Magnetohydrodynamics[-]
hnf Hybrid nanofluid[-]
nf Nanofluid[-]
tnf Ternary nanofluid[-]
ODE Ordinary Differential Equation[-]
PDE Partial Differential Equation[-]
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The Schmidt parameter is described as the ratio of kinematic vis
cosity over molecular diffusion, being thus a parameter to determine 
mass diffusion in convection processes. Examples of mass diffusion 
problems in the literature managed through the Schmidt number can be 
Gromke&Blocken [23] where urban neighborhood air quality was 
analyzed by means of Reynolds averaged Navier Stokes simulations with 
turbulent Schmidt number, Calmet&Magnaudet [24] where mass 
transfer was studied along channel flow with Large Eddy Simulations 
and high-Schmidt numbers, Gualtieri et al. [25] that explored turbulent 
Schmidt numbers in environmental flows (a transverse mixing in a 
shallow water flow, tracer transport in a contact tank, and sediment 
transport). Also, Mahabaleshwar et al. [26] focused on the impact of the 
Schmidt number on an Ostwald–de Waele ternary nanofluid over a 
permeable shrinking sheet to enhance thermal conductivity. The 
investigation in Fang&Jing [27] explored the combined Stefan-blowing 
influence from species transfer over a stretched plate in combination 
with the Stefan blowing effect from species transfer. Sachhin et al. [28]
studied the impact of radiation on the pair stress fluid movement across 
a stretching surface and concluded that radiation has an important role 
in heat transfer efficiency. Many researchers also studied stretch
ing/shrinking sheets with and without radiation [28–44]. The work in 
Dawar et al. [45] examined the impact of the magnetic field on 
squeezing nanofluid flows across rotating channels and found that the 
magnetic effect reduces the velocity due to the Lorentz force. In addi
tion, [46–48] explored the entropy generation impact on fluid flows 
across various boundaries. Jawad et al. [49] explored the dissipation 
impact on the unsteady rotating fluid motion with nonlinear thermal 
radiation and concluded that dissipation enhances the thermal boundary 
layer. The study in Salahuddin&Awais [50,51] examined the thermal 
radiation impact on magnetohydrodynamic fluid flow by solving the 
equations by the using the Adams-Milne (Predictor–Corrector) tech
nique, to analyse the impact of thermal radiation, viscous dissipation, 
joule effect, and chemical processes on the flow. Again, Awais& Sala
huddin [52,53] studied the thermophysical properties of fluids and 
nanoparticles across stagnating surfaces and showed that nanoparticles 
enhance the energy profile. Salahuddin&Awais et al. also carried out 
related studies of strong interest to this investigation, which can be 
consulted for further references [54–57]. The investigation in Uddin 
et al. [58] examined the thermal radiation impact on nanofluid move
ment along a stretching/shrinking surface with slip conditions, and 
found out that slip effects reduce the momentum of the fluid flow. The 
work developed in Beg et al. [59] studied the simulations of magneto
hydrodynamics on convective fluid motion with blowing effects, car
rying out an extensive parameter impact exploration which included the 
Stefan blowing effect, nanoparticle concentration, microorganism slips, 
magnetic number, Lewis number, Falkner-Skan wedge parameter, Peclet 
number, thermophoresis and Brownian motion. Finally, for further ref
erences for the reader, we suggest to see [60–64], whose works include 
anisotropic slip effects on the fluid flow inside porous media.

Inspired by the abovementioned analysis, the present analysis 
examined the influence of Stefan blowing, viscous dissipation, and 
Schmidt number on biviscous Bingham ternary nanofluid movement 
with heat and concentration over an expanding/shrinking sheet, it is 
noted that there is a dearth of investigation on Bingham liquids with 
radiation with permeable media. While prior works have explored in
dividual or limited combinations of these parameters, there remains a 
clear research gap concerning the analytical treatment of Bingham 
fluids under the simultaneous influence of radiation and flow through a 
permeable stretching/shrinking medium, plus Stefan blowing effect. 
The current analysis introduces a special novel contribution by exam
ining the combined influence of blowing effects resulting from sub
stantial species transfer on fluid flow, heat, and mass transport. Thus, 
the main novelty of the current investigation is to provide, for the 
first time, an analytical solution for the influence of radiation over bi- 
viscosity Bingham ternary nanofluid motion with the influence of 
viscous dissipation and Schmidt number. In this process, heat and mass 

transfer equations are transformed into ODEs via suitable similarity 
variables, and the velocity and concentration equations are coupled and 
calculated simultaneously. Results are discussed with focus on thermal 
radiation, Stefan blowing parameter, volume fraction, Nusselt number, 
and Schmidt number, thus developing a valuable investigation on the 
combined effects of Stefan blowing, Bingham fluid, ternary nanofluid, 
radiation, porous media, and stretching/shrinking sheet, essential for 
optimizing thermal management in complex engineering systems. This 
approach helps to address challenges in heat transfer and fluid flow in 
industries such as electronics cooling, energy storage, and material 
processing.

With respect to the practical applications of this study, the combi
nation of the aforementioned effects suggests that such fluids are highly 
suitable for use in advanced thermal management systems. This includes 
e.g. applications in cooling of electronics, where precise temperature 
regulation is needed. Furthermore, the sensitivity of temperature and 
concentration profiles to Schmidt number and volume fraction param
eters provides design-level insights for industrial processes such as cat
alytic reactors, where diffusion control and efficient energy exchange 
are crucial. The incorporation of porous media and radiation effects also 
aligns the study with the requirements of solar energy harvesting sys
tems, insulation technologies, and underground heat storage units. Last 
but not least, the analytical model developed in this work allows for 
predictive control of fluid flow and thermal behavior in complex envi
ronments and Digital Twins. The strong agreement with previous 
benchmark studies further reinforces the credibility and applicability of 
the results, making them a valuable reference for future experimental 
and industrial research.

The manuscript is broken down into several sections. Section 1
initially introduced the reader to the topic and illustrated an in-depth 
literature review. Section 2 provides details on the equations that 
govern the problem. Section 3 shows the analytical solution to the 
momentum and heat & mass transfer equations, respectively. This sec
tion also shows a detailed validation with previous works. Section 4
gives discussion and analysis of the findings from the analytical solution. 
Finally, Section 5 portrays the conclusions drawn from this investiga
tion. Additionally, in Appendix A the thermophysical properties are 
provided.

2. Problem specifications and governing equations

This work contains several assumptions, very relevant to carry out 
the current study. It is important to detail them before introducing the 
equations and other mathematical or physical explanations. The as
sumptions taken into account in this work are the following: 

• Bi-viscous Bingham fluid model with ternary nanoparticles. We 
considered such model incorporated into the velocity and tempera
ture formulation. This allows for a more generalized fluid model, but 
for obvious reasons does not fully capture all non-Newtonian be
haviours observed in real industrial fluids with complex rheology.

• Porous medium. The flow is assumed to occur through a porous 
medium, which introduces additional resistance to the momentum 
transport. While this aligns with many real-world scenarios such as 
filtration systems, the properties of the porous structure are ideal
ized, which may limit direct applicability to heterogeneous or 
anisotropic porous materials, that need special modelling.

• Adding thermal radiation and viscous dissipation in the temperature 
analysis. The energy equation incorporates thermal radiation and 
viscous dissipation effects, enhancing the relevance of the model for 
high-temperature and high-shear applications. However, radiation is 
modelled in a simplified form, and detailed radiative heat transfer 
mechanisms are not explicitly resolved.

• Schmidt number in concentration equation. The concentration pro
file is influenced by the Schmidt number, reflecting mass diffusivity 
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effects. This is important for modelling species transport, but as
sumes constant diffusivity, which may vary in practical systems.

• Steady, incompressible, two-dimensional flow. The analysis con
siders a steady and incompressible flow induced by a shrinking or 
stretching sheet, neglecting pressure gradients and unsteady effects. 
This assumption is valid for many controlled or laminar systems, but 
limits the applicability of the model to transient or compressible flow 
situations.

• Stretching/shrinking surface. A prescribed surface stretching veloc
ity is assumed, which drives the fluid motion. This velocity must be 
changed depending on the application.

As said in the description of the assumptions, a bi-viscous Bingham 
fluid flow with ternary nanoparticles is considered. The rheological 
equation of the bi-viscosity Bingham fluid was given in [38], defined as: 

τij =

{
2(μB + py

/ ̅̅̅̅̅̅
2π

√
)eij, π > πc,

2(μB + py

/ ̅̅̅̅̅̅
2π

√
c)eij, π < πc,

(1a) 

with a non-Newtonian yield stressτy defined as: 

Py =
μB

̅̅̅̅̅̅̅
2πc

√

λ
, (1b) 

where πdenotes deformation rate product, product value of bi-viscosity 
Bingham model is denoted asπc, Py defined as yields stress of the fluid 
model, and μB is denoted as the viscosity of plastic deformation. In Fig. 1
it is shown the sketch of the problem under study, which consists of the 
bi-viscous Bingham fluid with ternary nanoparticles across a expanding/ 
shrinking surface with a porous medium. The sheet has an imposed 
boundary condition as moving boundary according to fluid-at-wall 
velocityu = ax, where a is the stretching coefficient, and xis the coor
dinate. Regarding the ternary nanofluid, Table 1 provides thermophys
ical properties, Fig. 1 presents the sketch of the problem and additional 
details on the modelling of the ternary nanofluid are given in Appendix 
A.

According to the assumptions mentioned above, the momentum, 
temperature, and concentration equations are defined as [1,17,27,38]: 

∂u
∂x

+
∂v
∂y

= 0, (2) 

withgeneralform : ∇⋅ q→= 0, (2a) 

u
∂u
∂x

+ v
∂u
∂y

= −
1

ρtnf

∂p
∂x

+
μtnf

ρtnf

(

1+
1
λ

)
∂2u
∂y2 −

μtnf

ρtnf

(

1+
1
λ

)
1
K

u, (3) 

u
∂v
∂x

+ v
∂v
∂y

= −
1

ρtnf

∂p
∂y

+
μtnf

ρtnf

(

1+
1
λ

)
∂2v
∂y2 −

μtnf

ρtnf

(

1+
1
λ

)
1
K

v, (4) 

withgeneralform : [( q→⋅∇) q→]

= −
1

ρtnf
∇p+

μtnf

ρtnf

(

1+
1
λ

)

∇2 q→−

(

1+
1
λ

)
νtnf

K
q→, (4a) 

u
∂T
∂x

+ v
∂T
∂y

=
κtnf

(ρCp)tnf

∂2T
∂y2 −

1
(ρCp)tnf

∂qr
∂y

+
μtnf

(ρCp)tnf

(

1+
1
λ

)(
∂u
∂y

)2

, (5) 

withgeneralform : (ρCp)tnf [( q→⋅∇)T]

= κtnf∇
2T − ∇qr+ μtnf

(

1+
1
λ

)

(∇ q→)
2
, (5b) 

and finally, 

u
∂C
∂x

+ v
∂C
∂y

= D
(

∂2C
∂y2

)

. (6) 

withgeneralform : [( q→⋅∇)C] = D ∇2C, (6b) 

where u and v are taken as the velocities of x and y, C stands for 
species concentration, T stands for temperature, ρ stands for 
density, q→ = (u,v)is the velocity vector, μ stands for dynamic viscosity, D 
stands for mass diffusivity co-efficient, K is the permeability coefficient, 
Cp stands for constant pressure specific heat capacitance. The boundary 
conditions of the partial differential equations (PDEs) are defined as [17, 
27,38]: 

u= uw(x)= ax, v= vw, T=Tw, C=Cw at y=0,
u→0, T→T∞, C→C∞, as y→∞,

}

, (7) 

Fig. 1. Sketch of the problem. Figure made by the authors.

Table 1 
Thermophysical properties [36–38].

Properties SA Silver 
(Ag)

Copper 
(Cu)

Titanium Dioxide 
(TiO2)

ρ(kgm− 3) 989 10500 8933 4250
Cp(JkgK− 1) 4175 235 385 686.20
κ(WmK− 1) 0.6376 429 400 8.9538
σ(S/m) 2.6×

10− 4
3.6× 107 59.6× 106 1× 10− 12
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where the subscript w refers to the quantities at the wall (sheet). Radi
ation is modelled according to the well-known Rosseland approximation 
[1,4,38]: 

qr = −
4σ∗
3k∗

∂T4

∂y
, (8) 

where σ∗denotes the Stefan-Boltzmann constant, k∗stands for absorp
tion. If it is assumed that the heat variation inside the fluid flow is 
comparatively small, by taking advantage of a Taylor expansion with 
truncated greater order terms, one can approximate: 

T4 ≅ 4T3
∞ − 3T4

∞, (9) 

by using Eqs. (8) and (9) get the following form, 

∂qr
∂y

= −
16σ ∗ T3

∞

3k∗
∂2T
∂y2 , (10) 

and by combining this Eq. (10) with Eq. (5), one can obtain: 

u
∂T
∂x

+ v
∂T
∂y

=
κtnf

(ρCp)tnf

∂2T
∂y2 +

1
(ρCp)tnf

16σ ∗ T3
∞

3k∗
∂2T
∂y2

+
μtnf

(ρCp)tnf

(

1+
1
λ

)(
∂u
∂y

)2

. (11) 

This equation agglutinates the thermal term of the system. For the 
ease of analytically solving the system of PDEs, similarity variables are 
defined to solve Eqs. (2) - (6). By following the steps of previous works 
[17,27,38], we thus obtain: 

ψ =
( ̅̅̅̅̅

aν
√ )

x f(η), η =

̅̅̅
a
ν

√

y,

u = axfη(η), v = −
̅̅̅̅̅
aν

√
f(η),

φ(η) = C − C∞

Cw − C∞
, θ(η) = T − T∞

Tw − T∞
,

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

. (12) 

Also, the stream function ψ is classically described by means of 

u =
∂ψ
∂y

andv = −
∂ψ
∂x

. (13) 

A similar approach to the works in [34] and [35] is followed here. By 
Eq. (4) and the boundary conditions defined in Eq. (7), one can obtain 

P = P0 − ρ v2

2
+ μ ∂v

∂y
− C1 = 0. (13a) 

whereC1 is a constant. Finally, after applying the similarity calculations 
to the given governing Eqs. (3)-(6), the system of PDEs is transformed 
into: 
(

1+
1
λ

)

A1fηηη(η) − A1

(

1+
1
λ

)

Da− 1fη(η) − A2
[
fη(η)2

− f(η)fηη(η)
]
= 0,

(14) 

(A3 +Nr)θηη(η)+A4Prf(η)θη(η)+A1PrEc
(

1+
1
λ

)

(fηη(η))2
= 0, (15) 

φηη(η)+ Sc f(η)φη(η) = 0. (16) 

The constants appearing in the equations above are basically the 
following ratios: 

A1 =
μtnf

μf
,A2 =

ρtnf

ρf
,A3 =

κtnf

κf
,A4 =

(ρCp)tnf

(ρCp)f
.

In order to have consistency in the calculation, the boundary con
ditions must be also transformed. Thus, the modified boundary condi
tions for the Eqs. (14)-(16) result in [17,27,38]: 

f(0) = Λ(φη)η=0, fη(0) = d, θ(0) = 1,φ(0) = 1, asη→0,
fη(∞)→0, θ(∞)→0, φ(∞)→0, atη→∞,

}

. (17) 

To assess the effects when varying certain parameters, dimensionless 
numbers allow to compare and analyse results in fluid mechanics at any 
scale. These numbers control the characteristics of the numerical, 
analytical, or physical experiment. The dimensionless number used in 
the present investigation are listed below: 

• Ec =
u2

w
Cp(Tw − T∞)

, is the Eckert number,

• Nr =
16σ∗T3

∞
3k∗κf

, denotes the thermal radiation,
• Pr = ν

α, denotes the Prandtl number,
• Sc = ν

D, denotes the Schmidt number,
• Da− 1 = ν

K a, denotes the inversed Darcy number,
• Λ, denotes the Stefan blowing parameter, leading to a velocity given 

as vw = − (
̅̅̅̅̅
aν

√
)Λφη(0).

3. Analytical solution to the problem

The analytical solution for the transformed momentum Eq. (14) is 
given by [17,27]

f(η) =
A1

(

1 + 1
λ

)

Da− 1 − A1

(

1 + 1
λ

)

β2

A2β
−

d
β
e(− βη),→whereβ > 0 (18) 

Also, by substituting Eq. (18) into Eqs. (15) and (16), and by using 
the transformed variables t = Pr

β2 exp( − βη) andξ = Sc
β2 exp( − βη), the heat 

and mass transfer equations are converted into: 

t
d2θ
dt2 + (1 − m+ nt)

dθ
dt

=

A1Ec
(

1 + 1
λ

)

β2d

Pr∗
t, (19) 

ξ
d2φ
dξ2 + (1 − h+ jξ)

dφ
dξ

= 0, (20) 

where we have defined the parameters m, n, j,Pr∗ and h as: 

m =

A4Pr
[

A1

(

1 +
1
λ

)

Da− 1 − A1

(

1 +
1
λ

)

β2
]

A2β2(A3 + Nr)
,

n =
dA4

(A3 + Nr)
, j = d,Pr∗ =

Pr
β2.

h =

Sc
[

A1

(

1 +
1
λ

)

Da− 1 − A1

(

1 +
1
λ

)

β2
]

A2β2

(21) 

and the converted equations are subject to the modified boundary 
conditions: 

φ
(

Sc
β2

)

= 1,φ(0) = 0, θ
(

Pr
β2

)

= 1, θ(0) = 0,
}

. (22) 

Now the Frobenius method can be applied to obtain the solution as 
infinite series, thus defining the derivatives for Eq. (19): 

θ(t) =
∑∞

r=0
artr+k, (23) 

θη(t) =
∑∞

r=0
ar(r+ k)tr+k− 1, (24) 

θηη(t) =
∑∞

r=0
ar(r+ k)(r+ k − 1)tr+k− 2. (25) 

Following this approach, the final solution after transformation of 
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Eq. (19) yields 

θ(η) =
(e− βη)

m
(1 − ξ1)Hypergeometric

[

m, 1 − m, n Pr
β2e− βη

]

Hypergeometric
[

m, 1 − m, n Pr
β2

] + ξ1t.

(26) 

where ξ1 =

A1Ec

(

1+1
λ

)

Pr∗ is a constant.
The Nusselt number, which represents the amount of heat transfer in 

the exchange between a solid and a fluid due to convection, according to 
[4,49] can be calculated by 

Nu =
xqw

κf (Tw − T∞)
⇒

Nu
̅̅̅̅̅̅̅̅
Rex

√ = − (A3 +Nr)θ́ (0), (27) 

where Rex = a x2

νf 
is local Reynolds number. To solve the heat flux on the 

sheet one can simply apply the Fourier equation plus the Rosseland 
approximation for the radiation. That is to say, 

qw = −

[(

κtnf +
16σ∗T3

∞
3k∗

)(
∂T
∂y

)

y=0

]

,

Again, the solution for concentration Eq. (20) can be calculated by 
applying the Frobenius method as follows: 

φ(ξ) =
∑∞

r=0
arξr+k, (28) 

φη(ξ) =
∑∞

r=0
ar(r+ k)ξr+k− 1, (29) 

φηη(ξ) =
∑∞

r=0
ar(r+ k)(r+ k − 1)ξr+k− 2. (30) 

The final solution to Eq. (20) is thus 

φ(η) =
(e− βη)

hHypergeometric
[

h, 1 − h, j Sc
β2e− βη

]

Hypergeometric
[

h, 1 − h, j Pr
β2

] . (31) 

By differentiating the above Eq. (31) and by taking η→0, the first 
derivative (ϕη(η))η=0yields: 

φη(η)=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

e− 2βη

⎡

⎢
⎢
⎢
⎣

e− βη(m − 1)β2 Hypergeometric
[

h, 1 − h, e− βηSc
β2 j
]

+

h j Sc Hypergeometric
[

1+h, 2 − h, e− βηSc
β2 j
]

⎤

⎥
⎥
⎥
⎦

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(h − 1)β Hypergeometric
[

h, 1 − h, Sc
β2 j
] ,

(32) 

φη(0) = − β+
h j Sc Hypergeometric

[

1 + h, 2 − h, Sc
β2 j
]

Hypergeometric
[

h, 1 − h, Sc
β2 j
] . (33) 

By using Eq. (18) we can calculate the undefined β thanks to the 
boundary condition 

f(0) = Λ(φη(η))η=0. (34) 

Finally, by combining Eqs. (18), (33) and (34), the first derivative for 
concentration regarding the Blasius similarity variable is obtained as:  

In order to provide a more accessible explanation to the reader, we 
break down the main phases to reproduce the obtention of the exact 
solution in the following: 

• The governing Eqs. (2) - (6) are transformed to nonlinear ODEs using 
similarity terms.

• The transformed differential Eqs. (14 – 16) with boundary conditions 
(7) are calculated by the exact method.

• Using modified boundary conditions (17), can be solved the solution 
for the velocity equation by using coupled boundary conditions.

• The Nusselt number is then calculated by using Eq. 27.
• By utilizing new terms t = Pr

β2e− βηand ξ = Sc
β2e− βη, it is calculated the 

energy and concentration equations and gained Eqs. (15) and (16). 
By using Hypergeometric functions, can be obtained the solutions for 
temperature and concentration equations.

• Solution βis calculated by boundary condition (17) with support 
from Eq. (34), by using Eqs. (18) and (33).

3.1. Validation of the analytical solution. Comparison of the current 
solution to related works in the literature with limit test case scenarios

A proper validation first is important to trust the results from this 
work, even though the calculations are analytical. The solution obtained 

⎡

⎢
⎣

A1Da− 1 −

(

1 + 1
λ

)

A1β

A2
−

d
β

⎤

⎥
⎦ = Λ

⎡

⎢
⎢
⎣ − β+

h j Sc Hypergeometric
[

1 + h, 2 − h, j Sc
β2

]

Hypergeometric
[

h, 1 − h, j Sc
β2

]

⎤

⎥
⎥
⎦. (35) 

Table 2 
Comparing the choices of β for various choices of Sc and Λfor λ→∞,Da− 1 = 0,Nr = 0,ϕ = 0,Ec = 0.

Λ = 5, Λ = 10, Λ = 20, Λ = 30,
Fang&Jing [27] Present results Fang&Jing [27] Present results Fang&Jing [27] Present results Fang&Jing [27] Present results

Sc = 0.1 0.8338 0.82261 0.7362 0.75622 0.6226 0.65623 0.5562 0.58338
Sc = 1 0.6608 0.64388 0.5970 0.51735 0.5438 0.51732 0.5173 0.56608
Sc = 10 0.7472 0.70268 0.7236 0.69135 0.7026 0.79132 0.6913 0.67472
Sc = 100 0.8716 0.85591 0.8635 0.85172 0.8559 0.85173 0.8517 0.88716
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by using similarity transformations is validated in this subsection with 
previous works in the literature, concretely with Fang&Jing [27] in 
Tables 2, 3 and 4. In these three tables, our model was adapted to the 
Fang&Jing [27] case scenario (heat and mass transfer across an 
expanding sheet with Stefan blowing impact of mass transfer under high 
flux conditions) by removing the porous media behaviour (permeability 
zero, i.e. Da− 1 = 0), modelling the sheet as stretching (d = 1), low ve
locity (laminar flow) over boundary layer Eckert number (Ec = 0), no 
thermal radiation (Nr = 0), and Newtonian viscous flow (Bingham 
parameter λ→∞). The comparison for validation reveals that the solu
tion of our model matches very well Fang&Jing [27] results and the 
model seems to predict accurately the flow behaviour. Amongst the 

compared parameters, − θ́ (0) seems to exhibit the larger discrepancies, 
but still very close to the Fang & Jing’s results. Finally, in Table 5 it is 
shown a summary table for a comparison for the reader with other works 
in the literature that solved the momentum equation too in other 
scenarios.

3.2. Numerical validation

For an extended numerical validation, it has been used the Runge- 
Kutta technique to calculate the governing equations to ODEs, intro
ducing new variables to transform greater ODEs. That is to say: 

y1 = f , y2 = f ,́ y3 = fʹ́, y4 = θ, y5 = θ́ , y6 = φ, y7 = φ́ . (36) 

Thus, following these steps, the governing ODEs (14) – (16) are as 
follows 

y1
2 = y3, y1

3 = −

((
1

A1
(
1+λ− 1)

)
(
A2y1y3 − A2y2

2 − A1
(
1+λ− 1)Da− 1 y2

)
)

,

y1
4 = y5, y1

5 = −

((
1

(A3 +Nr)

)
(
PrA4y1y5 +A1PrEc

(
1+λ− 1)(y2)

2)
)

,

y1
6 = y7, y 7́ = −

(
Scy1y7

)
,

(37) 

By taking ϕ= 0, Nr=0, Ec=0. The findings for the reduced Nusselt 
number − θʹ(0)are assessed by Khan [63], Wang [64] for various values 
of Prandtl number in Table 6. In the comparison we can see that there is 
good agreement between the comparison for every Prandtl number 
value, revealing a highly accuracy in the solution.

4. Results and discussion

The influence of parameter variations in the investigation of the 
Stefan blowing and Schmidt number on bi-viscous Bingham ternary 

Table 3 
Comparing the choices of − φ́ (0) for various choices of Sc and Λfor λ→∞,Da− 1 = 0,Nr = 0,ϕ = 0,Ec = 0.

Λ = 2, Λ = 4, Λ = 6, Λ = 8,
Fang&Jing [27] Present results Fang&Jing [27] Present results Fang&Jing [27] Present results Fang&Jing [27] Present results

Sc = 0.1 0.0827 0.07562 0.0760 0.07562 0.0705 0.05623 0.0660 0.05833
Sc = 1 0.2807 0.21734 0.1949 0.11735 0.1520 0.15732 0.1257 0.16608
Sc = 10 0.2469 0.29135 0.1421 0.19135 0.1016 0.09132 0.0797 0.07472
Sc = 100 0.1244 0.15172 0.0673 0.05172 0.0468 0.05173 0.0361 0.028716

Table 4 
Comparing the values of − θ́ (0) for various values of Sc and ΛforPr = 10, λ→∞,Da− 1 = 0,Nr = 0,ϕ = 0,Ec = 0.

Λ = 2, Λ = 4, Λ = 6, Λ = 8,
Fang&Jing [27] Present results Fang&Jing [27] Present results Fang&Jing [27] Present results Fang&Jing [27] Present results

Sc= 0.1 1.3487 1.07562 0.7464 0.75621 0.3900 0.39623 0.1930 0.09833
Sc= 1 0.1503 0.21734 0.0192 0.01735 0.0038 0.00732 0.0010 0.00608
Sc= 10 0.2469 0.29135 0.1421 0.14135 0.1016 0.19132 0.0797 0.07472
Sc= 100 0.9624 0.95172 0.8781 0.85172 0.8331 0.85173 0.8030 0.82871

Table 5 
Comparison with associated analytical works.

Previous Works 
by

Fluids Solutions of Velocity equations

Crane 1970 [40] Newtonian β = 1,
Pavlov 1974 

[41]
Newtonian β =

̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + M

√
,

Umair [42] Non- 
Newtonian

f(η) = fw +
λ
β
(1 − exp[ − βη]),

β =

3fw
(ρhnf

ρf

)

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

9f2
w

(ρhnf

ρf

)2
+

4

(
μhnf

μf

)

3λ
(ρhnf

ρf

)

+

(σhnf

σf

)

M

√
√
√
√
√
√
√
√
√

2

(
μhnf

μf

) ,

Turkyilmazoglu 
[43]

Newtonian
f(η) = s −

1 − e− βη

β
, 

β =
s ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 4 − 2K + s2

√

2 + K
.

Usafzai [44] Newtonian
f(η) = s + a

1 − e− βη

β + bβ2 , 

(2 + R)bβ3 + (2 + R − 2sb)β2 − 2sβ − 2a = 0.
Present work Non- 

Newtonian
f(η) =

A1Da− 1 − A1

(

1 +
1
λ

)

β2

A2β
−

d
β
e(− βη),

whereβ > 0.

Table 6 
Comparison of reduced Nusselt number − θ́ (0)values for Prandtl number while 
taking ϕ = 0, Nr = 0, Ec = 0.

Pr Khan [63] Wang [64] Present results

0.07 0.6630 0.6056 0.609872
0.20 0.1691 0.1691 0.169223
0.70 0.4539 0.4539 0.453133
2.00 0.9113 0.9114 0.911002
7.00 1.8954 1.8954 1.895284
20.00 3.3539 3.3539 3.353911
70.00 6.4622 6.4622 6.462222

S.M. Sachhin et al.                                                                                                                                                                                                                             Alexandria Engineering Journal 129 (2025) 515–529 

521 



nanofluid flow, heat, and concentrations is studied in this section. The 
extensive parameter exploration developed in this section allows to have 
a deeper understanding of the physics behind this nanofluid under the 
described conditions, of prior importance in the development of any 
further engineering applications.

In Fig. 2 the transverse velocity is represented for various choices of 
Stefan blowing parameter (Λ = 0.1, 1, 20, 50, and 100) for both 
stretching and shrinking boundaries. Also, an inverse Darcy number of 
Da− 1 = 0.15, Bingham parameter of λ = 1.2, and Schmidt number of 
unities Sc = 1, are taken as problem conditions. These parameters are 
chosen so for a proper order of comparison with Fang&Jing [27], where 
one can find similar values for the Darcy, Schmidt, Bingham and Stefan 
blowing parameters, although their flow is Newtonian single-phase 
(viscous flow without nanoparticles, ϕ = 0, and only constrained by a 
stretching boundary). It is now observed that, when considering a 
ternary fluid with nanoparticles, the transverse velocity is slightly 
increased with respect to the original monophasic viscous flow consid
ered in Fang&Jing [27], and this increment is more notorious for the 
greater choices of the Stefan blowing term. The increase in velocity 
seems to be mainly a consequence of the Bingham parameter, since its 
growth reduces the fluid stress, facilitating the ternary Bingham fluid to 
flow. In addition, one must recall that for this type of problem, the ve
locity and concentration fields are coupled, since the mass blowing ef
fect is linked to concentration, so hence the reasonable strong impact of 
the Stefan blowing parameter, as already discussed in Fang&Jing [27]. 
Moreover, it is noted that for a shrinking surface, to increase the Stefan 
blowing term diminishes the transverse velocity, whereas for a 
stretching boundary, the transverse velocity increases.

In Fig. 3 the axial velocity is analysed for the same inverse Darcy, 
Schmidt, Bingham and Stefan blowing parameters as in Fig. 2. In Fig. 3, 
again the impact of the nanoparticles is a very gentle increase on the 
(axial) velocity, as seen for the expanding sheet (Fig. 3(a)), and more 

impactful on the shrinking sheet (Fig. 3(b)). The same occurs for the 
sensitivity to the Stefan blowing parameter, being more sensitive in the 
shrinking case. Also, the trend of the axial velocity is different depending 
on the stretching or shrinking nature of the wall sheet, faster 
approaching to zero in the stretching case (around η = 10). Thus, we can 
conclude that, in terms of the velocity field, it is more relevant the 
parameter setting for shrinking sheets. Physically, it represents the rate 
at which mass is added or extracted from the fluid at the boundary, 
which influences fluid motion near the sheet. A higher Stefan blowing 
parameter typically increases the fluid velocity near the sheet because it 
indicates a higher rate of mass injection, which helps to accelerate the 
flow. On the contrary, a lower Stefan blowing parameter can lead to a 
decrease in velocity, as less mass is introduced, thus reducing the overall 
momentum of the fluid. This parameter is essential for controlling the 
behaviour of nanofluids in applications such as cooling systems, where 
the manipulation of flow velocity can optimize heat transfer and overall 
system efficiency.

Fig. 4 shows the wall concentration gradient ( − φη(0)) dependent on 
β, when varying the Schmidt number from 0.1 to 0.5, with Bingham 
parameter taken as 1.2, and inverse Darcy number as unity. For the 
shrinking boundary, Fig. 4(a), the differences between ϕ = 0 and 
ϕ ∕= 0are very remarkable. When nanoparticles are added to the flow 
with ϕ = 0.01, there are high-concentration gradients as seen by 
asymptotic-like curves near β = 0 (which make sense, since it appears in 
the denominator of the equation); and then, when increasing β, the wall 
concentration gradient grows. However, for a fluid without nano
particles, there is no asymptotic-like behaviour, and the concentration 
tends to zero for β→0. For the different Schmidt numbers, the nanofluid 
performance is smooth and predictable, whereas the ϕ = 0 fluid has 
some overlaps around β = 1. For both cases, after β = 1 the behaviour is 
very linear.

Fig. 4(b) shows that, for a stretching sheet, the behaviour is nearly 

Fig. 2. Evolution of the transverse velocity for different Stefan blowing pa
rameters for a)shrinking boundary and b) stretching boundary. Fig. 3. Evolution of the axial velocity for different Stefan blowing parameters 

for a) stretching boundary and b) shrinking boundary.
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the same as for the shrinking sheet in a fluid without nanoparticles. 
However, when ternary nanoparticles are added for a Bingham fluid 
with ϕ = 0.01, there is a similar behaviour to the base fluid alone, but at 
lower values of β. This time, no asymptotic-like behaviour is observed 
for β→0. At this point, the wall concentration gradient is zero.

In Fig. 5 it is shown the evolution of the heat transfer flux with β, by 
considering variations in the thermal radiation parameter, under a ϕ =
0.01 fluid, two configurations with Sc values of 0.1 and 2, respectively, 
and the thermal radiation parameter is varied as 1, 2, 3, 4 and 5. It is 
observed in the impact of Nr that, when increasing the thermal radiation 
number, the heat transfer at wall is also increased. This is an obvious 
result, which reveals that the equations provide reasonable results. 
Physically, the Schmidt number impacts on how quickly species are 
transported relative to the momentum in the fluid. A greater Schmidt 
parameter evinces that mass diffusion is slower than momentum diffu
sion, tending to a steeper concentration gradient near the wall, as the 
species have less tendency to spread out. In contrast, a lower Schmidt 
number implies faster mass diffusion, which results in a less steep con
centration gradient. This parameter is essential in processes such as 
chemical reactions or heat transfer applications, where controlling the 
concentration near the surface can significantly influence the efficiency 
and behaviour of the system.

Fig. 6 displays the relationship between the Stefan blowing term, Λ, 
and Schmidt number, Sc, with respect to the stretching/shrinking 
parameter (Fig. 6(a)), and with respect to the inverse Darcy number 
(Fig. 6(b)). In both figures, ϕ = 0andϕ ∕= 0(equals to 0.01) cases are 
studied. In Fig. 6(a) can be observed that in the Stefan blowing 
parameter representation, for ϕ choice 0.01, the curves of d start from 
zero, while for ϕ of zero value, the plots of d start from unity, but with 
identical behaviour. This means that when ϕ ∕= 0, the Stefan blowing 
parameter is much lower than when ϕ = 0, for the same stretching/ 
shrinking parameter d. Very similar behaviour is found in Fig. 6(b), 

where the Stefan blowing parameter is represented with respect to the 
inverse Darcy number over for a stretching boundary. In this plot, it can 
be seen the behaviour at Darcy equals zero (non-porous) the Stefan 
blowing for ϕ ∕= 0 is zero, i.e., there is no blowing nor suction, and it is 
then exponentially growing with the inverse Darcy number. It is 
remarkable that the Stefan blowing term is always greater than zero in 
Fig. 6, meaning that there is mass blowing at the wall, and no suction 
(suction appears when the parameter is lower than zero) [27].

Fig. 7 displays one of the most relevant plots of this work, which is 
the relationship between the Stefan blowing effect and β. Their mutual 
influence is very relevant because this provides additional understand
ing on the behaviour of the velocity profiles, as already discussed in 
Fang&Jing [27]. The results of their work are reproduced here in Fig. 7
for ϕ = 0, obtaining identical results in the trend in the Λ(β) plot for 
different Sc numbers. In the present investigation, when considering the 
ϕ ∕= 0, with actual value ϕ = 0.01, differences are only noticed at low 
values of β, what actually corresponds to Λ = 0 values. In general, it is 
concluded from the plot that when ϕ ∕= 0, the Stefan blowing term is low 
if β is low too. And the observed trend (as also observed in [27]) is that 
when Λ increases, β decreases, especially for low values of the Schmidt 
number (mass diffusion more notorious than momentum diffusion). This 
is the reason in Figs. 2 and 3 of having a notable degree of variation in 
the velocity profiles when varying the Stefan blowing term, and a large 
variation in concentration gradient in Fig. 4 when varying the Schmidt. 
In other words, when Λ > 0, the value of β was varied and, thus, the 
decay of velocity profiles. Regarding the concentration gradient shown 
in Fig. 4 (recall the concentration problem is coupled with the velocity 
problem), the variation in the Schmidt number dramatically affected the 
Λ and β, thus producing important variations in the behaviour of the 
concentration.

Fig. 4. Evolution of the wall concentration gradient with β for different 
Schmidt numbers in a) a shrinking boundary and b) a stretching boundary.

Fig. 5. Evolution of the heat transfer flux at wall with β for different thermal 
radiation numbers in a) a shrinking boundary and b) a stretching boundary.
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The study of the distribution of the temperature is also very relevant 
and will be analysed in the upcoming plots. Fig. 8 illustrates the impact 
of Sc on temperature distribution in regard to η with the stretching 
boundary (d > 0), Prandtl number of 6.72, radiation number equals to 2, 
Ec of 0.5, and Bingham parameter of 1.2. The Schmidt (Sc) is varied from 
1 to 4 and, as expected, it is observed an increase in the temperature 
distribution when increasing Sc and when ϕ ∕= 0. The ternary nano
particles increase the heat transfer performance of the movement, and 
the variation in the Schmidt number evinces that mass diffusion in fluids 
grows with the temperature and is inversely proportional to the viscosity 
variation with heat, so Sc increments the temperature evolution, which 

together with the stretching effect, enlarges the thermal boundary layer.
Fig. 9 portrays the temperature and Nusselt number distributions, 

when varying the thermal radiation parameter, in the same scenario 
described for Fig. 8. Fig. 9(a), which shows the temperature distribution 
when varying Nr, yields almost the same behaviour as when the Sc was 

Fig. 6. Stefan blowing parameter for different Schmidt numbers with respect to 
a) the stretching/shrinking parameter and b) inverse Darcy number.

Fig. 7. Relationship of the Stefan blowing effect withβ at different 
Schmidt numbers.

Fig. 8. Temperature distribution over the similarity variable for variations of 
Sc parameter.

Fig. 9. Evolution with the similarity parameter when varying Nr for: a) tem
perature, and Nusselt number in zoom (b) and global view (c).
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varied, since an increase in Nr is evidently increasing temperature with 
higher values of temperature when ϕ ∕= 0. However, in Fig. 9(b) and (c), 
it is noted that for values of the similarity variable approximately below 
0.025, the Nusselt number is greater for the Da− 1 = 5 than for Da− 1 =

1.5 (greater permeability), which could mean that when approxing η→0 
the stretching of the boundary sheet is less relevant due to its close 
relation to the Darcy parameter.

The dependence of the heat transfer with the Eckert number is also 
worthy of study. This is illustrated in Fig. 10. This figure shows the plots 
for temperature and Nusselt number, which reveal that to increase the 
Eckert number increases the temperature and the Nusselt number, since 
the increase in Eckert parameter shows a significant contribution of fluid 
kinetic energy, which is also remarkably boosted when adding nano
particles to the fluid with ϕ = 0.01. As the Eckert number grows, con
vection becomes more relevant, leading to an increase in temperature. 
This is reflected in the Nusselt number: since the said increase in Eckert 
influences the Nusselt number by modifying the kinetic energy of the 
liquid, the convective heat transfer gains strong relevance over the rest 
heat mechanisms. For these reasons, the Eckert number is crucial in 
thermal management systems, especially in applications involving flows 
at relatively high speeds, such as aerospace or cooling systems, where 
temperature control is vital for optimal performance.

Fig. 10(a): Temperature graph for various values of Eckert number.
Finally, in heat transfer with nanofluids is of strong importance the 

volume fraction, since this makes important change of thermophysical 

properties in the fluid. For this reason, Fig. 11 portrays the volume 
fraction plots for the temperature profile over the expanding sheet, 
while keeping radiation, Schmidt number, Prandtl number, and other 
terms constant. As expected from analyzing other works in the litera
ture, in which the aggregation of nanoparticles increased substantially 
the heat transfer ability of the fluid, the temperature distribution is 
increased. The results in Fig. 11 show that even small volume fractions 
have a dramatic impact on heat transfer by increasing the temperature. 
Also, increasing the volume fraction parameter affects the thermal 
boundary layer for stretching boundary, and the thermal boundary layer 
thickness decays. In other words, from a physical point of view, as the 
volume fraction of nanoparticles increases, the thermal conductivity of 
the fluid grows, which is because the added nanoparticles possess higher 
thermal conductivity compared to the conventional fluid, enhancing the 
ability of the fluid to transport heat. The volume fraction is crucial in 
applications such as cooling systems and heat exchangers, where effi
cient thermal management is essential for system performance.

To conclude the present investigation, the concentration will be 
analysed in Fig. 12, when varying the Stefan blowing parameter with 
Sc = 1, and in Fig. 13, when varying the Schmidt number over a 
stretching boundary. Between these two figures, it is crystal clear that 
the Stefan blowing parameter plays the most important role on con
centration. The concentration profiles are much more affected when 
increasing Λ, even with small values, than when increasing Sc, for either 
ϕ = 0 or ϕ ∕= 0. The changes in Fig. 12 are even different than the 
changes in Fig. 13, showing reversed sigmoidal-like behaviours, rather 
than exponential-like decays. Also, as relevant aspect to point out, the 
ternary nanofluid shows more increase in concentration compared to the 
ϕ = 0 fluid, for obvious reasons. From Fig. 13 can be also remarked that, 

Fig. 10. Evolution with the similarity parameter when varying Ec for: a) 
temperature, and Nusselt number in zoom (b) and global view (c).

Fig. 11. Impact of the volume fraction on the temperature profile.

Fig. 12. Graph of concentration for variations of Stefan blowing parameter.
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as the Schmidt number increases, the concentration gradient typically 
becomes steeper, indicating reduced mass transfer due to higher 
convective viscosity relative to mass diffusivity. This results in lower 
concentration levels in the bulk fluid, as higher Sc values correlate with 
lower mass diffusion rates. Consequently, it is evident that systems with 
higher Schmidt numbers exhibit slower mass transfer rates, affecting 
overall concentration distributions and profiles.

5. Conclusions

In this work it has been examined the effects of Stefan blowing and 
Schmidt number for a bi-viscous Bingham ternary nanofluid Titanium 
dioxide (TiO2), Silver (Ag), (Copper (Cu) and nanoparticles in sodium 
alginate) over a stretching/shrinking boundary and thermal radiation. 
The study contains a very rich parameter exploration, which includes 
variations in the Stefan blowing parameter, Schmidt number, Eckert 
number, thermal radiation parameter or volume fraction, as well as 
controlling the case scenario by the Bingham parameter, inverse Darcy 
number and the Prandtl, with the aim of analysing relevant variables 
such as velocity, concentration, temperature and Nusselt profiles, as a 
result of using similarity transformations to the system of PDEs to 
transform these into nonlinear ODEs solved analytically.

The novel scientific findings derived for the first time from the cur
rent analysis are as follows: 

• Despite the Bingham fluid is well-known and it is present in many 
industrial applications, there are no studies in literature that 
combine the Stefan blowing effect, Schmidt number (mass diffusion), 
bi-viscous Bingham ternary nanofluid (Cu, Ag and TiO2 nano
particles mixed in sodium alginate), and radiation (via Rosseland 
approximation) in a porous and stretching/shrinking sheet medium. 
This work introduces a novel contribution by examining, for the first 
time, the combined influence of blowing effects resulting from sub
stantial species transfer on fluid flow, heat, and mass transport over a 
stretching surface, whose corresponding energy and concentration 
equations are analytically solved. The analysis highlights how vari
ations in the blowing parameter, Schmidt number affect the behav
iour of velocity, temperature, and concentration fields. The derived 
solutions are expressed in terms of hypergeometric functions.

• The current analysis reveals that the bi-viscous Bingham ternary 
nanofluid outperforms the behaviour of conventional fluids. The 
nanofluid had greater wall concentration gradients and temperature. 
Also, to increase the volume fraction significantly alters the tem
perature distribution of the nanofluid across the stretching bound
ary. Additionally, the Nusselt number increases, particularly due to 
the rise in the Eckert number, which strongly influences convective 
heat transfer in the ternary nanofluid.

• To increase the thermal radiation and Eckert number increases the 
temperature of the fluid flow. It has been also noticed that when 
adding the ternary nanoparticles to the fluid with ϕ = 0.01, the ef
fect is strongly boosted. As the Eckert number enhances, convection 
becomes more relevant, leading to an increase in temperature, 
powered by the enhanced thermophysical capabilities of the 
nanoparticles.

• In accordance with previous studies, the results show that as the 
Stefan blowing parameter Λ increases, the value of β decreases, 
especially at lower Schmidt numbers, where mass diffusion becomes 
more dominant than momentum diffusion.

• It has been observed also that the Stefan blowing parameter provides 
superior control over concentration. The higher the blowing 
parameter, the more sensitive concentration is to the addition of 
nanoparticles. In other words, for higher blowing, to add even a low 
volume fraction of ternary nanoparticles becomes very influential to 
concentration.

• The Schmidt number had an important influence on the temperature 
distribution of the nanofluid, the Stefan blowing with respect to 
β/inverse Darcy number/stretching & shrinking parameter, and on 
concentration. The variation in the Schmidt number affected 
dramatically to Λ and β, thus producing evident variations and in
crease in the behaviour of the concentration.

With respect to the practical applications of this study, the combi
nation of all the aforementioned effects suggests that such fluid sce
narios are highly suitable for use in advanced thermal management 
systems. This includes e.g. applications in cooling of electronics, cata
lytic reactors, solar energy harvesting systems, insulation technologies, 
and underground heat storage units. The strong agreement with previ
ous benchmark studies further reinforces the credibility and applica
bility of the results, making them a valuable reference for future 
experimental and industrial research.

Regarding the limitations and future scope, the current study in
troduces valuable insights into the influence of Stefan blowing, radia
tion, and non-Newtonian behaviour on transport phenomena. However, 
there are certain limitations, including the assumption of steady-state 
flow and neglecting more complex effects like variable fluid properties 
and higher-order non-Newtonian models. Additionally, the study fo
cuses primarily on theoretical analysis, which may not capture the full 
range of real-world complexities, such as including turbulence or surface 
roughness. In future research would be interesting to explore the in
clusion of unsteady flow conditions, more complex nanofluid models 
with temperature-dependent properties, and to perform experimental 
studies to exhibit the practical applicability of the findings. Further 
investigation into the impact of multiple nanofluid types and varying 
radiation intensities could also offer a more detailed insight of heat and 
mass transfer dynamics in such systems.
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Appendix A 

Thermophysical properties of the ternary nanofluid.
The ternary nanoparticle thermophysical properties are selected according to the modelling in previous literature (see for instance [36,37,49]). 

• Viscosity of the ternary nanofluid is modelled by [37,38]
μtnf

μf
=

1
(
1 − ϕAg

)2.5
(1 − ϕCu)

2.5( 1 − ϕTiO2

)2.5, (A.1) 

• The density of the ternary nanofluid over the density of the base fluid is modelled according to the expression given in [37–39]

ρtnf

ρf
=
(
1 − ϕAg

)
{

(1 − ϕCu)

[
(
1 − ϕTiO2

)
+ϕTiO2

ρTiO2

ρf

]

+ϕCu
ρCu

ρf

}

+ϕAg
ρAg

ρf
, (A.2) 

• The thermal capacitance of the ternary nanofluid is modelled according to [39]: 

(ρCp)tnf

(ρCp)f
=
(
1 − ϕAg

)
{

(1 − ϕCu)

[
(
1 − ϕTiO2

)
+ϕTiO2

(ρCp)TiO2

(ρCp)f

]

+ϕCu
(ρCp)Cu
(ρCp)f

}

+ϕAg
(ρCp)Ag

(ρCp)f
, (A.3) 

• The thermal conductivity of the nanofluid is expressed by the system of equations shown below [37],

κtnf

κhnf
=

κAg + 2κhnf − 2ϕAg
(
κhnf − κAg

)

κAg + 2κhnf + ϕAg
(
κhnf − κAg

) ,

κhnf

κnf
=

κCu + 2κnf − 2ϕCu
(
κnf − κCu

)

κCu + 2κnf + ϕCu
(
κnf − κCu

) ,

κnf

κf
=

κTiO2 + 2κf − 2ϕTiO2

(
κf − κTiO2

)

κTiO2 + 2κf + ϕTiO2

(
κf − κTiO2

) ,

(A.4) 
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